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{�í�,���1�WZÇ��Z�À��W�~îììô��/&AîXõìô�~òlòð��Dîí�X 

{�í�,���1�WZÇ�X�Z�ÀX�>���W�~îììô��/&AóXíôì�~ñlòô��Dîí�X� 

{ í�,���1�K��]���>������W�~îììõ��/&AïXìñõ�~òlóí��Dîí�X 

{�í�,���1�:��]((X���µ��]}v�W�~îìíì��/&AìXðîó�~íõôlîðñ�*(��6�����îìíí��DîïX 

{�ñ�,��(���1�WZÇ�X�Z�ÀX��W� 

(2010) IF=2.352 (4/54) M21a, (2011) IF=2.255 (6/55) M21, (2011) IF=2.255 (6/55) M21, (2011) 

IF=2.255 (6/55) M21, (2014) IF=2.288 (5/54) M21a. 

{�î�,����1�WZÇ�X�^��XW 

(2011) IF=1.204 (35/84) M22, (2013) IF=1.296 (40/78) M22. 

{�ð�,����1�E}vo]v�����Çv�u]��W� 

(2015) IF=3.000 (8/135) M21a, (2016) IF=3.464 (8/133) M21a, (2016) IF=3.464 (8/133) M21a, 

(2018) IF=4.339 (8/134) M21a. 

{�í�,���1�K��]����Æ������~îìíñ��/&AïXíðô�~íðlõì��DîíX 

{�î�,����1�:}µ�v�o�}(�K��]��W� 

(2015) IF = 1.847 (36/90) M22, (2015) IF = 1.847 (36/90) M22. 

{�í�,���1��µ�}�ZÇ�]���>������W�~îìíò��/&A�íXõñó�~îïlóõ��DîíX 

{�í�,���1�K��]��o��v��Quantum Electronics: (2016) IF= 1.055 (70/92) M23. 
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{�î�,����1�K��]��o��v��Yµ�v�µu��o����}v]��W� 

(2020) IF=2.084 (57/99) M22, (2022) IF=3.0 (42/100) M22. 

{�í�,���1��Z�}�U�^}o]�}v����&�����o�W�y�~îìîð��/&AñXï�~îlñó��Dîí� 

{�í�,���1�&�cta Universitatis Series: Electronics and Energetics: (2024) IF=0.6, M24. 
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(2024). IF=5.3 (2/57) SNIP=1.8, M21a 
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5.8.1. ¿,�����'��*(�*(���1W 

EX�W���}À]�U[[^}o]���Ç��v�����À�o]vP�Á�À���}oµ�]}v���}���µ��]}v��P}À��v]vP�v�u��]��o]�µ]����Ç���o��

µ�]vP� �Z�� :��}�]� �oo]��]�� (µv��]}v� �Æ��v�]}v� u��Z}�U[[� /v���v��]}v�o� �}vP����� �v�� �Æ�}� }v�

Optics, Photonics and Lasers (EUROPL2023), p.19 (2023) 
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EX� W���}À]�U [[^���]}-temporal solitary and traveling wace solutions to the Kundu-Mukherjee-

E��l��� ��µ��]}v[[U� s///� /v���v��]}v�o� ^�Z}}o� �v�� �}v(���v���}v� WZ}�}v]��� ~W,KdKE/��îìîí�U�

p.70 (2021) 

EX� W���}À]�U [[^}o]���Ç��v�� ���À�o]vP� �Á}-component wave solutions in menatic liquid crystals 

µ�]vP��Z�� :��}�]��oo]��]��(µv��]}v��Æ��v�]}v�u��Z}�X[[�ï����}v(���v���}v�E}vo]v���]�ÇU�^���]�v�

Academy of Nonlinear Science, (2023) 

EX� W���}À]�U� [[^}oµ�]}v�� �}� v�u��]�� o]�µ]�� ��Ç���o� �Ç���u�� Á]�Z� �µ�]�-quintic and septic 

v}vo]v���]�]���µ�]vP��Z��:��}�]��oo]��]��(µv��]}v��Æ��v�]}v�u��Z}�U[[�/y�/v���v��]}v�o�^�Z}}o��v��

Conference on Photonics (PHOTONICA2023), p. 53 (2023) 

EX� W���}À]�U� ^^}o]���Ç� �v�� ���À�o]vP� Á�À�� �}oµ�]}v�� �}� �Z�� E}vo]v���� ^�Z���]vP��� ��µ��ion 

�����]�]vP� �µ�v�µu� ��}�o���_U� y/-th International Conference "Solitons, Collapses and 

Turbulence: Achievements, Developments and Perspectives," p. 60 (SCT2024) (2024) 
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.Zl_]hjb�Z 0�[h^h\Z�ih�jZ^m ;jh��jZ^h\Z Mdmigh�0�[h^h\Z 

M21a 10 1 10 

M22 5 2 10 

M24 2 1 2 

M32 1,5 1 1,5 

M33 1 1 1 

M34 0,5 4 2 

    

    

    

Mdmigh   26,5 
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F�dZl_]hjb�_ Mkeh\ Hkl\Zj_gh 

Mdmigh 25 26,5 

M10+M20+M31+M32+M33+M41+M42 20 24,5 

M11+M12+M21+M22+M23 15 20 
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 BN� F� KGBI 

Mdmigh� 10,984 26,5 3,45 

Mkj_^�_gh�ih�qeZgdm� 2,746  2,65 1,15 

Mkj_^�_gh�ih�Zmlhjm� 7,45 19,83  2,25 
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Abstract

In our paper we apply the Jacobi elliptic function expansion method to obtain solutions to 

the Kundu–Mukherjee–Naskar equation, which is asymmetric in the two transverse direc-

tions. We obtain that the solutions contain a quadratic dependency in the phase, i.e. chirp, 

in one of the two directions. Unlike in previous applications of the method, the chirp does 

not affect the amplitude of the solutions.

Keywords Chirp · Solitary wave · Traveling wave · Kundu–Mukherjee–Naskar equation · 

Nonlinear Schrodinger equation

1 Introduction

The Kundu–Mukherjee–Naskar (KMN) differential equation was first introduced in fluid 

dynamics for the study of the evolution of three-dimensional wave packets in water of finite 

depth (Kundu et  al. 2014). In Kundu et  al. (2014), a form of the Nonlinear Schrödinger 

equation (NLSE) was proposed which would have a spatial asymmetry between the two 

transverse directions, as well as modulational instability, in order to produce 2-dimensional 

(2D) rogue waves.

Various solutions have been found for the KMN equation. In Rezazadeh et al. (2021), 

the functional variable method was used to find basic trigonometric solutions. In Biswas 

et al. (2020) and Cimpoiasu et al. (2021), solitary wave solutions are introduced and using 

Lie symmetry methods conserved quantities are identified and new and more complex 

solutions are generated. In Qiu et  al. (2016) rogue wave solutions are obtained and dis-

cussed. In Sulaiman and Bulut (2019) ratios of trigonometric expansions are used to obtain 

complicated solutions. In Ren et  al. (2021), a basic traveling wave ansatz is considered 

and a bifurcation analysis is performed, leading to many solutions based on the inverses of 

elliptic integrals. In Ekici et al. (2019) a trial function method similar to that in Ren et al. 

(2021) is used to obtain a range of solutions which all feature trigonometric and elliptic 

 * Nikola Petrović 
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functions in the denominator of a fractional expression. A similar idea is used in Bilal et al. 

