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Abstract We consider a theory of an open string moving in
a weakly curved background, composed of a constant met-
ric and a linearly coordinate dependent Kalb–Ramond field
with an infinitesimal field strength. We find its T-dual using
the generalized Buscher procedure developed for the closed
string moving in a weakly curved background, and the fact
that solving the boundary conditions, the open string the-
ory transforms to the effective closed string theory. So, T-
dualizing the effective theory along all effective directions
we obtain its T-dual theory and resume the open string the-
ory which has such an effective theory. In this way we obtain
the open string theory T-dual.

1 Introduction

T-duality (reviewed in [1,2]) is a symmetry of a string spec-
trum, exchanging the momentum and the winding numbers,
a symmetry which was not encountered in any point parti-
cle theory [1–4], a symmetry which is therefore naturally
assumed to be connected with the fact that the strings unlike
the point particles can wrap around compactified dimensions
[5–7]. T-duality is a symmetry which connects string theories
which are physically equivalent but describe strings which
move in space-times with different geometries of the com-
pactified dimensions. The theory with one dimension com-
pactified on a circle of radius R is by T-duality physically
equivalent to the theory with one dimension compactified on
a circle of radius l2s /R, where ls is the fundamental string
length scale.

The existence of T-duality initiated the search for the T-
dualization procedure, the set of rules which give a prescrip-
tion for determining all string theories T-dual to the given
theory. The problem was solved for some particular back-
grounds. The first investigations addressing the problem were
done for a string sigma model describing a string moving in a
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background containing a metric Gμν , an antisymmetric field
Bμν and a dilaton field �, and it was required that the metric
admits at least one abelian isometry which leaves the action
invariant. The investigation resulted in the Buscher proce-
dure [8–10]. This procedure offers the prescription, founded
in localizing the global isometry. The main object of the pro-
cedure is a gauge invariant action, which carries the informa-
tion on both the initial theory and the T-dual theory, so that
both of these theories can be obtained from the qauge invari-
ant action for one of the two of its equations of motion. The
procedure is applicable to the constant background and the
coordinate dependent backgrounds, but only along directions
which do not appear as the background field’s arguments.

It was found that in a T-dualization of a background
along the isometry direction one mixes the background fields
Gμν and Bμν , which explains how T-duality relates back-
grounds with different geometrical and topological proper-
ties. The search for the equivalent string backgrounds goes
beyond the Buscher procedure. If one considers a string
sigma model as a theory of maps from two-dimensional
space to a manifold M , the geometrical string background are
obtained if the transition functions in the overlapping coordi-
nate patches are diffeomorphisms and gauge transformations.
If T-duality is included into transition functions one obtains
non-geometrical string backgrounds [11]. Even more non-
geometrical backgrounds are known to exist [12], which in
some cases arise from the consistent string backgrounds per-
forming generalized T-dualities in non-isometry directions.

T-dualization procedures were developed for the closed
strings and then extended to the open string case. T-duality
of an open string differs from the closed string T-duality,
due to a simple fact that the open string does not have a
winding number. Its ends move on the Dirichlet branes and
can simply unwind [13]. It was shown in [14] that Dirich-
let branes have a significant role in string duality. The open
string T-duality along the isometry directions was investi-
gated using the standard Buscher procedure [15], canoni-
cal transformations [15,16], the functional integral approach
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[16], and using new formalisms for nonabelian isometry
[16–18]. T-duality relates open strings to Dirichlet branes,
which is a limiting case of duality between pairs of Dirichlet
branes [19]. Poisson–Lie T-duality enabled the investigation
of backgrounds without isometries.

References [20–22] offered the generalized Buscher T-
dualization procedure, which is applicable along an arbi-
trary coordinate regardless of whether this coordinate appears
as an argument of the background fields or not. The main
difference between the standard and the generalized pro-
cedure is that, in the generalized procedure, in addition
to the introduction of the gauge fields and the covariant
derivatives one should also introduce an invariant argu-
ment which is defined as a line integral of the covariant
derivatives of the original argument. The generalized pro-
cedure was realized for the closed string moving in a curved
background with an infinitesimal coordinate dependence,
named the weakly curved background [20]. A more general
procedure was defined in [21] for a weakly curved back-
ground of the second order, which does not possess the
global isometry. In this paper, we will use the first version
of the generalized T-dualization procedure to address the
T-duality of an open string moving in the weakly curved
background.

