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While k - p Hamiltonians are frequently used for the description of electronic states in quantum nanostruc-
tures, a method is lacking to obtain them in their symmetrized form directly from ab initio band structure
calculations of bulk material. We developed a method for obtaining the parameters and the symmetry-adapted
form of the k - p Hamiltonian from the output of an ab initio band structure calculation. The method consists of
(i) evaluation of momentum matrix elements between the wave functions obtained from band structure
calculation; (ii) identification of the unitary transformation that transforms these wave functions to the symmetry-
adapted basis; (iii) transformation of the k - p Hamiltonian to the symmetry-adapted basis. We illustrate the
methodology by obtaining k - p Hamiltonians that describe the band structure of zinc-blende CdSe and then we
use the Hamiltonians obtained to calculate the electronic states in CdSe quantum wells. Excellent agreement
between density functional theory and k - p is obtained for the electronic structure, even for quite thin wells.
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I. INTRODUCTION

Semiconductor materials and nanostructures based upon
them are at the heart of the operation of almost all electronic
and optical devices. For this reason, there is a significant
interest in understanding the electronic states in these ma-
terials. The progress in developments of methodologies for
ab initio electronic structure calculations has led us to the
point where it is relatively straightforward to perform band
structure calculations of bulk semiconducting materials. Den-
sity functional theory (DFT) calculations based on local or
semilocal approximations for the exchange-correlation func-
tional give band gaps that are significantly smaller than experi-
mental band gaps [1]. However, improved treatments based on
the use of hybrid functionals [2,3] or many body perturbation
theory in GW (where G stands for the Green’s function and
W for screened Coulomb interaction) approximation [4] give
rather accurate band gaps and band structure of the bulk
material [5-7]. On the other hand, it is rather difficult to per-
form ab initio calculations of semiconductor nanostructures
because the calculation needs to be performed for a supercell
containing a very large number of atoms.

The method that proved to be both practical and successful
in treating the electronic states in semiconductor nanostruc-
tures is the k - p method [8—11]. It is based on the represen-
tation of the single-particle wave function in terms of Bloch
functions of the bulk material at a certain point in the Brillouin
zone (typically the T point) and slowly varying envelope
functions. The k - p Hamiltonian for a nanostructure is then
an operator that acts on the column of envelope functions
corresponding to each of the bulk bands.
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Despite the success in using the k- p method for de-
scription of bulk band structure around a certain point in
the Brillouin zone (usually the I point) and for treating the
semiconductor nanostructures, there is still no systematic way
to construct the k - p Hamiltonian for a given material and
obtain the parameters of the Hamiltonian. The parameters of
most conventional k - p Hamiltonians (such as the eight-band
Hamiltonian [10,12,13]) for a few most common classes of
semiconductors can be found in the literature [14,15] and
were obtained from the band gap and effective masses in the
valence and conduction band. Parameters of k - p Hamilto-
nians with larger number of bands (such as, for example,
the 30-band Hamiltonian [16-20]) and recently introduced
atomistic k - p [21] are typically obtained by fitting to the
calculated band structure of the material or to experimental
data. However, given a relatively large number of fitting pa-
rameters, it is questionable if the fit gives unique parameters.
It is also not clear what part of the Brillouin zone should be
used in the fitting procedure, since it is not expected that the
k - p method describes the bulk band structure throughout the
whole Brillouin zone.

Given the fact that new classes of semiconductor materials
and nanostructures based upon them emerge or find new
applications quite often, it would be of significant interest
to develop the procedure for construction of desired k - p
Hamiltonians. Since all parameters of the k - p Hamiltonian
are related to momentum matrix elements between single-
particle wave functions of the bulk, it is in principle possible
to obtain them from electronic structure calculation of the
bulk material. This is indeed done when Kk - p is used as a
method for interpolation of ab initio calculated band structure
to a more dense grid of k points [22-25]. However, there
is a certain shortcoming of this approach when it comes to
the construction of k - p Hamiltonians that should be used
in future applications. Namely, due to the symmetry of the
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crystalline material the energy levels in characteristic points
in the Brillouin zone are degenerate and for this reason
the choice of Bloch wave functions from the Hilbert space
spanned by the degenerate states is not unique. As a con-
sequence, one may end up with different forms of the final
k - p Hamiltonian depending on the particular choice of Bloch
functions from this space. The number of Hamiltonian param-
eters in these forms might be significantly larger than the true
number of parameters imposed by the symmetry of the crystal.