(2021) where the Φ
6
 method is used to find solutions related to the JEFs, except satisfying 

a sixth-order differential equation instead of the fourth-order differential equation satisfied 

by JEFs. In He (2020) the variational method is used to obtain another trigonometric-based 

solution. In Zayed et al. (2022) a basic ansatz was applied in combination with Kudryash-

ov’s techniques to find solutions to a coupled (2+1)-dimensional ((2+1)D) system. Finally, 

in Mukherjee (2020) solutions have been found which can change their curvature in space 

and time based on an arbitrarily chosen function.

All of the mentioned papers only contain solutions where the phase contains a linear 

dependence on the transverse variables, except in Cimpoiasu et  al. (2021) and Mukher-

jee (2020) where a function affecting the phase is directly tied to a function affecting the 

amplitude, in Cimpoiasu et  al. (2021) quadratically and in Mukherjee (2020) linearly 

affecting the characteristic variable of the elliptic function. Solution where the dependence 

of the phase with respect to the transverse variables is not linear are called chirped solu-

tions. Chirped solutions have extensive application in the construction of various amplifi-

ers, pulse compressors and soliton-based communications links due to their ability to alter 

the character of the propagating soliton pulse (Bouzida et al. 2017). In Desaix et al. (2002), 

it is established that at a certain level of chirp a two-soliton breather will split into two 

solitons or degrade through dispersive radiation. In Kruglov et al. (2003), the authors found 

solutions to the NLSE with the appropriate boundary conditions. They found that a pulse 

can be compressed to any degree while maintaining its shape until higher order nonlinear-

ity terms become important and concluded that a chirped soliton propagation could be an 

alternative to loss management systems. The study of chirped solutions is therefore highly 

important for the development of optical systems.

Recently, a lot of work was done using the Jacobi elliptic function expansion method to 

find both unchirped and chirped solutions for various forms of the Nonlinear Schrödinger 

Equation (NLSE) (Kruglov et al. 2003; Zhong et al. 2008; Belić et al. 2008; Petrović et al. 

2009) and the Gross–Pitaevskii equation (GPE) (Petrović et  al. 2010, 2011). The forms 

obtained in these papers use distributed coefficients which allow us to consider both dis-

persion (Eiermann et al. 2003) and diffraction management (Eisenberg et al. 2000). A fur-

ther advantage was that the solutions obtained in Zhong et al. (2008), Belić et al. (2008), 

Petrović et al. (2009, 2010, 2011) were found to be in most cases modulationally stable, 

either absolutely or under the regime of diffraction/dispersion management (Petrović et al. 

2015, 2011). Finally, all the solutions in Zhong et al. (2008), Belić et al. (2008), Petrović 

et al. (2009, 2010, 2011) also include a quadratic dependence with regards to the transverse 

variable which we will henceforth refer to as chirp.

The form of the solutions of JEF expansion method extremely suitable for the KMN 

equation as the KMN equation ultimately features a nonlinearity of the third order. In this 

paper we will thus use the JEF expansion method as described in Belić et  al. (2008) to 

obtain new solutions to the KMN equation that contain chirp. As will be demonstrated, 

the asymmetry in the transverse directions will lead to solutions in which the quadratic 

dependence occurs in only one of them.

2  Methods

The Kundu–Mukherje–Naskar (KMN) equation has the following general form:
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where u is the wave function, t is time, x and y are transverse variables, indices are partial 

derivatives, �(t) is the diffraction coefficient and �(t) is the strength of nonlinearity. As in 

Belić et al. (2008), we propose the following solution for the KMN:

where A and B are real functions of x, y and t denoting the amplitude and the phase of the 

solution. Following Belić et  al. (2008) and Petrović et  al. (2009) and accounting for the 

broken symmetry between x and y directions, we assume the following forms for A and B:

where F is a Jacobi elliptic function satisfying the differential equation:

Here, c
0
 , c

2
 and c

4
 are coefficients which depend on the choice of the JEF and M, the 

parameter of the JEF.

Plugging in Eqs. 3–6 into Eq. 1 and matching each coefficient next to terms involving 

F or 
dF

d�
 , we obtain the following expressions and ordinary differential equations for param-

eters k, l, fi ( i = 1, 0,−1 ), a, b and �:

(1)iut +
�(t)

2
uxy + i�(t)

(

uu∗
x
− u∗ux

)

= 0,

(2)u = Ae
iB

,

(3)u =Ae
iB

,

(4)A =f1(t)F(�) + f0(t) + f−1(t)F(�)
−1

,

(5)� =k(t)x + l(t)y + �(t),

(6)B =a
1
(t)x2 + a

2
(t)y2 + a

3
(t)xy + b

1
(t)x + b

2
(t)y + e(t).

(7)
(

dF

d�

)2

= c
0
+ c

2
F

2
+ c

4
F

4
.

(8)fit +
�

2
a3fi = 0, i = 1, 0,−1,

(9)k
t
+

�

2
(a3k + 2a1l) = 0,

(10)l
t
+

�

2
(a3l + 2a2k) = 0,

(11)�
t
+

�

2
(b2k + b1l) = 0,

(12)a1 = a3 = f0 = 0,

(13)a2t
= b1t

= 0,
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We also obtain the following set of integrability conditions for the nonlinearity param-

eter �:

These equations can be readily solved using elementary mathematical techniques.

3  Results

We now proceed to solve Eqs. 8–17. One obtains the following formulas for the defined 

parameters:

where the coefficients �
1
 , �

2
 , e

1
 and e

2
 are defined as:

(14)b2t
+ a2b1� = 0,

(15)et +
�

2
b

1
b

2
+ 6b

1
� f

1
f
−1

+
�

2
c

2
kl = 0.

(16)f1(2b1� f 2

1
+ �c4kl) = 0,

(17)f−1
(2b

1
� f 2

−1
+ �c

0
kl) = 0.

(18)a1 = a3 = f0 = 0,

(19)f
−1 = �f1

√

c0

c4

= const., � = 0,±1,

(20)k, b1, a2 = const.,

(21)l = l0 − a2k ∫
t

0

�(t′)dt
′
,

(22)b2 = b20 − a2b1 ∫
t

0

�(t′)dt
′
,

(23)� = �0 − �1 ∫
t

0

�(t′)dt
′ + �2 ∫

t

0

(

�(t′)∫
t
′

0

�(t′′)dt
′′

)

dt
′
,

(24)e = e0 − e1 ∫
t

0

�(t′)dt
′ + e2 ∫

t

0

(

�(t′)∫
t
′

0

�(t′′)dt
′′

)

dt
′
,

(25)� = −
�c4k(l0 − a2k ∫ t

0
�(t′)dt′)

2b1f 2

1

,
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We see that as opposed to Belić et al. (2008) where the solutions depended on a chirp 

function, here the solutions depend on the first and second integral of � . This is funda-

mentally due to a change in the nonlinearity term which forced the chirp function to be 

constant.

4  Solutions

We now analyze the obtained solutions. One notices that the method obtains a more restric-

tive set of solutions than in Belić et al. (2008). In particular, certain parameters are con-

strained to be either 0 or a constant, and the chirp no longer affects the amplitude of the 

solution making it impossible to create soliton breathers (Belić et al. 2008; Petrović et al. 

2009). The fact that a
1
= 0 means that chirp can only occur in the y-transverse direction. 