The investigation of an open bosonic string moving in a
weakly curved background, presented in Refs. [23–25], ded-
icated to solving the boundary conditions, showed that the
effective theory obtained for the solution of the boundary
conditions is in fact a closed string theory. The boundary
conditions were treated by Dirac method in [23,24]. Ref-
erence [25] included a close examination of the parity of
the boundary conditions, equations of motion and the con-
sistency conditions. The two approaches lead to equivalent
solutions. The effective theory, obtained for the solution, is
defined on the doubled target space, which consists of a sym-
metric and an antisymmetric variables (qμ, q̃μ), with the first
variable being the even part of the initial coordinate and the
second variable being the double of the first variable. The
effective metric depends on the effective coordinateqμ, while
the effective Kalb–Ramond field depends on a double vari-
able q̃μ.

In this paper, we will apply the generalized Buscher pro-
cedure [20–22], developed for the closed string moving in
the weakly curved background, to the effective closed string
theory, obtained for the solution of the open string boundary
conditions, along all effective coordinates. We will obtain its
T-dual theory. We will show that T-dualization of the obtained
theory along all dual coordinates leads to the initial theory.
Our main goal is to find the open string T-dual. So, we shall
assume that the obtained T-dual theory is an effective the-
ory of some open string theory. We search for the explicit
form of this theory. Demanding that the effective theory of
the unknown theory is exactly the T-dual theory, we obtain

a T-dual of the initial open string theory. The obtained the-
ory is defined in the geometrical space, on the contrary to
the closed string case, where the T-dualization led to a T-
dual theory defined on the non-geometrical double space.
The relations between the initial background and its T-dual
differ from those in the closed string case.

2 Open string theory in a weakly curved background

Let us consider an open bosonic string moving in a back-
ground defined by a metric tensor Gμν , an antisymmetric
Kalb–Ramond field Bμν , and a dilaton field �, described by
the action [3,4]

S[x] = κ

∫
�

d2ξ
√−g

[(
1

2
gαβGμν(x) + εαβ

√−g
Bμν(x)

)

× ∂αx
μ∂βx

ν + 1

4πκ
�(x)R(2)

]
, (1)

where the integration goes over a two-dimensional world-
sheet � parametrized by ξα (ξ0 = τ, ξ1 = σ ), gαβ is the
intrinsic world-sheet metric, R(2) corresponding 2-dimensi-
onal scalar curvature, xμ(ξ), μ = 0, 1, . . . , D − 1 are the
coordinates of the D-dimensional space-time, κ = 1

2πα′ with
α′ being the Regge slope parameter and ε01 = −1. We will
also use the notation ẋ = ∂x

∂τ
, x ′ = ∂x

∂σ
. In order to have

a conformal invariance on a quantum level the background
fields Gμν, Bμν, and � have to obey the following space-
time equations of motion (given in the lowest order in the
slope parameter α′):

Rμν − 1

4
Bμρσ B

ρσ
ν + 2Dμ∂ν� = 0,

DρB
ρ
μν − 2∂ρ�Bρ

μν = 0,

4(∂�)2 − 4Dμ∂μ� + BμνρBμνρ

12
−R + 4πκ

D − 26

3
= 0,

(2)

where Bμνρ = ∂μBνρ + ∂νBρμ + ∂ρBμν is the field strength
of the field Bμν , and Rμν and Dμ are the Ricci tensor and the
covariant derivative with respect to the space-time metric. We
will consider the open string moving in the weakly curved
background [26–29], defined by

Gμν = const,

Bμν(x) = bμν + hμν(x), hμν(x) = 1

3
Bμνρx

ρ, (3)

� = const,

where the quantities bμν and Bμνρ are constant. For such a
background the equations of motion (2) reduce to
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Rμν − 1

4
Bμρσ B

ρσ
ν = 0 ,

DρB
ρ
μν = 0, (4)

1

12
BμνρB

μνρ − R + 4πκ
D − 26

3
= 0.

The weakly curved background is the solution of these equa-
tions for D = 26, if the quadratic terms in Bμνρ can be
neglected. So, we choose Bμνρ infinitesimal and work in the
linear order in Bμνρ .

The action (1) for the string moving in the weakly curved
background (3) can be written as

S[x] = κ

∫
�

d2ξ ∂+xμ�+μν(x)∂−xν, (5)

where the light-cone coordinates and their derivatives are
ξ± = 1

2 (τ ±σ), ∂± = ∂τ ±∂σ , and �±μν is a combination
of the background fields, defined by

�±μν(x) = Bμν(x) ± 1

2
Gμν. (6)

There is a direction of research in differential geometry in
which the above theory is interpreted as a theory of maps xμ

from the two-dimensional space � to a manifold M with met-
ricG and a closed 3-form H [30]. For a geometric string back-
ground, the background fields in overlaps of the coordinate
patches are related by diffeomorphisms and gauge transfor-
mations. The local choices fit together to form a space-time
manifold.