In this work, we develop the procedure for construction of
the k - p Hamiltonian in the symmetrized form with a minimal
number of parameters imposed by crystal symmetry. In Sec. II
we give a brief overview of the k - p method and present our
approach for the construction of the Hamiltonian. In Sec. III
we illustrate the method by applying it to bulk zinc-blende
CdSe and to CdSe quantum wells.

II. THEORETICAL APPROACH
A. k - p equation

We start this section by briefly reviewing the k - p method
to set the stage for description of our procedure for construc-
tion of k - p Hamiltonian. We start with the equation for an
electron in the periodic crystal that reads

2
[;’-m +U + T+ Hp + H] W) = B, (01, (1)
where p?/(2mg) = —h*V?/(2my) is the kinetic energy opera-
tor and my is the free electron mass, U is the periodic crystal
potential (including nuclei, core and valence electrons), while
E,(k) and |W,) are the corresponding energy and wave func-
tion for the electron in band n at wave vector k in the Brillouin
zone. When the effects of spin-orbit interaction are included,
|W,k) is a two-component spinor. The last three terms in
brackets are the relativistic corrections accounting for kinetic
energy Ty = —p*/ (8mjc?), fine structure through the Darwin
term Hp = #*V - VU/ (8m ¢?) and spin-orbit coupling (SOC)
Hyo. = h(o x VU) - p/(4m(2)c2) where o = (oy, 0y, 0;) de-
notes a vector with Pauli matrices as its components.

For an electron in a periodic potential, the Bloch theorem
holds, by which the components of |W,) are of the form

W) = MU ), @

where u;[l?(r) are periodic Bloch functions satisfying the
condition ufi)(r—i—R): uffl’()(r), with R being the direct
lattice vector. Inserting Eq. (2) into Eq. (1), we obtain the
one-electron equation in terms of periodic Bloch functions:

R2k2 FK - Poc
— | k)
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|:H +— m + Trk(k) + = En(k)mnk)s (3)
where H = p?/(2mgy) + U + Ty + Hp + Hyo. is the initial
Hamiltonian from Eq. (1), psoc = P + fi(c x VU)/(4myc?) is
the momentum modified with the SOC part and T}, (k) is given
as

, 1
Ti(K) = — o [4(7ik - p)p* + 4(7ik - p)*
0

+4(hK)*(TK - p) + 2(hk)*p* + (hk)*]. ()

We further express |u4) in the basis of orthonormal functions
| Umk, > .

k) =) BY (K|t ) )

which are solutions of eigenproblem given by Eq. (3) at a
certain ko with eigenvalues E,(Kg). Inserting Eq. (5) into
Eq. (3), multiplying from the left by (u,k,| and exploiting the
orthonormality condition we arrive at the equation
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We have omitted T (k, ko) that would appear in Eq. (6)
because its contribution depends directly on the distance
between k and ko and becomes significant at distances far
greater than the one where k - p theory is applicable. We have
performed a numerical check of this claim in case of zinc-
blende CdSe and we have shown that the influence of this term
on bulk eigenenergies is smaller than 0.3 meV throughout the
whole Brillouin zone. For similar reasons, we neglected SOC
modification to momentum (i.e., we take psoc =~ p). We note
that SOC is fully included in our approach unlike in many
theoretical treatments where it is treated as a perturbation. We
further rewrite Eq. (6) in somewhat more convenient form by
exploiting the relation

(wnkolpl\pmko> = hkanm + (unk0|p|umk0)- (7)

We then obtain
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which takes the form of an eigenproblem:

2By = BB, ©)

where H'!) is given by the term in square brackets in Eq. (8).
The indices m and n in Eq. (9) go over the bands that were
included in the expansion in Eq. (5). The accuracy of k - p
Hamiltonian can further be improved by adding the effect
of remote bands [the bands not included in the expansion in
Eq. (5)] perturbatively using the Lowdin’s perturbation theory
[11,26]. This yields additional term in the k - p Hamiltonian
which reads

H® — Z unkn|K : P|Mlk0)(ulko|K : p|umkg>
Ho (2) —~ [En(ko) + En(ko)1/2 — Ei(Ko) 7

(10)

with K = k — k¢ and the summation goes over the bands /
that were not included in the expansion in Eq. (5).

085121-2



AB INITIO CONSTRUCTION OF ...