Still, the solutions allow a range of forms, both solitary and traveling wave.

In Fig. 1a we see the standard solitary wave solution. This solution occurs when there 

is no chirp. When a
2
= 0 we see from the formulas that the symmetry between the two 

transverse variables is retained, which is why the plot is identical for the two transverse 

variables. When a
2
= 1 , we see that the symmetry between the two transverse variables 

is broken. In the x direction (Fig. 1b) we have a combination of two sinusoidal functions, 

whereas in the y direction (Fig. 1c) we have the characteristic ’crested’ forms of the solu-

tion. If one looks carefully, one sees the gradual narrowing and waning of the crests indi-

cating that they are not infinite.

In Fig. 2 we compare these with the traveling wave solutions. We see the solitary wave 

solutions repeated periodically in the x direction whereas in the y direction the effect of 

stretching is noticed, similar to the chirped solutions in Belić et al. (2008).

(26)�1 =

b20k + b1l0

2
,

(27)�2 = a2b1k,

(28)e1 =

b20b1

2
+ kl0

(

3�
√

c0c4 −
c2

2

)

,

(29)e
2
=

a
2
b

2

1

2
+ k

2
a

2

(

3�
√

c
0
c

4
−

c
2

2

)

.

Fig. 1  (Color online) Solitary wave solutions for F = dn and M = 1 as functions of time. Intensity |u|2 for 

a a
2
= 0 and b, c and a

2
= 1 are presented as a function of either x for a, b or y c and t for �(z) = �

0
cosΩt . 

Coefficients: b
20

= 0 , e
0
= 0 , k = 1 , l

0
= 1 , b

1
= 1 , �

0
= 0 , �

0
= 1 , Ω = 1 , f

1
= 1 , � = 0
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We now restrict our attention to solitary waves. We want to see how the solutions vary 

in terms of given parameters. In Fig. 3 we see what happens when we vary l
0
 and thus con-

trol the behavior of the function in the y transverse direction. We see that at l
0
= 0 we have 

a uniform sinusoidal wave and distribution of crests and that as l
0
 approaches 1 the two 

pairs of adjacent crests approach each other (Fig. 3c) and merge for l
0
= 1 in Fig. 1c. As for 

higher values of l
0
 we see the crests decay rapidly (Fig. 3c).

Finally, in Fig. 4 we see the gradual development of chirp in traveling wave solutions 

and the slow transformation from Fig. 2a–c. We notice the gradual appearance of the crest 

forms indicating that the chirp is the strongest along these values of t.

We will now compare the obtained solutions with solutions from previous papers. In 

Rezazadeh et al. (2021) and Zayed et al. (2022) one obtains in both papers chirpless solu-

tions using various hyperbolic and exponential functions, in the case of Zayed et al. (2022) 

for a coupled system. Neither chirp nor JEFs are considered in either paper. In Bilal et al. 

Fig. 2  (Color online) Traveling wave solutions as functions of time. The parameters are the same as in 

Fig. 1 except M = 0.97

Fig. 3  (Color online) Traveling wave solutions as functions of time. The parameters are the same as in 

Fig. 1c except a l
0
= 0 , b l

0
= 0.8 and c l

0
= 1.2

Fig. 4  (Color online) Traveling wave solutions as functions of time. The parameters are the same as in 

Fig. 2c except a a
2
= 0.2 , b a

2
= 0.5 and c a

2
= 0.8
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(2021) an interesting form of the solutions is obtain by considering a sixth-order differen-

tial equation rather than the fourth order one. This allows us to find solutions which are of 

the form 
f

√

af 2+b
 , where a and b are constants and f is a JEF. Again, chirp is not studied in 

this paper. In Cimpoiasu et al. (2021), one obtains a solution where the chirp function is 

related to the square of the amplitude, whereas in our solutions the two are unrelated to 

each other, i.e. one can set an arbitrary value of chirp given the amplitude. In Mukherjee 

(2020) a function affecting both the amplitude and the phase is introduced which can curve 

the soliton solutions in an arbitrary way. This allows for a large class of various curved 

solutions to be found using Jacobi Elliptic functions. However, as in Cimpoiasu et  al. 

(2021), the amplitude and the phase are not independent of each other. Thus, the solutions 

in this paper allow for a higher degree of control of chirp.

5  Conclusion

To sum up, we analyzed the Kundu–Mukherjee–Naskar equation and obtained large new 

classes of solitary and traveling wave solutions, both with and without chirp, using the Jac-

obi elliptic function expansion method. Since the KMN equation is important in the area of 

researching rogue waves, there is a good possibility of practical application for these solu-

tions. In particular, the chirped solutions will have many potential applications in soliton-

based communications.
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Abstract

In our paper we modify the Jacobi elliptic function expansion method to obtain solutions 

to the Davey–Stewartson system of equations. Two categories of nonsingular solutions are 

obtained for both traveling and solitary waves and both with and without chirp. In both 

cases there is an arbitrary term in the mean flow field, meaning one can obtain solutions for 

arbitrary forms of the mean flow field.

Keywords Davey–Stewartson equation · Jacobi elliptic function · Expansion method

1 Introduction

The Davey–Stewartson (DS) system of nonlinear partial differential equations, henceforth 

abbreviated as the DS system, was first introduced in fluid dynamics for the study of the 

evolution of three-dimensional wave packets in water of finite depth (Davey and Stew-

artson 1974). It has since found application in numerous areas of physics, most notably 

nonlinear-optics (Newell and Moloney 1992) as well as related fields such as the study of 

Bose–Einstein condensates (Huang 2005) and the study of electro-magnetic (EM) waves 

in ferromagnets (Leblond 1999). A surprising property of the DS system is that it is one 

of the few multidimensional systems whose inverse scattering transform is known (Sung 

1994a, b, c, 1995). Of considerable interest is also the fact that rogue waves have been 

shown to exist in DS systems (Ohta and Yang 2012, 2013).

Various techniques have been put forth to obtain solutions to the DS system. The earli-

est attempt was given in Anker and Freeman (1978) where the Zakharov–Shabat scheme 

(1974) was used to obtain one- and two-soliton solutions, as well as model some basic 

properties of interaction of multiple solitons. In Hieraninta and Hirota (1990) the Hirota 
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method (Hieraninta 1997) was used to construct a multi-dromion solution. Various other 

methods have been used to find new solutions to the DS system: the variable separation 

method (Lou and Lu 1996; Lou 2002; Wang and Huang 2010), the G′∕G method (Ebadi 

and Biswas 2011), the first integral method (Jafari 2012) as well as many others (Deng and 

Qin 2006; Wazwaz 2008; Tian and Gao 1997; Yildirm 2012). Of particular interest for this 

paper is the work done by Yan (2003) in which Jacobi elliptic functions (JEFs) were used 

to construct solutions to a system of equations resembling the DS system. In the paper, a 

basic expansion of the solution in terms of the twelve JEFs was used and solutions were 

obtained in the form of the first order polynomial (of the JEFs) for the basic wave, while 

the two auxiliary waves were represented with a second order polynomial.

Recently, work was done to find solutions using the JEF expansion method for various 

forms of the Nonlinear Schrödinger Equation (NLSE) (Zhong 2008; Belić 2008; Petrović 

2009) and the Gross–Pitaevskii equation (GPE) (2010, 2011). These forms use distributed 

coefficients which allow the use of dispersion (Eiermann 2003) and diffraction manage-

ment (Eisenberg 2000). The solutions obtained in Zhong (2008), Belić (2008) and Petrović 

(2009, 2010, 2011) were found to have either absolute modulational stability or modula-

tional stability under diffraction/dispersion management (Petrović 2015, 2011).