The minimal action principle for the open string, described
by (5), gives the equation of motion

∂+∂−xμ − Bμ
νρ∂+xν∂−xρ = 0 (7)

and the boundary conditions on the string endpoints

γ 0
μ

∣∣∣
σ=0,π

= 0, (8)

where

γ 0
μ ≡ δL

δx ′μ = Gμνx
′ν − 2Bμν ẋ

ν

= �+μν∂−xν + �−μν∂+xν . (9)

Solving of these boundary conditions was a subject of
investigation of Refs. [23–25]. In the first two papers, the
boundary conditions were treated as constraints and we
applied the Dirac consistency procedure. We obtained an infi-
nite number of constraints, gathered them into two parameter
dependent constraints, which were solved. We obtained the
form of the initial coordinates satisfying the boundary condi-
tions. In the paper [25], we obtained the analogous result by
examining the parity of the equations of motion, boundary
conditions and the consistency conditions. The solution of
the boundary condition at σ = 0 is

∂±xμ = (G−1)μρ[Gρν − Aρν(q̃) ± 2Bρν(q)]∂±qν, (10)

where

Aρν(q̃) = [h(q̃) − 12bh(q̃)b − 12h(bq̃)b + 12bh(bq̃)]ρν,

qμ is the even part of the initial coordinate,

qμ(σ ) =
∞∑
n=0

σ 2n

(2n)! x
(2n)μ

∣∣∣
σ=0

, (11)

and q̃ is its double, which satisfies

˙̃qμ = q ′μ, q̃ ′μ = q̇μ. (12)

Changing the domain to σ ∈ [−π, π ], one enables the
solution (10) to satisfy the boundary condition at the other
string endpoint as well. For details see [25]. Substituting the
solution (10) to the initial action we obtain the effective the-
ory, given in terms of effective variables (qμ, q̃μ)

Seff = κ

∫
dτ

∫ π

−π

dσ ∂+qμ �eff+μν(q, 2bq̃) ∂−qν, (13)

with an effective background

�eff±μν(q, 2bq̃) ≡ Beff
μν (2bq̃) ± 1

2
Geff

μν(q). (14)

The effective theory is defined on the doubled space (qμ, q̃μ),
with a double coordinate appearing in a solution of the bound-
ary conditions. Usually, the doubled geometry is introduced
in an investigation of T-duality. A coordinate and its double
give an origin to the winding and the momentum number, the
exchange of which by T-duality does not change the physics.
The doubled description [31,32] makes T-duality a manifest
symmetry.

The effective metric and the Kalb–Ramond field in (14)
are explicitly given by

Geff
μν(q) = GE

μν(q) := (G − 4B2(q))μν,

Beff
μν (2bq̃) = −κ

2
(gE�θ(2bq̃)gE )μν, (15)

where �θμν is the infinitesimal part of the non-commutati-
vity parameter

θμν = − 2

κ
[G−1

E BG−1]μν

= θ
μν
0 − 2

κ
[g−1

E (h + 4bhb)g−1
E ]μν, (16)

defined in analogy with the flat space-time non-commutati-
vity parameter introduced in [33]. One can show that θμν is
indeed the non-commutativity parameter by considering the
phase spaces of the initial and the effective theory, as in [23].
The initial phase space consists of the initial coordinates xμ

and the momenta πμ. Solving the boundary conditions one
obtains expressions for xμ and πμ given in terms of the effec-
tive coordinates qμ and the effective momenta pμ (the even
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part of the initial momenta). So, the initial phase space trans-
forms to the effective phase space, whose variables satisfy
the star brackets

�{qμ(σ ), pν(σ̄ )} = 2δμ
ν δS(σ, σ̄ ), (17)

defined in Appendix B of Ref. [23], which are the analogs of
the Dirac brackets of the initial space. As the initial coordi-
nates which solve the boundary conditions depend on both
effective coordinates and the effective momenta, they are
non-commutative. Taking

Xμ(σ ) = xμ(σ ) − xμ
cm, xμ

cm = 1

π

∫ π

0
dσ xμ(σ ), (18)

one finds that the non-commutativity parameter is exactly
θμν , given by (16),

�{Xμ(σ ), Xν(σ̄ )} = θμν[X (σ )]
⎧⎨
⎩

−1 σ, σ̄ = 0,

1 σ, σ̄ = π,

0 otherwise.
(19)

3 T-dualization of the effective theory

In this section we will apply the generalized Buscher T-
dualization procedure, developed in [20–22], to the effective
theory (13) and find its T-dual. In general, the procedure could
be applied along arbitrary set of the effective coordinates. In
this paper, we will investigate only the application along all
effective coordinates. The effective theory is given in terms
of the effective coordinate qμ and its double q̃μ, so the over-
all procedure will look like the T-dualization of the T-dual
of the closed string theory in the weakly curved background,
because the weakly curved background T-dual is also defined
in doubled space, composed of a dual coordinate (Lagrange
multiplier) and its double.