PHYSICAL REVIEW B 102, 085121 (2020)

B. Construction of symmetrized k - p Hamiltonian

The expression (8) can be, in principle, used to construct
the k - p Hamiltonian directly from ab initio calculation of
band structure of bulk. Namely, all Hamiltonian matrix ele-
ments can be calculated from band energies E,(Ko) at point
ko and momentum matrix elements (W,k,|p|W¥.k,) between
the wave functions at kyg. However, an issue arises regarding
the uniqueness of the constructed Hamiltonian matrix as a
consequence of the fact that some of the eigenstates |W,,)
are degenerate. A typical choice for the k( point is some high
symmetry point where band dispersions exhibit minima or
maxima (such as for example the I" point) and the group Gy,
of the wave vector ky is some high symmetry point group.
For this reason, there is a degeneracy between the eigenstates
at ko, where the degree of degeneracy is determined by the
dimensions of irreducible representations (irreps) of the group
Gy, corresponding to each of the states. For example, in the
case of zinc-blende CdSe material used as an example in this
work, the top valence band is threefold degenerate and the
bottom conduction band is nondegenerate when spin degrees
of freedom are not taken into account and the effect of spin-
orbit interaction is not included. When spin-orbit interaction
is included, the bottom conduction band is twofold degen-
erate, while two top valence bands are twofold and fourfold
degenerate.

Let d be the degeneracy of the set of eigenstates
1), |2), ..., |pa) at Ko at let H, be the Hilbert space
spanned by these states. The states |¢;), |¢2), ..., |¢q) form
an orthonormal basis of H; but any other orthonormal basis
may well have been chosen. With the use of different basis, the
momentum matrix elements in Eq. (8) would be different and
the k - p Hamiltonian would have a different form. Moreover,
it might even appear that the Hamiltonian has a different
number of parameters. Our goal is to overcome this issue by
fixing the choice of the degenerate states and obtaining the
k - p Hamiltonian in the form where it has a minimal number
of parameters imposed by the symmetry group Gy, of the
wave vector K.

The set |@1), |¢2), . .., |¢p4) is obtained from DFT and they
form d x d matrices I'(g) of the irrep of group Gy, that are
given as

Lin(8) = (@m|P(&)|¢n), an

where g is an element of the group Gi, and P(g) is the
operator that applies the symmetry operation g on the given
wave function. The matrices I'(g) are then obtained by directly
calculating the matrix elements in Eq. (11). We then calculate
the characters of I' to match it with one of the equivalent
conventional irreps I'” of the point group Gy,. The matrices
of irreps T'" can be found in databases of irreps of point
groups, for example in Bilbao crystallographic data server
[27]. The matrices I"(g) and I'’(g) are connected via a unitary
transformation

U'T(U =T"(g), (12)

which is satisfied for each g € Gy,. Therefore, to obtain the
basis of states in H,; which is adapted to conventional ma-
trices I'(g) in databases of irreps, one has to make a unitary

transformation of the basis
d
W) = Uil (13)
i=1

Now, the representation of the operator P(g) from Eq. (11)
in the new basis set |v/;) is the conventional representation
I'". In the |y;) basis, the k - p Hamiltonian has a convenient,
symmetry-adapted form, in which relevant parameters of the
Hamiltonian can be straightforwardly identified.

It remains to define a procedure for obtaining the unitary
matrix U that connects the two representations I' and I".
Such a procedure has recently been developed in Ref. [28]
and we outline it here. One first obtains a set of coefficients
Fap AS
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where I';,(g) and F;)b(g’l) are known matrix elements for
symmetry operation (group element) g and its inverse g~ !,
respectively, |G| is the order of group G while nr is the
dimension of representations I and I"". Then, one chooses the
pair (a, b) for which r,;, > 0. The existence of such a pair has
been proven in Ref. [28]. The matrix U is then given as

lnr

Uij = D Tia(g (9. (15)
cG

ij =N
ran G 4

With this, we complete our procedure for construction of
symmetrized Kk - p Hamiltonian. For clarity, we review all
steps of the procedure here:

(i) Perform ab initio calculation of band structure for bulk,
using DFT with local functionals, hybrid functional DFT, or
by including quasiparticle energy correction within the GW
approximation.

(i) Choose the point K in the Brillouin zone, that is most
suited for k - p expansion and extract band energies E,(Ko)
and their eigenstates |W,y,) from desired ab initio method.

(iii) Identify the groups of degenerate states at ko and the
symmetry point group Gy,. Select the groups of degenerate
states (usually those around the gap) that will form the k -
p Hamiltonian. Extract these groups of degenerate states |¢;)
from ab initio eigenstates |W,y, ).