The form of the solutions of JEF expansion method is well suited when all the nonline-

arity in the problem is solely dependant on amplitude. In the DS system we have two fields: 

the wave-amplitude field which is complex and the mean-field which is real. As will be 

shown, it emerges from the DS system that for the matching conditions to work it is natural 

to consider the mean-flow field to be second order with respect to the wave-amplitude field. 

Therefore the DS system is highly suitable for the JEF expansion method. In this paper we 

will apply the JEF expansion method and the ideas developed in Belić (2008) to solving 

the DS system.

2  Method

The Davey–Stewartson (DS) system of equations has the following general form:

where u is the wave-amplitude field (WAF), n is the mean-flow field (MFF), t is time, x and 

y are transverse variables, indices are partial derivatives, �(t) is the diffraction coefficient, 

�(t) is the strength of nonlinearity, �(t) is the coupling function and r, s, q and � are non-

zero real parameters. As in Belić (2008), we propose the following solution for the WAF:

where A and B are real functions of x, y and t denoting the amplitude and the phase of the 

solution. Following Belić (2008) and Petrović (2009) we assume the following forms for A 

and B:

(1)iut +
�(t)

2
(ruxx + suyy) + �(t)|u|2u + �(t)un = 0,

(2)n
xx
+ qn

yy
+ �

(
|u|2

)
xx
= 0,

(3)u = Ae
iB

,

(4)A =f1(t)F(�) + f0(t) + f−1(t)F(�)
−1

,
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where F is a JEF satisfying the differential equation:

Here, c
0
 , c

2
 and c

4
 are coefficients which depend on the choice of the JEF and M, the param-

eter of the JEF. We will assume that at most one of c
0
 , c

2
 and c

4
 is 0. For the MFF we take 

the following form to ensure matching conditions for the top-order terms with respect to F:

We cannot have all of g2, g1, g
−1, g

−2 be zero as n would have no dependence on the trans-

verse spatial coordinates and Eq. (2) would be trivially satisfied.

Plugging in Eqs. (4)–(8) into Eqs. (1)–(2) we obtain the following equations for param-

eters k, l, fi ( i = 1, 0,−1 ), a, b and �:

We also obtain the following set of integrability conditions:

and the following equations for parameter e:

(5)� =k(t)x + l(t)y + �(t),

(6)B =a(t)(x2∕r + y2∕s) + b(t)(x + y) + e(t),

(7)
(

dF

d�

)2

= c
0
+ c

2
F

2
+ c

4
F

4
.

(8)n = g
2
(t)F(�)2 + g

1
(t)F(�) + g

0
(t) + g−1

(t)F(�)−1 + g−2
(t)F(�)−2

.

(9)fit + 2a�fi = 0, i = 1, 0,−1,

(10)k
t
+ 2a�k = 0,

(11)l
t
+ 2a�l = 0,

(12)�
t
+ �b(rk + ls) = 0,

(13)a
t
+ 2a

2� = 0,

(14)b
t
+ 2a�b = 0.

(15)k2(2�f0fi + gi) + gil
2q = 0, i = ±1,

(16)k2(�f 2

i
+ g2i) + g2il

2q = 0, i = ±1,

(17)3� f 2

i
f0 + �figi + �f0g2i = 0, i = ±1,

(18)� f 3

i
+ �fig2i + �c2+2i(rk

2 + sl2) = 0, i = ±1.

(19)f0

(

−et −
b2�

2
(1 + s) + � f 2

0
+ 6� f1f−1

)

+ �(f0g0 + f1g−1 + f−1g1) = 0,
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We note that while the general set-up is similar to that of Belić (2008), there are several 

key differences. First, due to the presence of the MFF, we obtain four pairs of integrability 

conditions instead of one, albeit with several new parameters to work with. Note that the 

function g
0
 only appears in the equations for e. Second, the presence of the MFF in Eq. (1) 

affects Eqs. (19)–(20). In particular, one can no longer trivially discard Eq. (19) by assum-

ing f
0
= 0 . We shall see that the obtained constraints on the parameters are quite different 

from those in Belić (2008).

3  Results

We now proceed to solve Eqs. (9)–(20). Solving Eqs. (9)–(14) we obtain:

Where p is the chirp function given by:

We now distinguish between two cases: f
0
≠ 0 and f

0
= 0.

3.1  Case f
0
≠ 0

We first cover the most general case, i.e. the case when f
0
 is non-zero. First we assume that 

f
1
 and f

−1
 are also non-zero. We also assume k2

0
+ ql2

0
≠ 0 , as from assuming otherwise it 

quickly follows that f1, f
−1 = 0 . Solving Eqs. (15)–(16), we obtain the following equations:

where the parameter � is given by the formula:

(20)

fi

(

−et −
b2�

2
(1 + s) + 3� f 2

0
+ 3� f1f−1 +

�c2

2
(k2r + l2s)

)

+ �(fig0 + f0gi + f−ig2i) = 0, i = ±1.

(21)fi = fi0p, i = 1, 0,−1,

(22)k = k0p,

(23)l = l0p,

(24)a = a0p,

(25)b = b0p,

(26)� = �0 − b(k0 + l0s)p∫
t

0

�(t)dt,

(27)p =
1

1 + 2a
0
∫ t

0
�(t)dt

.

(28)gi = 2�f0fi, i = ±1,

(29)g2i = �f 2

i
, i = ±1,
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Equations (28)–(29) coincide with Eq. (14) in Ebadi and Biswas (2011) for n = 2 in 

the special case of f
0
= f

−1
= 0 . Plugging the results in Eqs. (17) we obtain a matching 

condition:

Finally, plugging in this condition into Eqs. (18), one obtains the constraint:

This constraint doesn’t occur in the previous systems studied in Belić (2008) and Petrović 

(2010). Given these conditions one obtains that Eqs. (19)–(20) are automatically matched 

with each other, i.e. equivalent. A surprising result emerges in that there are no constraints 

on function g
0
(t) . In other words, for every form of g

0
(t) one can find a form for the free 

term of the phase e(t) for which give us a solution to the DS system. Thus, we truly obtain 

a wide range of solutions and the ability to study many different forms of the DS system 

of equations. It is also worth noting that unlike in Belić (2008) the nonlinearity � as an 

integrability condition no longer has to follow the form of f and that there is no longer any 

imposed relationship between f
10

 and f
−10

 . Additionally, since � is free to be of arbitrary 

form, there is no longer a simple formula for e, but e is highly dependent on the choice of 

� and g
0
.

Assuming f
−1

= 0 and f
1
≠ 0 one obtains:

Similarly, assuming f
1
= 0 and f

−1
≠ 0 one obtains:

In both cases, Eq. (31) holds and g
0
(t) is arbitrary.

(30)� = −

�k2

0

k2

0
+ ql2

0

.

(31)� = −��.

(32)rk
2

0
+ sl

2

0
= 0.

(33)g1 = 2�f0f1, i = ±1,

(34)g2 = �f 2

1
, i = ±1,

(35)g
−1 = g

−2 = 0,

(36)c
4
(rk2

0
+ sl

2

0
) = 0.