So, let us apply the generalized Buscher T-dualization pro-
cedure to the effective theory (13) along all effective direc-
tions qμ. The first task is to localize the global symmetry
δqμ = λμ = const and find the gauge invariant action. Fol-
lowing the procedure, we substitute the light-cone derivatives
∂±qμ of the effective theory (13) with the covariant deriva-
tives D±qμ, defined by

D±qμ = ∂±qμ + v
μ
±, (20)

where v
μ
± are the gauge fields, which transform as δv

μ
± =

−∂±λμ. We also substitute the argument of the background
fields, with an invariant argument, which is obtained substi-
tuting the effective coordinate qμ and its double q̃μ with an
invariant effective coordinate and its double, defined as a line
integrals of the covariant derivatives of the effective coordi-
nate and its double, with the line integrals taken along the path
P, from the initial point ξα

0 to the point ξα . The last step in
forming the gauge invariant action is adding the Lagrange

multiplier term 1
2 (v

μ
+∂−�μ − v

μ
−∂+�μ), which makes the

introduced gauge fields nonphysical. Fixing the gauge by
qμ(ξ) = qμ(ξ0), we obtain the gauge fixed action, which
reads

Sfix = κ

∫
d2ξ [vμ

+�eff+μν(�V, 2b�Ṽ )vν−

+1

2
(v

μ
+∂−�μ − v

μ
−∂+�μ)], (21)

where �Vμ and �Ṽμ are the following line integrals of the
gauge fields:

�Vμ =
∫
P
(dξ+v

μ
+ + dξ−v

μ
−),

�Ṽμ =
∫
P
(dξ+v

μ
+ − dξ−v

μ
−).

(22)

The next step in the T-dualization procedure is finding
the equations of motion of the gauge fixed action. For the
equation of motion for the Lagrange multiplier the action
will reduce to the initial action, while for the equation for
the gauge fields the action will become the T-dual action.
Varying the action (21), one obtains the following equations
of motion:

∂−v
μ
+ − ∂+v

μ
− = 0 (23)

and

�
e f f
±μν(�V, 2b�Ṽ )vν∓ + 1

2
∂∓�μ = ±β±

μ (V ), (24)

where the beta functions β±
μ (V ) come from the variation over

the background field’s arguments, and they are defined by

δASfix = κ

∫
dξ2

[
εαβ∂ρB

eff
μν (2bδṼ )ρ

+1

2
ηαβ∂ρG

eff
μνδV

ρ

]
∂αV

μ∂βV
ν

= −κ

∫
d2ξ(β+

μ δv
μ
+ + β−

μ δv
μ
−). (25)

Partially integrating, using the fact that ∂αδṼμ = ε
β
αδv

μ
β ,

one obtains the explicit form of the beta functions

β±
μ (V ) =

[
− b σ

μ ∂σ B
eff
νρ + 1

4
∂μG

eff
νρ

]
V ν∂∓V ρ. (26)

Substituting the explicit values of the effective background
fields (15), (A.2), and (16) one obtains
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β±
μ (V ) = −1

3
[b σ

μ Bσνρ + b σ
ν Bσρμ

+b σ
ρ Bσνμ − 4b σ

μ b τ
ν b ε

ρ Bστε]V ν∂∓V ρ. (27)

3.1 Regaining the effective theory

Solving Eq. (23), by

v
μ
± = ∂±qμ, (28)

one obtains Vμ = qμ and Ṽμ = q̃μ. Substituting these
relations to the gauge fixed action (21), one confirms that it
reduces to the effective action (13).

3.2 T-dual theory

To obtain the T-dual action, one should substitute the expres-
sions for the gauge fields to the gauge fixed action. The gauge
fields are obtained, multiplying the equation of motion (24)
by the inverse of �

e f f
±μν , (�

e f f
∓ )μν defined in (A.9),

v
μ
± = −κ(�eff± )μν(�V, 2b�Ṽ )[∂±�ν ± 2β∓

ν (V )]. (29)

The beta functions will not contribute to the T-dual action
because they are infinitesimal and appear within the quadratic
term. So, the T-dual action reads

�S = κ

∫
d2ξ∂+�μ

κ

2
(�eff− )μν(�V (�), 2b�Ṽ (�))∂−�ν.