(iv) For each of selected groups of degenerate states
calculate the matrices I'(g) of corresponding irrep I' using
Eq. (11). Using characters of I'(g), match I" to the equivalent
conventional representation I’ found in databases of irreps of
point groups.

(v) For each of selected groups of degenerate states, cal-
culate the unitary matrices U using sets of matrices I'(g) and
I''(g) as inputs for Egs. (14) and (15).

(vi) Proceed with calculation of the new, symmetry-
adapted basis, consisting of selected groups of degenerate
states |v;) using matrices U, obtained from the previous
step, and corresponding groups of degenerate states |¢;) with
Eq. (13).

(vii) Evaluate the momentum matrix elements in the
new basis using Eqgs. (7) (8), (9), and (10) which then
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give all parameters of the symmetrized k - p Hamiltonian
Hyn = Hy,) + HZ).

It is important to note that these steps constitute a well-
defined and straightforward procedure that gives the desired
k - p Hamiltonian starting from output of an ab initio calcu-
lation. It does not involve any kind of fitting which would
introduce certain arbitrariness.

Next, we discuss the form of the Hamiltonian that we
obtain and its relation to the form of the Hamiltonian that
would be obtained using Luttinger’s method of invariants
[11,29]. The form of the Hamiltonian that we obtain consists
of blocks B(I",, T',), where each block originates from two
groups of states: the states WI(“)), |¢;j)) that transform
in accordance with the representation I', of dimension d,
and the states |1,D](b>), R |1ﬁ$)) that transform in accordance
with the representation I'; of dimension dj,. The Hamiltonian
consists of the terms quadratic in electronic momentum K,
the terms linear in K and the terms that do not contain K.
Luttinger’s method of invariants [11,29] gives a systematic
way to obtain the form of each B(I",, I'}) for terms of given
order in K. For this reason, our procedure yields the same
form of the Hamiltonian as Luttinger’s method of invariants
applied to obtain the terms up to second order in K. By its
construction, Luttinger’s method fully exploits the point group
symmetry and yields the Hamiltonian in the form where a
minimal number of parameters appears. On the other hand,
it is clear that Luttinger’s method cannot give the values
of these parameters, since it exploits the symmetry of the
system only and does not consider other details of the sys-
tem. Our procedure in some sense links Luttinger’s method
from 1950’s to modern ab initio calculations as it enables to
obtain the form of the Hamiltonian that would be obtained
using Luttinger’s method and additionally gives the values of
these parameters starting from ab initio wave functions and
energies.

In Sec. III we apply our procedure to zinc-blende CdSe
crystal whose point group at the I' point is the 7; group.
However, we note that our procedure is by no means limited
to this particular crystal symmetry. It can be used for crystals
of any kind of symmetry, at any point ky in the Brillouin
zone. Of course, benefits of this method will be greater if the
symmetry point group Gy, at Ko is of higher order. Having a
symmetry-adapted form of the Hamiltonian also gives great
advantage when it comes to calculation of nanostructures.
Numerical codes for calculating nanostructures using k - p
Hamiltonians could be easily adapted to another material of
the same symmetry by just changing the numerical values of
the parameters, that can be straightforwardly obtained using
ab initio calculation for bulk material and the procedure
described in the paper.

Finally, we briefly discuss on the conventions for matrices
of the representations I'. In all examples in this work we have
taken the matrices from Bilbao crystallographic data server
[27] and consequently we used the conventions used therein.
Unfortunately, this is not the only convention in the literature.
The discussion on the effect of the choice of the convention
for I'" on the form of basis states |y;) and the form of k -
p Hamiltonian is given at the end of Secs. IIB and II C of
Ref. [30].

III. RESULTS

In this section, we apply the methodology described in
Sec. II to bulk zinc-blende CdSe crystal and to zinc-blende
CdSe quantum well. We apply the methodology to obtain the
form and the parameters of the 8 x 8 (4 x 4) and 26 x 26
(13 x 13) symmetry adapted k - p Hamiltonian with (without)
spin-orbit interaction included for CdSe in the zinc-blende
structure. We will refer to the 8 x 8 (4 x 4) Hamiltonian as the
standard Hamiltonian, while 26 x 26 (13 x 13) Hamiltonian
will be referred to as the extended Hamiltonian.