(37)g
−1 = 2�f0f

−1, i = ±1,

(38)g
−2 = �f 2

−1
, i = ±1,

(39)g1 = g2 = 0,

(40)c
0
(rk2

0
+ sl

2

0
) = 0.
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3.2  Case f
0
= 0

We now assume f
0
= 0 and, without loss of generality, f

1
≠ 0 . As in the previous sec-

tion k2

0
+ ql2

0
≠ 0 . From Eqs. (15)–(16), we obtain:

It follows that Eqs. (17) are automatically satisfied. In order for Eqs. (18) to be satisfied we 

must either have Eqs. (31)–(32) or:

We note that for the special case of � = 0 , coinciding with the system in Belić (2008), we 

obtain the matching condition from Belić (2008). Finally, given these conditions, Eq. (19) 

is trivially satisfied, while Eq. (20) are automatically matched with each other. In this case, 

we no longer have the constraint given in Eq. (32).

4  Solutions

We now analyze the obtained solutions. We note that the condition (32) largely restricts 

us to r and s being the opposite sign. By default we take F = dn which is the most 

convenient function as both it and its inverse are free from singularities, though one 

can obtain similar solutions in many cases with other choices for F. We note that for all 

cases where g
0
= 0 we have that n is qualitatively similar to |u|2 and therefore only |u|2 

will be shown.

We take M = 0.97 , describing so-called traveling wave solutions. In Fig. 1a we see 

the most basic form of the solution for |u|2 . Since k and l are of equal sign they cancel 

out in 12 leading to no time dependence in � in the absence of chirp. In Fig. 1b we see 

the results when k
0
 and l

0
 are of opposite sign. For M = 1 , a solitary wave solutions is 

obtained as shown in Fig. 1c. In Fig. 1d–f we see the effects of chirp on our solutions. 

We note the loss of periodicity in the traveling wave solutions and the stretching effect 

present in Fig. 1d away from the center, whereas in Fig. 1e this pattern is shifted away 

from the center. We also note the oscillation in amplitude in all three cases, especially in 

Fig. 1f, where the solution corresponds to a breather solitary wave.

In Fig. 2 we see the effects of combining several terms in the solution. We see the 

inverse function dominate in Fig.  2a with respect to Fig.  1a. The presence of f
00

= 1 

shifts the function upward in the regime without chirp.

Finally in Fig.  3 we only cover cases not applicable under Case 1, i.e. we see the 

solutions for r = s = 1 which was inadmissable under Case 1. In Fig. 3a we take � = 0 , 

in Fig. 3b � = 1 , while in Fig. 3c we look at dark soliton solutions by taking F = sn.

(41)gi = 0, i = ±1,

(42)g2i = �f 2

i
, i = ±1.

(43)f
−1 = �

√

c0

c4

f1, � = 0,±1,

(44)� = −�� −
�c

4
(k2 + l2s)

f 2

1

.
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Fig. 1  (Color online) Solitary and traveling wave solutions for F = dn as functions of time. Inten-

sity |u|2 for a
0
= 0 (a–c) and a

0
= 0.2 (d–f) are presented as a function of k

0
x + l

0
y and t for p = −3 , 

�(z) = �
0

cosΩt and a, d M = 0.97 , l
0
= 1 b, e M = 0.97 , l

0
= −1 and c, f M = 1 , l

0
= −1 . Coefficients: 

b
0
= 0 , e

0
= 0 , k

0
= 1 , �

0
= 0 , �

0
= 1 , f

10
= 1 , f

00
= f

−10
= 0 , r = 1 , s = −1 , q = 1 and � = −1

Fig. 2  (Color online) Traveling wave solutions as functions of time. The parameters are the same as 

in Fig.  1b except a
0
= 0.2 in (d–f) and a, d f

10
= f

−10
= 1 , f

00
= 0 b, e f

10
= f

00
= 1 , f

−10
= 0 and c, f 

f
10

= f
−10

= f
00

= 1
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In all of these solutions, the novelty comes from the presence of chirp. The previ-

ous papers dealing with solutions using expansion methods or related methods, such as 

Refs. Ebadi and Biswas (2011), Jafari (2012), Yildirm (2012) and Yan (2003) all utilize 

a linear dependence of the phase on the transverse variables. In addition, we have dem-

onstrated that any function satisfying Eq. (7) can be used to construct solutions to the 

DS system of equations.

In all these solutions we’ve set g
0
= 0 . However, you can add an arbitrary function of 

time to g
0
 and as a consequence to n. The only restriction is that there is no dependence on 

the transverse variable. Thus, a large range of possible forms for n is possible.

5  Conclusion

To sum up, we analyzed the Davey–Stewartson system and obtained large new classes of 

solitary and traveling wave solutions using the JEF expansion method. We obtained large 

classes of new solutions, both solitary and traveling wave solutions and both with and with-

out chirp. Since the DS system appears in many areas of physics, there is a good possibility 

of practical application for these solutions.

Acknowledgements Work at the Institute of Physics is supported by project OI 171006 of the Serbian Min-

istry of Education and Science. Work in Qatar was done under the Qatar National Research Fund (QNRF) 

Project: NPRP 8-028-1-001.

Fig. 3  (Color online) Traveling wave solutions as functions of time for Case 2. The parameters are the same 

as in Fig. 1b except s = 1, a
0
= 0.2 in (d–f) and a, d � = 0 , b, e � = 1 and c, f � = 0 and F = sn
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Solitary and traveling wave solutions to equations governing nematic 
liquid crystals using the Jacobi elliptic function expansion method

ÁÜÞâßÔ�ÃØçåâéÜY1,2

1Institute of Physics, University of Belgrade, Pregrevica 118, 11080 Belgrade, Serbia
2Texas A&M University at Qatar, P.O. Box 23874, Doha, Qatar

Abstract
Nematic liquid crystals (NLCs) are an important system in nonlinear optics as they allow the study of many nonlinear 

phenomena at low power due to a very large nonlinear response via the electro-optic effect [1]. In particular, spatial 

solitons, also known as nematicons [2], can easily be observed in NLCs and have shown to be remarkably stable in the 

two transverse dimensions [3]. NLCs are generally described by a pair of interconnected nonlinear differential equations 

governing the behavior of the wave function of light and the angular tilt of the molecules of the crystal [4]. Various 

PHWKRGV�KDYH�EHHQ�SURSRVHG�WR�VROYH�WKLV�V\VWHP�RI�GLIIHUHQWLDO�HTXDWLRQV��LQFOXGLQJ�WKH�WDQ�3����H[SDQVLRQ�PHWKRG�>�@��

the modified simple equation method [6] and others [4,7]. 

In this work, we generalize the Jacobi elliptic function (JEF) expansion method, developed in [8] and [9], to find exact 

solutions to the NLC system of equations. We apply the principle of harmonic balance to both the wave function and 

the angular tilt and apply matching conditions to obtain the degrees of these two functions in terms of the JEF. These 

degrees depend on the form of the nonlinearity inside the liquid crystal. Unlike many other models, the form of the wave 

functions given in [8] and [9] also includes a quadratic dependence on the transverse variables in the phase which is 

known as the chirp. Solitary and travelling wave solutions to the NLC system of equations are obtained, both with and 

without chirp.
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PREFACE

This book contains some papers related to the talks presented at
the 2nd Conference on Nonlinearity, held online on October 18–22,
2021. The conference is organized by the Serbian Academy of Non-
linear Sciences (SANS) in cooperation with the Mathematical Insti-
tute (Serbian Academy of Sciences and Arts), Faculty of Mathematics
(University of Belgrade), Institute of Chemistry, Technology and Met-
allurgy (University of Belgrade), and Faculty of Sciences and Mathe-
matics (University of Nǐs).