(30)

Let us calculate the argument of the background fields.
Using the zeroth order of the equations of motion (24) and
(A.5),

�eff
0±μνv

ν
0∓ + 1

2
∂∓�μ = ±1

2
geff
μνv

ν
0∓ + 1

2
∂∓�μ = 0, (31)

and the fact that the open string effective metric (A.2) is the
same in both initial and the effective background (A.4), one
obtains the explicit value of the arguments (22),

Vμ
0 (�) = (g−1

E )μν(Geff , Beff)�̃ν = (g−1
E )μν�̃ν,

Ṽμ
0 (�) = (g−1

E )μν(Geff , Beff)�ν = (g−1
E )μν�ν. (32)

Comparing the forms of the effective action (13) and the
T-dual action (30), we see that they are equal under the fol-
lowing transformations:

∂±qμ → ∂±�μ,

�
e f f
+μν → ��

μν
+ ,

(33)

where the T-dual background is

��
μν
+ (�V, 2b�Ṽ ) := κ

2
(�

e f f
− )μν(�V, 2b�Ṽ ). (34)

Using (A.9), we obtain the T-dual metric �Gμν , which
depends on the first variable �Vμ and the T-dual Kalb–

Ramond field �Bμν , which depends on the second variable
2bμ

ν�Ṽ ν

�Gμν = (G−1
E )μν(�V ),

�Bμν = κ

2
(θe f f )μν(2b�Ṽ ) = κ

2
�θμν(2b�Ṽ ). (35)

We see that the effective metric has transformed to its inverse
and that the Kalb–Ramond field has transformed to the
infinitesimal part of the non-commutativity parameter.

Comparing the actions one could conclude that the relation
between the variables of the effective theory and its T-dual is
simple as in (33). However, the real connection is given by
the T-dual coordinate transformation law, which is obtained
comparing the expressions for the gauge fields (28) and (29),
and it reads

∂±qμ ∼= −κ(�eff± )μν(�V (�), 2b�Ṽ (�))

×[∂±�ν ± 2β∓
ν (V (�))]. (36)

In the zeroth order this law gives

q(0)μ ∼= V (0)μ(�), (37)

which will be useful later on.

4 T-dualization of T-dual theory

Let us now show that the T-dualization of the T-dual the-
ory (30) leads to the initial effective theory (13). Follow-
ing the T-dualization procedure, we localize the global sym-
metry δ�μ = λμ = const. We introduce the gauge fields
u±μ, which transform as δu±μ = −∂±λμ, substitute the
ordinary derivatives ∂±�μ in the T-dual action (30) by the
covariant derivatives D±�μ = ∂±�μ + u±μ, substitute
the coordinate �μ and its double �̃μ in the background
field’s argument by an invariant coordinate �inv

μ = �μ(ξ) −
�μ(ξ0)+�Uμ and its double �̃inv

μ = �̃μ(ξ)− �̃μ(ξ0)+�Ũμ

where �Uμ = ∫
P (dξ+u+μ + dξ−u−μ), and �Ũμ =∫

P (dξ+u+μ − dξ−u−μ), add the Lagrange multiplier ςμ

term, and fix the gauge by �μ(ξ) = �μ(ξ0). In this way, we
obtain the gauge fixed action for the T-dual action (30), which
reads

�S f i x = κ

∫
d2ξ

[
κ

2
(�eff− )μν(�V (�U ), 2b�Ṽ (�U ))

×u+μu−ν + 1

2
(u+μ∂−ςμ − u−μ∂+ςν)

]
. (38)

Varying it over ςμ and u±μ, one obtains the following equa-
tions of motion:

∂+u−μ − ∂−u+μ = 0 (39)
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and

κ

2
(�eff± )μν(�V (�U ), 2b�Ṽ (�U ))u±ν + 1

2
∂±ςμ

= ∓κ(�eff
0±)μνβ∓

ν (V (U )), (40)

where the right hand side is the contribution from the varia-
tion over the background field’s arguments

δA
�S f i x = κ2

2

∫
d2ξ

[
εαβ∂ρ(θeff)μν(2bδṼ (U ))ρ

+ 1

2κ
ηαβ∂ρ((Geff

E )−1)μνδV ρ(U )

]
∂αUμ∂βUν

= −κ

∫
d2ξ [δu+μκ(�eff

0−)μνβ+
ν (V (U ))

+δu−μκ(�eff
0+)μνβ−

ν (V (U ))], (41)

with the beta functions β±
μ given by (26). Multiplying Eq.