The band energies and wave functions were obtained
from DFT where exchange-correlation energy was modeled
using the Perdew-Burke-Ernzerhof generalized gradient ap-
proximation revised for solids (PBEsol) [31]. Calculations
were performed using the Quantum Espresso code [32,33].
Core electrons were modeled using fully relativistic opti-
mized normconserving Vanderbilt pseudopotentials [34,35].
The 10 x 10 x 10 grid in reciprocal space of the Brillouin
zone was used, while the kinetic energy cutoff of the plane
waves used to represent the wave functions was 90 Ry. The
lattice constant of a = 6.096 A, obtained by minimization
of the energy of the structure, was used in all subsequent
calculations.

Since local and semilocal approximations in DFT do not
give accurate values of the band gap [1], we have also
performed the band structure calculation using many-body
perturbation theory in the GW approximation [4]. Within
this approach, the electron self-energy is approximated us-
ing the expression containing the Green’s function G and
the screened Coulomb interaction W. In this work, we used
the GyWj variant of GW approximation in which the self-
energy is obtained from Green’s function Gy of an electron
in DFT Kohn-Sham potential, without further iterations. The
calculations were performed using the YAMBO code [36,37],
with input Kohn-Sham wave functions obtained from a pre-
vious DFT calculation on the 4 x 4 x 4 grid in reciprocal
space. Plasmon-pole approximation was used to account for
the frequency dependence of the dielectric function. Kinetic
energy cutoff used for the calculation of dielectric function
in GoWj calculation was 50 Ry. The corresponding number
of bands was 400 (800), while the number of bands used in
the evaluation of self-energy was 300 (600) in the case when
spin-orbit interaction is omitted (included). We estimate that
these values yield numerical accuracy of 20 meV or better for
band energy corrections.

A. Bulk zinc-blende CdSe

We used the procedure described in Sec. II to obtain
the standard and extended k - p Hamiltonian in symmetry-
adapted form. I' point was chosen as the point ko in our
procedure, since zinc-blende CdSe exhibits a direct gap at
the I" point. The corresponding group Gy, is then the point
symmetry group of the crystal, which is the 7; group in the
case of zinc-blende structures. We will denote irreps of this
group using the convention of Ref. [38].

We will refer to the states that are included in the standard
k - p Hamiltonian as the main states, while remaining states
included in the extended Hamiltonian will be referred to as
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FIG. 1. The form of k - p Hamiltonian obtained when spin-orbit interaction is (a) omitted; (b) included. Each block of the matrix contains
the terms that originate from matrix elements between the states that transform according to irrep specified on the left and above the matrix.
The superscripts v, m, and ¢ denote the lower valence band states, the main states, and the higher conduction band states. The central square

marked with thick black lines denotes the standard Hamiltonian.

lower valence band and higher conduction band states. When
spin-orbit interaction is omitted, main states used to construct
the standard Hamiltonian are the threefold degenerate I's and
nondegenerate I'; states that lie below and above the gap,
respectively, giving a total of four states. Extended Hamil-
tonian is constructed by adding the twofold degenerate I';
and threefold degenerate I'y valence states and 'y and 'y
conduction states, yielding a total of 13 states. When spin-
orbit interaction is included, the states transform according
to irreps of the double 7; group. The states corresponding
to I'y will split into fourfold I's and twofold degenerate
I'; state, the states corresponding to I'; become fourfold
degenerate I's and the states corresponding to I'; become
twofold degenerate I'¢ states. The characters of the irreps of
the single and the double point group 7; are given in Sec. I of
Ref. [30].

In Fig. 1, we show the form of both extended and standard
Hamiltonian, in cases when the effects of spin-orbit interac-
tion are omitted and included. The Hamiltonian is divided
into blocks, where each block originates from two groups of
degenerate states with the corresponding irrep shown on the
left and above the matrix. These blocks can be absolutely
diagonal (connecting same irreps from same states), irrep-
diagonal (connecting same irreps from different states) and
off-diagonal. When our procedure is applied, each block is
obtained in the form with smallest number of parameters
in the block, determined by the point group of the crystal.
Analytical expressions for the elements of all blocks of the
k - p Hamiltonian are given in Sec. II of Ref. [30]. We have
checked that the same form of the blocks of the Hamiltonian
is obtained when Luttinger’s method of invariants [11,29] is
applied. Numerical values of each parameter appearing in the
blocks of the Hamiltonian are given in Sec. III of Ref. [30]. We
note that the standard four-band Hamiltonian that we obtain
coincides with the second-order four-band Kane Hamiltonian
[11]. The standard eight-band Hamiltonian that we obtain
coincides with Weiler eight-band Hamiltonian [11,12] after
an appropriate unitary transformation is made. The details of
this unitary transformation are given in Sec. II B of Ref. [30].