It is well known that nonlinear phenomena and processes are present
everywhere in nature – from fundamental interactions between elemen-
tary particles, via various terrestrial processes in fluids and optics,
to the dynamics of celestial objects and the evolution the universe
as a whole. Nonlinear methods, in particular nonlinear differential
equations, are used in research of all sciences – from fundamental to
applied. Contemporary comfortable human life largely depends on
technological achievements based on nonlinear processes.

Serbian Academy of Nonlinear Sciences is a scientific society whose
members are scientists that significantly contributed to developments
of nonlinear sciences in Serbia. The main goal of SANS is a strong
fruitful support to versatile developments of nonlinear sciences, partic-
ularly in Serbia. Organization of scientific meetings – colloquiums and
conferences on nonlinearity – are among principal activities of SANS.
SANS strives to connect as much as possible with scientists and re-
lated scientific activities throughout the world. More information on
the Serbian Academy on Nonlinear Sciences is available at its website
http://www.sann.kg.ac.rs/en/sans/.

About 70 scientists from 19 countries participated in this con-
ference (Australia, Austria, France, Germany, Hungary, India, Is-
rael, Japan, Poland, Qatar, Romania, Russia, Serbia, Slovenia, Spain,

V



UAE, UK, Ukraine, USA). Lectures were given by 4 keynote speak-
ers (45 min.), 9 invited speakers (35 min.) and 35 other partici-
pants (25 min.). Some details can be seen on the conference website
http://www.nonlinearity2021.matf.bg.ac.rs/.

On behalf of the Serbian Academy of Nonlinear Sciences, we would
like to express our gratitude to the Ministry of Education, Science and
Technological Development of the Republic of Serbia for a financial
support to publish these Proceedings. We are also thank the Coorga-
nizers and the management of the journal Symmetry for a support of
this conference. In particular, we are thankful to all speakers and the
authors of contributions to the Proceedings. We hope very much that
this collection of papers will be useful not only to participants of this
conference but also to all others who are interested in nonlinearity.

The Serbian Academy of Nonlinear Sciences plans to continue with
the organization of Conferences on Nonlinearity regularly with a pe-
riod of two years. It is our great wish that next year there will be no
problem with the Corona virus epidemic and that the third conference
will be held in person. We will be happy to see all participants of the
first two conferences again, as well as many new ones.

Belgrade, Summer 2022
E d i t o r s

Branko Dragovich
(President of SANS)

Zeljko Cupic
(General secretary of SANS)
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Exact traveling and solitary wave solutions to the
generalized Gross-Pitaevskii equation with

cylindrical potential✯

Nikola Petrović❸
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Abstract

In our paper we modify the Jacobi Elliptic function (JEF) expan-
sion method to obtain solutions to the Gross-Pitaevskii equation with
a cylindrical potential, in which case the three transverse dimensions
are no longer symmetric. The solutions end up combining the features
of the solutions for the spherical potential and the solutions of the or-
dinary Nonlinear Schrödinger equation (NLSE). Solutions which have
an oscillating amplitude and modulational stability can be found.

PACS numbers: 05.45.Yv, 42.65.Tg

1. Introduction

Gross-Pitaevskii equation (GPE) is of the extreme importance in the study
of the Bose-Einstein condensates (BEC), where it describes the behavior of
the condensate wavefunction [1]. It has been introduced independently by
Gross [2] and Pitaevskii [3] for an unrelated problem, but has since been
found of great use in the study of BEC. Solitary wave solutions [4] have
been discovered in GPE. One of the main methods of finding approximate
solutions to the GP equation and related equations such as the Ginzburg-
Landau equation is using the variational approximation [5, 6, 7]. Such an
approach uncovered various complicated forms of solutions such as vortices
[5], dipoles [6], tripoles [6] and various oscillating structures [7]. In [8] exact
analytic solutions for the (1-1)D solutions to the GPE were found. The gain
function was used in the diffraction coefficient to produce stable oscillating
solitary wave solutions. The paper introduces many novel ideas, such as
the chirp function for which in order to obtain it one must solve a Ricatti
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Ministry of Education and Science. Work in Qatar was done under the Qatar National
Research Fund (QNRF) project: NPRP 8-028-1-001.
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differential equation. The paper obtains stable oscillating solutions for
constant potential, but a complicated form for the nonlinearity coefficient.

Recently, a new class of solutions based on the Jacobi Elliptic Function
(JEF) expansion [9, 10, 11] for the Nonlinear Schrödinger Equation (NLSE)
and the methods used have been generalized in [12, 13] for the GPE. Unlike
in [8], in [9, 10, 11, 12, 13] the dispersion/diffraction coefficient is no longer
a constant and the gain function is factored differently into the formula for
the nonlinearity coefficient, among other differences in the parameters of
the solution. Having a non-constant dispersion/diffraction coefficient allows
the use of dispersion [14] and diffraction management [15]. The modula-
tional stability of the solutions in [9, 10, 11, 12, 13] for both the NLSE
and the GPE was analyzed in [16] and also [13] for both dark/bright and
spatial/temporal solitary waves, under both normal and anomalous disper-
sion. It was determined that in all three possible combinations the solitary
waves achieve either unconditional stability or stability under dispersion
management.

All the obtained solutions for the GPE have so far been for a potential
with spherical symmetry. However, other forms of the potential are possible
including ones that use trigonometric functions [17]. For many practical sit-
uations, confining potentials with cylindrical symmetry are used. In other
words, there is a confining potential only in two transverse dimensions,
reminiscent of an infinitely long cylinder [18, 19]. The elongated cylindrical
form of the potential allows experimental physicists to analyze the Bose-
Einstein condensate in a regime close to the 1D case [20]. In this paper we
extend the results in [12, 13] to the case of the cylindrical potential.

2. Method

We consider GPE in (3+1)D with distributed coefficients [1]:

i∂tu+
β(t)

2
∆u+ χ(t)|u|2u+ α(t)(x2 + y2)u = iγ(t)u. (1)

Here t is time, ∆ = ∂2
x + ∂2

y + ∂2
z is the 3D Laplacian and α(t) stands for

the strength of the quadratic potential as a function of time. The functions
β, χ, and γ stand for the diffraction, nonlinearity, and gain coefficients,
respectively. All coordinates in Eq. (1) are made dimensionless by the
choice of coefficients. It is worth noting that the transverse variable z is no
longer symmetric with respect to the other two transverse variables x and
y.