(40) by the inverse of (�eff± )μν , �eff∓μν , defined in (14), we
obtain the gauge fields,

u±μ = −2�eff∓μν(�V (�U ), 2b�Ṽ (�U ))∂±ςν

∓2 β∓
μ (V (U )). (42)

The gauge fixed action (38) reduces to its initial theory
(30) for the equation of motion for the Lagrange multiplier
(39) and to the effective theory for the equation of motion for
the gauge fields (42). One can verify that the solution of Eq.
(39) is

u±μ = ∂±�μ, (43)

which implies Vμ(U ) = Vμ(�), and Ṽμ(U ) = Ṽμ(�)

transforms the gauge fixed action (38) to the T-dual action
(30). On the other hand, substituting the gauge fields (42) to
the gauge fixed action (38), using the zeroth order value of
the gauge fields,

u0±μ = −2�eff
0∓μν∂±ςν = ±gEμν∂±ςν, (44)

which implies

U (0)
μ = gEμνς̃

ν, (45)

while V (0)μ(U (0)) = ςμ and Ṽ (0)μ(U (0)) = ς̃μ, one obtains
the effective theory (13), with qμ = ςμ. The results show
that T-dual of the T-dual is the initial theory.

Comparing the expressions for the gauge fields (43) and
(42), we obtain the T-dual coordinate transformation law

∂±�μ
∼= −2�eff∓μν(�V (�U ), 2b�Ṽ (�U ))∂±ςν

∓2 β∓
μ (V (U )), (46)

which is the inverse of the law (36). In the zeroth order this
law gives

�(0)
μ

∼= U (0)
μ (q). (47)

5 Open string T-dual

We started with the open string described by coordinates xμ,
solved the boundary conditions and obtained the effective
string described by the even part of the initial coordinates
qμ, then we T-dualized the effective theory and obtained the
T-dual string described by coordinates �μ (which were orig-
inally the Lagrange multipliers). Now, our goal is to find an
open string theory such that its effective theory, obtained for
the solution of the boundary conditions is exactly the T-dual
theory (30). So, obviously the coordinates of the open T-
dual string should have a lower index yμ, in order for their
even part to be the T-dual coordinate �μ, ones its boundary
conditions are solved. Consequently the open T-dual back-
ground should have upper indices G̃μν , B̃μν . What are the
relations between the open string background and its T-dual,
and the relations between their coordinates will become evi-
dent once the open string T-dual is found, i.e. once the con-
nection between the effective theory of the theory we search
for and the T-dual theory (30) is made.

So, let us find the open string theory

S̃[y] = κ

∫
�

d2ξ ∂+yμ�̃
μν
+ (y)∂−yν, (48)

where �̃
μν
+ = B̃μν ± 1

2 G̃
μν and B̃μν = b̃μν + 1

3 B̃
μνρ yρ ,

such that its effective theory (13),

S̃eff = κ

∫
dτ

∫ π

−π

dσ

×∂+qμ(y)�̃μν
+eff (q(y), 2b̃q̃(y))∂−qν(y), (49)

is the T-dual theory (30). The effective background is com-
posed of the metric (G̃eff)μν = G̃μν

E = (G̃ − 4B̃2)μν and
the Kalb–Ramond field (B̃eff)μν = − κ

2 (g̃E�θ̃ g̃E )μν . The
effective variable is qμ(y), which is the even part of the vari-
able yμ and q̃μ(y) is its double. Let us first make a connection
between the variables of these two theories. We suppose that

qμ(y) = Cμν(g
−1
E )νρ�̃ρ,

q̄μ(y) = Dμν2(G−1bg−1
E )νρ�ρ. (50)

Then ∂±qμ(y) = ±Cμν(g
−1
E )νρ∂±�ρ , so equating the

actions (49) and (30) one obtains the condition for the back-
ground fields

g−1
E CT �̃+eff(q(y), 2b̃q̃(y))Cg−1

E

= −κ

2
�eff− (g−1

E �̃, 2G−1bg−1
E �). (51)

In the zeroth order this condition becomes

g−1
E CT g̃ECg

−1
E = −g−1

E , (52)
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which implies

G̃ = −(CT )−1GC−1,

b̃ = ±(CT )−1bC−1.
(53)

Let us denote the variables of the T-dual theory by

zμ = (g−1
E )μν�̃ν, tμ = 2(G−1bg−1

E )μν�ν. (54)

Using (53) and (50) we can note that

q̄μ(y) = 2(G̃−1b̃) ν
μ q̃ν(y)

= ∓2(CG−1bC−1) ν
μ q̃ν(y) = ∓Cμν t

ν, (55)

on the other hand from (50) it follows that q̄μ(y) = Dμν tν ,
so we conclude that D = ∓C . Therefore, the coordinate that
solves the boundary conditions of the unknown theory (48)
is just

yμ = qμ(y) + q̄μ(y) = Cμν(z
ν ∓ tν)

= Cμν

(
(g−1

E )νρ�̃ρ ± κθ
νρ
0 �ρ). (56)

Now, we can write the first order part of the condition (51)
as

g−1
E CT G̃E1(Cz)Cg−1

E = −(G−1
E )1(z),

g−1
E CT g̃E�θ̃(∓Ct)g̃ECg

−1
E = �θ(t).