As described in Ref. [12], we separate the real and imaginary part of u:

u(x, y, z, t) = A(x, y, z, t) exp (iB(x, y, z, t)). (2)

and, after plugging in Eq. (2) into Eq. (1), divide Eq. (1) into the real and
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imaginary part. We now assume the following form for A and B:

A = f1(t)F (θ) + f2(t)F (θ)−1, (3)

θ = k(t)x+ l(t)y +m(t)z + ω(t), (4)

B = a1(t)(x
2 + y2) + a2(t)z

2 + b1(t)(x+ y) + b2(t)z + e(t), (5)

where f1, f2, k, l, m, ω, a1, a2, b1, b2 and e are functions of t to be
determined, and F is an arbitrary Jacobi elliptic function (JEF) satisfying:

(

dF

dθ

)2

= c0 + c2F
2 + c4F

4, (6)

where c0, c2 and c4 are constants that depend on the form of the JEF and
the parameter of the JEF M . For F = cn, the JEF we will be using in this
paper, we have c0 = 1−M , c2 = 2M − 1 and c4 = −M . The JEFs are well
suited as an ansatz for nonlinear partial differential equations with terms
containing the third degree of the original function. Function f2 may be
set to 0. In contrast to Ref. [12], the functions next to the quadratic and
linear terms in the phase have been split into two pairs of functions, a1, a2,
b1 and b2 to account for the asymmetry between z and the other transverse
variables.

Applying the F-expansion method and the principle of harmonic balance
[9] we obtain the following system of algebraic and first order differential
equations for fi (i = 1, 2), a1, a2, b1, b2, k, l, m and ω:

dfj
dt

+ (2a1 + a2)βfj − γfj = 0, (7)

dk

dt
+ 2ka1β = 0,

dl

dt
+ 2la1β = 0,

dm

dt
+ 2ma2β = 0, (8)

da1
dt

+ 2βa21 − α = 0,
da2
dt

+ 2βa22 = 0, (9)

db1
dt

+ 2βa1b1 = 0,
db2
dt

+ 2βa2b2 = 0, (10)

dω

dt
+ β((k + l)b1 +mb2) = 0, (11)

de

dt
+

β

2
(2b21 + b22 − (k2 + l2 +m2)c2)− 3χf1f2 = 0, (12)

f1
(

β(k2 + l2 +m2)c4 + χf2

1

)

= 0, (13)

f2
(

β(k2 + l2 +m2)c0 + χf2

2

)

= 0, (14)

3. Results

Now we need to classify solutions based on the forms of the functions α
and β. For the spherically symmetric form of α, the case where α and β
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are constant was covered in Ref. [12], while the case where α and β are
sinusoidal was covered in Ref. [13].

Following the notation established in [13], we obtain the following most
general results:

f1 = f10p1
√
p2 exp

(
∫ t

0

γdt

)

, f2 = ǫ

√

c0
c4
f1, (15)

k = p1k0, l = p1l0, m = p2m0, (16)

ω = ω0 − ((k0 + l0)b10q1 +m0b20q2) , (17)

a2 = p2a20, (18)

b1 = p1b10, b2 = p2b20, (19)

e = e0 +
1

2

(

(k20 + l20)(c2 − 6ǫ
√
c0c4)− 2b210

)

q1 + (20)

1

2

(

m2

0(c2 − 6ǫ
√
c0c4)− b220

)

q2,

with a different formula for a1, p1, p2, q1 and q2 in each case. Here, ǫ = 0,±1
and p2 corresponds to the chirp function in [10]. The index ’0’ represents
the value of the given parameter at t = 0. The results in this section are
not for an arbitrary χ, but one subject to an integrability condition:

χ = −β(k2 + l2 +m2)c4f
−2

1
. (21)

For the case where α and β are constants we obtain the following results:

a1 =

√

α

2β

Cept − 1

Cept + 1
, (22)

p1 =
ept/2(1 + C)

1 + Cept
, p2 =

1

1 + 2a20βt
, (23)

q1 =
(1 + C)(ept − 1)

p(1 + Cept)
, (24)

q2 =
βt

1 + 2a20βt
, (25)

where C = (
√

α
2β + a10)/(

√

α
2β − a10) and p = 2

√
2αβ.

For the case where α and β are sinusoidal we obtain the following results,
i.e. α(t) = α0 cos(Ωt), β(t) = β0 cos(Ωt) or α(t) = α0 sin(Ωt), β(t) =
β0 sin(Ωt) (in this case, α0 and β0 stand for amplitudes, not initial values)
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we have the following results:

a1 =

√

α0

2β0
tanh (τ(t)), (26)

p1 =

√

α0

α0 − 2a2
10
β0

sech (τ(t)) , p2 =
1

1 + 2a20
∫ t
0
β(t)dt

, (27)

q1 =

√
α0β0√

2(α0 − 2a2
10
β0)

tanh (τ(t))− a0β0
α0 − 2a2

10
β0

, (28)

q2 =

∫ t
0
β(t)dt

1 + 2a20
∫ t
0
β(t)dt

, (29)

where:

τ(t) = arctanh

(

a10

√

2β0
α0

)

+

√

2α0

β0

∫ t

0

β(t)dt. (30)

For β(t) = β0 cos(Ωt) we have
∫ t
0
β(t)dt = β0

sin(Ωt)

Ω
and for β(t) =

β0 sin(Ωt) we have
∫ t
0
β(t)dt = β0

(

1− cos(Ωt)

Ω

)

.

For this case we can perform a stability analysis similar to one in Section
5 of [16]. The key difference is that now we analyze stability for solitary
waves along the z direction as a separate case, and thus have two distinct
cases: k0 = m0 = 0, l0 = 1 and k0 = l0 = 0, m0 = 1. We also must
specify up front whether k0 = m0 = 0, l0 = 1 or k0 = l0 = 0, m0 = 1
due to the fact that the formula for χ now contains multiple terms, each
with different form of the chirp function. In Eqs. (50) of [16] we must take

p =
√

p2
1
p2 instead of p3/2. For k0 = m0 = 0, l0 = 1 we must take p = p1 in

Eqs. (51)-(54) of [16], while for k0 = l0 = 0, m0 = 1 we must take p = p2
in Eqs. (51)-(54) in order to obtain the form of the GPE with constant
coefficients given in Eq. (55) of [16]. We have thus shown that the same
stability analysis given in [16] can also be performed on the solutions in
this paper. The detailed calculations pertaining to this analysis are beyond
the scope of the paper, but one obtains similar conclusions to those in [16]
for the NLSE and GPE with spherical potential (the latter also covered
in [13]). In any case, it can be concluded that the solutions in this paper
are either unconditionally stable or stable under the regime of dispersion
management. Computer simulations were performed on the solutions to
the NLSE in [10] and the solutions preserved their shape after long runs.

4. Solutions

In this section we analyze the forms of the obtained solutions. As in [12],
the solutions cannot be made to be of stable amplitude unless an external
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Figure 1: (Color online) Solitary and traveling wave solutions for F = cn
as functions of time for α = β = 1. Intensity |u|2 is presented as a function
of: k0x + l0y for (a), (c) and (e) and m0z for (b), (d) and (f). The main
parameters are: (a), (b): M = 1, γ = 0; (c), (d): M = 0.9, γ = 0; (e), (f):
M = 0.9, γ = p/2. The other parameters are: k0 = l0 = m0 = 1, a10 = 1,
a20 = 0, b10 = b20 = 1, ǫ = 0 and ω0 = 0.
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gain is added, even in the absence of chirp. Due to the specific form of
the function, the dependencies of the function on k0x + l0y and m0z are
no longer qualitatively the same, hence these cases must be analyzed and
presented separately. The parameters p1 and p2 are qualitatively similar for
the case of constant α and β, so there is not much of a physical difference
apparent when both are present. A more noticeable difference between
them occurs when a20 = 0.

In Fig. (1) we see the results for the case where α and β is constant. We
see in Fig. (1)(a) and (b) the difference in the two solitary waves, where
we have used M = 1 and F = cn. In both plots, the function decays,
i.e. spreads out, relatively quickly. The slight rightward bend is due to
parameters b10 and b20 being positive.

In Fig. (1)(c) and (d) we see the difference for traveling wave solutions,
i.e. when M < 1. We see that in Fig. (1)(c) the wave front spreads out, as
is the case in [12], while in Fig. (1)(d) the distance between the traveling
waves remains the same.

Finally, in Fig. (1)(e) and (f), we see the effects of adding artificial gain.
Unlike in [12], the value of γ for stable solutions is γ = p/2, due to the
change in the number of transverse variables. In order for the stabilization
to work, we must have a20 = 0. In Fig. (1)(e), we see the dramatically
different effect in comparison with similar plots in [12]. Instead of a wave
front of stable intensity growing wider, we have a radical divergence of
initial waves, which are replaced by a giant oscillating wave whose first
period can be seen on Fig. (1)(e) and which repeats infinitely. On the
other hand, in Fig. (1)(f), we obtain a wave front that doesn’t spread
out and whose intensity converges to a certain value. The result in Fig.
(1)(e) indicates that the artificial addition of gain might not lead to stable
solutions in the case of the 2D potential.

In Fig. (2) we see the solutions for α = α0 cos(Ωt) and β = β0 cos(Ωt),
where α0 = β0 = Ω0 = 1. We see that the oscillatory solutions resemble
those in [13] and, as in Ref. [13], the chirp functions modulate the intensity
and the overall shape of the solutions. Here, each form of chirp affects
both solutions. This suggest that as in the case of the 3D potential, the
dispersion management might be a good approach towards finding stable
solutions.

5. Conclusion

To sum up, we have analyzed the problem of the GP equation for the 2D po-
tential, a scenario relevant for practical applications. We have determined
that the factors corresponding to the NLSE and the GP equation interact
with each other to produce novel and interesting solutions. We established
that the artificial gain approach in [12] does not give the same effect as for
the 3D potential. We also studied the solutions for the sinusoidal varia-
tion of α and β, in other words, the case under dispersion management,
and found that as in [13] one obtains stable solutions. Finally, while the
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Figure 2: (Color online) Solitary wave solutions for F = cn as functions
of time for α = α0 cos(Ωt) and β = β0 cos(Ωt), where α0 = β0 = Ω0 = 1.
Intensity |u|2 is presented as a function of: k0x + l0y for (a) and (c) and
m0z for (b) and (d). For (a), (b): a10 = a20 = 0, and for (c), (d): a10 =
a20 = 0.3. Other parameters are the same as in Fig. (1)(a).
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modulational-stability analysis of these solutions is beyond the scope of this
paper, work done in [13] and [16] is strongly indicates that these forms of
solutions are also modulationally stable.
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[11] Petrović N et al., Opt. Lett. 34 (2009) 1609
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[16] Petrović N et al., Opt. Exp. 23 (2015) 10616

[17] Leblond H et al., Phys. Rev. E 76 (2007) 026604

[18] Salasnich L et al., Phys. Rev. A 65 (2002) 043614

[19] Zaremba E Phys. Rev. A 57 (1998) 518

[20] Burger S et al., Phys. Rev. Lett. 83 (1999) 5198

[21] Kivshar Y and Agrawal G, Optical solitons, from fibers to photonic crystals, (Aca-
demic, New York, 2003)

[22] Hasegawa A and Matsumoto M, Optical Solitons in Fibers (Springer, 2003)

[23] Malomed B, Soliton Management in Periodic Systems (Springer US, 2006)
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Kundu-Mukherjee-Naskar (KMN) equation [1] is an important variant of the (2+1)-dimensional 

Nonlinear Schrödinger equation for which the transverse Laplacian is replaced with a mixed partial 

derivative and the derivative with respect to only one of the transverse directions in present in the 

nonlinear term, thus breaking the symmetry between the two transverse directions. The primary 

motivation for the development of the KMN equation was to study soliton pulses in (2+1)±dimensions 

[2]. The KMN equation admits soliton and breather solutions and, due to an infinite number of 

conserved quantities which can be established through Lax formalism, it can be established that the 

equation is integrable [1]. Various methods can be used to find exact solutions to the equation, including 

the extended trial function method [2], the semi-inverse method [3] and the new extended algebraic 

expansion method [4].  

 

In this work, we generalize the Jacobi Elliptic function expansion method, developed in [5] and [6], to 

find exact solutions to the KMN equation. An ansatz which takes into account all asymmetries is 

considered. One obtains both solitary and travelling wave solutions to the KMN equation, both with 

and without chirp, which to the best of our knowledge was not considered in any of the previous papers. 

Chirp is, however, only present in the perpendicular direction to the direction of the derivative in the 

nonlinear term. These solutions could potentially have many practical applications in the continued 

study of rogue waves [1]. 
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The last twenty years have witnessed the emergence of a novell
branch in applied science: Quantum technologies. It relies on direct
applications of quantum mechanical laws for the design of quantum
communication and quantum information devices. Promising plat-
forms for realizing quantum technological devices are quantum meta-
materials: engineered media composed of many periodically arranged
artificial atoms-qubits. The systems currently extensively used for
designing operable quantum metamaterials include superconducting
circuits based on Josephson junctions. In this paper, we consider
the emergence of solitons in superconducting quantum metamaterial
comprised of aligned flux-qubits embedded within the two-stripe su-
perconducting microwave resonator. The propagation of electromag-
netic radiation within such a device is described by a set of coupled
equations for “atomic” and field variables. Due to the specific long-
range interaction of qubits with electromagnetic modes, we eliminate
field modes, and system dynamics is described by a set of nonlinear
Bloch equations possessing so-called soliton bullet or bubble solutions.
The possible practical realization of such solutions would be useful for
the achievement of control over light propagation. In particular, it
would be of interest for the construction of a delay line for buffering
applications.

Solitary and traveling wave solutions to the Nonlinear

Schrödinger equation describing quantum droplets

N. Petrovic1,2
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The stabilization of 2-dimensional (2D) and 3D self-trapped lo-
calized modes for the nonlinear Schrödinger equation (NLSE) with a
cubic nonlinearity, which, unlike in the case of 1D, are unstable due
to critical and super-critical collapse [1], is an important topic in non-
linear optics research [2]. A recent study of the Gross-Pitaevskii (GP)
equation with the Lee-Huang-Yang correction [3] suggests adding to
the NLSE a fourth-order competing term in the 3D and the reduced
2D case [4] and a second-order competing term in the 1D case [5],
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producing systems whose solutions are called quantum droplets due
to their long and flat plateau [2].

We generalize the Jacobi elliptic function (JEF) expansion method,
applied to the NLSE in [6], to find novel solutions to the NLSE in the
cubic-quartic and quadratic-cubic cases. In the first case, the maxi-
mum degree of the JEF is two-thirds, while in the second case it is
one, as in the cubic case [6]. Solitary and traveling wave solutions
are obtained, which can optionally also contain the second-degree de-
pendence of the phase on the transverse variables known as the chirp
[6].
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The conservative water wave problem has Hamiltonian structure if
at the very far away “vertical” boundaries the flux of the velocity po-
tential φ cancels out [1]. This integral condition, in practice, imposes
a constraint on the boundary conditions. The simplest choice is to
impose the integrand to be zero, that is let the volume of fluid to be
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