(57)

Using the explicit values of the effective open string metric,
its inverse and the non-commutativity parameter (A.2), (A.6),
and (A.8), we obtain

∓[
bCT h̃(Cz)C + CT h̃(Cz)Cb

] = bh(z) + h(z)b,

∓[
CT h̃(Ct)C + 4bCT h̃(Ct)Cb

] = h(t) + 4bh(t)b,
(58)

with the following solution:

h̃(Ct) = ∓(CT )−1h(t)C−1. (59)

Finally, we determine the open string T-dual background. It
reads

G̃ = −(CT )−1GC−1,

B̃(y) = ±(CT )−1(b − h(C−1y))C−1.
(60)

The effective theory (which gives the space-time equations
of motion (2)) for the T-dual background (60) remains the
same. In a constant background, the dual background would
be just (53), choosing the upper solution for b̃ one has

G̃ ± b̃ = −(CT )−1(G ∓ b)C−1, (61)

which choosing C = G ∓ b becomes

G̃ ± b̃ = −(G ± b)−1, (62)

which is in agreement with the standard T-duality relation
(13) of Ref. [34]. The other solution would lead to an equiv-
alent conclusion.

Comparing the initial open string theory (5) and its T-dual
(48) with the background (60), we see that they are equal
under the following transformations:

∂±xμ → ∂±yμ,

G → G̃ = −(CT )−1GC−1,

B(x) = b + h(x) →
B̃(y) = ±(CT )−1(b − h(C−1y))C−1. (63)

Choosing

Cμν = G̃−1
μν , (64)

which is by (60) just Cμν = −Gμν , the T-dual of the open
string in the weakly curved background becomes

G̃μν = −(G−1)μν,

B̃μν(y) = b̃μν + 1

3
B̃μνρ yρ,

(65)

with the constant part of the Kalb–Ramond field equal to

b̃μν = ±(
G−1bG−1)μν (66)

and the field strength of the T-dual Kalb–Ramond field equal
to

B̃μνρ = ±(G−1)μσ (G−1)ντ (G−1)ρεBστε, (67)

and therefore B̃μν(y) = ±(G−1B(G−1y)G−1)μν . In this
case, the transformation of the background fields (63) is just

�±μν(x) → �̃
μν
± (y)

=
{(

G−1
)μρ

�∓ρσ (G−1y)
(
G−1

)σν
,

−(
G−1

)μρ
�±ρσ (G−1y)

(
G−1

)σν
.

(68)

6 Conclusion

In this paper we were looking for a T-dual of an open string
moving in a weakly curved background. The starting the-
ory, S, was a subject of investigation in Refs. [23–25], where
it was shown that, solving the boundary conditions at the
open string endpoints, one obtains the effective closed string
described by the effective closed string theory Seff , defined on
the doubled space (qμ, q̃μ). The T-duals of such a theory can
be determined using the generalized Buscher T-dualization
procedure, which we developed earlier in Refs. [20–22]. In
this paper we applied the T-dualization procedure to the
effective theory Seff along all effective directions qμ. We
obtained the T-dual theory �Seff . Applying the procedure to
the obtained theory along all dual directions �μ, we returned

to the effective theory. So, we proved Seff T←→ �Seff . Finally,
we searched for the open string theory S̃ such that its effective
theory is �Seff exactly. We found the explicit form of S̃.
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The relations between the theories investigated are repre-
sented in the following diagram:

S = κ
∫
�

d2ξ ∂+xμ�+μν(x)∂−xν

T

solving BC−−−−−−→ Seff = κ
∫
�� d2ξ ∂+qμ �eff+μν(q, 2bq̃)∂−qν

T

S̃ = κ
∫
�

d2ξ ∂+yμ�̃
μν
+ (y)∂−yν

solving BC−−−−−−→ �Seff = κ2

2

∫
�� d2ξ ∂+�μ(�eff− )μν(g−1

E �̃, 2bg−1
E �)∂−�ν.

On the left hand side are the open string theories, the orig-
inal theory depending on the original coordinate xμ and its
T-dual depending on the dual coordinate yμ. On the right
hand side are the effective theories of the open string the-
ories, obtained for the solution of the boundary conditions.
These theories are defined on the doubled spaces, which con-
sist of the effective variables which are the even parts of the
coordinates of the theories they originate from and their dou-
bles. The effective theories are T-dual to each other, and their
variables are connected by the T-dual coordinate transfor-
mation laws (36) and (46). The obtained T-dual coordinate
transformation laws, could be used for investigation of the
relations between the geometrical properties of the corre-
sponding spaces. Let us notice that the T-dualization of a
closed string theory [20–22] led to a T-dual theory with the
target space which significantly differs from the initial space.
While the initial theory was defined in the ordinary space the
T-dual was defined in the doubled space. In the open string
case investigated here, the T-dualization does not cause such
a transition. Both the initial theory and its T-dual are defined
on the geometrical space.

The metrics of the above theories are

Gμν = const

T

solving BC−−−−−−→ Geff
μν = GE

μν(q)

T

G̃μν = ˜const
solving BC−−−−−−→ G̃μν

eff = (G−1
E )μν(g−1

E �̃),

and the Kalb–Ramond fields are

Bμν(x) = bμν + 1
3 Bμνρxρ

T

solving BC−−−−−−→ Beff
μν = − κ

2 (gE�θ(2bq̃)gE )μν

T

B̃μν(y) = b̃μν + 1
3 B̃

μνρ yρ
solving BC−−−−−−→ B̃μν

eff = κ
2 θ

μν
eff (2bg−1

E �),

with G̃μν and B̃μν(y) given explicitly by (60).
One can notice that the relation between the initial back-

ground and its T-dual in the open string case differs from that
in the closed string case, as it should be expected. In the closed

string case, the T-duality transforms the constant metric of the
weakly curved background to a coordinate dependent effec-

tive metric inverse, while the linearly coordinate dependent
Kalb–Ramond field is transformed into a coordinate depen-
dent non-commutativity parameter. In the open string case,
the important role in the relation between the T-dual back-
grounds plays a matrix C , which is introduced to define the
connection between the variables of the open string theory
T-dual and the effective theory T-dual. It is found that T-
duality transforms the constant metric of the weakly curved
background to a constant T-dual metric, while the coordi-
nate dependent Kalb–Ramond field transforms again to the
coordinate dependent field, which is in this case of the same
structure as the initial field.
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Appendix A: Background fields

The background fields used in the paper will be separated
into their constant and coordinate dependent values.

• The weakly curved background

G0μν = const,

G1μν = 0,
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B0μν = bμν = const,

B1μν(x) = hμν(x) = 1

3
Bμνρx

ρ, Bμνρ = const.

(A.1)

• Effective metric Geff
μν(G, B) = (GE )μν(G, B) = Gμν −

4(BG−1B)μν

Geff
0μν = (GE0)μν = gμν − 4b2

μν = (gE )μν,

Geff
1μν = (GE1)μν = −4(bh + hb)μν. (A.2)

• Effective Kalb–Ramond field Beff
μν

Beff
0μν = 0,

Beff
1μν = −κ

2
(gE�θgE )μν = (h + 4bhb)μν. (A.3)

Note that, because the effective Kalb–Ramond field is
infinitesimal,

GE (Geff(x), Beff(y)) = Geff(x) = GE (x). (A.4)

• Background field combination �eff±μν = Beff
μν (y) ±

1
2G

eff
μν(x)

�eff
0±μν = ±1

2
(gE )μν,

�eff
1±μν = (h(y) + 4bh(y)b)μν ∓ 2(bh(x) + h(x)b)μν.

(A.5)

• Effective metric inverse

(G−1
E )μν = (G−1

E0 − G−1
E0GE1G

−1
E0)

μν,

(G−1
E )

μν
0 = (g−1

E )μν,

(G−1
E )

μν
1 = 4(g−1

E (bh + hb)g−1
E )μν. (A.6)

• Non-commutativity parameter θμν =− 2
κ
(G−1

E BG−1)μν

θ
μν
0 = − 2

κ
(g−1

E bG−1)μν,

θ
μν
1 = �θμν = − 2

κ
[g−1

E (h + 4bhb)g−1
E ]μν. (A.7)

• Effective non-commutativity parameter

θ
μν
eff := θμν(Geff(x), Beff(y))

= − 2

κ
(G−1

E (Geff(x), Beff(y))Beff(y)G
−1
eff (x))

μν

θ
μν
0eff = 0,

θ
μν
1eff(x, y) = �θμν(y)

= − 2

κ
(g−1

E (h(y) + 4bh(y)b)g−1
E )μν. (A.8)

• Tensor�μν
± = − 2

κ
(G−1

E �±G−1)μν = θμν∓ 1
κ
(G−1

E )μν .
• Effective tensor

(�eff± )μν(x, y) ≡ �
μν
± (Geff(x), Beff(y))

= θ
μν
eff (y) ∓ 1

κ
(G−1

E )μν(x),

(�eff
0±)μν(x, y) = ∓ 1

κ
(g−1

E )μν,

(�eff
1±)μν(x, y) = θ

μν
1eff(y) ∓ 1

κ
(G−1

E )
μν
1 (x). (A.9)
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