To better illustrate the advantage of using a symmetry-
adapted form of the k - p Hamiltonian (that is obtained from
symmetrized wave functions |v;)) rather than the form of the
k - p Hamiltonian that would be obtained directly from DFT
wave functions |¢;), we compare the number of parameters
in the two forms of the Hamiltonian. The two forms of the
four-band Hamiltonian are presented in Sec. II C of Ref.
[30]. The number of parameters of the symmetrized form
is significantly smaller (1 versus 9 parameters for the terms
linear in k and 5 versus 46 parameters for the terms quadratic
in k), which clearly shows its advantage in terms of simplicity
for further use in the study of nanostructures.

In Fig. 2 we plot the band structure of zinc-blende CdSe
obtained from DFT calculation and by diagonalizing the
standard and extended k - p Hamiltonian in cases with and
without the effects of spin-orbit interaction. As expected,
extended Hamiltonian gives results that are qualitatively and
quantitatively closer to full DFT than the standard one. It
should be noted that it is preferable to add the states in
extended Hamiltonian symmetrically around the main states.
We found that expanding the standard Hamiltonian by a
noneven number of valence and conduction states can lead
to closing of the gap at points far away from I' point. This
was more prone to happen if the number of conduction states
added was greater than number of valence states added. The
presence of such spurious states then prevents the application
of the k - p Hamiltonian to the nanostructure. Our choice of 13
(26) bands used to construct the extended Hamiltonian was
therefore a compromise between (i) the goal to accurately
describe the band structure within the part of the Brillouin
zone which is as large as possible; (ii) the desire to use the
number of bands (and therefore the number of parameters
of the k - p Hamiltonian) that is not extremely large; (iii)
the aim to avoid the appearance of spurious states that close
the gap. To quantify in more detail the ability of derived
k - p Hamiltonians to reproduce the ab initio calculated band
structure, we plot in Fig. 3 the maximal difference between
k - p and DFT results within the sphere of radius &, (which is
centered at the I" point) for main bands. We find that standard
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FIG. 2. Band structure of zinc-blende CdSe calculated using DFT and using standard and extended k - p Hamiltonian when the eftects of

spin-orbit interaction are (a) omitted; (b) included.

(extended) k - p results differ no more than 4 eV (1.75 eV)
inside the sphere inscribed in the first Brillouin zone, with a
difference not greater than 45 meV (35 meV) inside a sphere
of radius k, = 0.2 in units of 27 /a, where a is the lattice
constant. Figure 3 shows that in the reasonable vicinity of I'
point, in any direction, extended k - p Hamiltonians produce
a band structure that is significantly closer to DFT results,
than the standard k - p Hamiltonians. The use of extended
Hamiltonians is necessary in many practical cases. If one
wishes to study only the low field electrical properties or the
optical properties at photon energies just above the band gap,
the standard Hamiltonians are usually sufficient. However, if
one is interested in optical properties in a wider energy range
(which is relevant, for example, for solar cells) or transport
at larger electrical fields (which is relevant in field-effect
transistors) extended Hamiltonians are required to properly
describe all relevant electronic states.

For the results presented so far, the k - p Hamiltonian was
constructed starting from the wave functions and energies of
Kohn-Sham orbitals obtained from DFT using the PBEsol
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functional. It is well known that the DFT band gap is typ-
ically significantly smaller from experimental gap and for
this reason the same applies to k - p band structure obtained
starting from DFT wave functions and energies. The method-
ology that we described is by no means limited to using the
DFT wave functions and energies. To demonstrate this, we
have calculated the self-energy corrections to energies E, (ko)
within the GoW approximation. The GoW, calculation gives
the band gap values of 1.77 and 1.60 eV without and with
inclusion of spin-orbit interaction, respectively. These results
are in good agreement with experimental value of 1.71 eV
[39]. As expected, this is a great improvement over DFT,
which underestimates the gap at 0.47 eV (without spin-orbit
interaction) and 0.40 eV (with spin-orbit interaction).

The energies E,, (ko) obtained from GoW, calculation were
then used in Eqs. (10) and (8) to construct the standard
and extended k - p Hamiltonian. The parameters of these
Hamiltonians are given in Secs. III G and III H of Ref. [30],
while the band structure obtained from diagonalization of
these Hamiltonians is presented in Fig. 4.

(b) 44 re
350 I¥
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1.5 2002
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170 0.4 l
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FIG. 3. Maximal absolute difference AE between the band energy obtained from DFT and k - p within the region of the Brillouin zone in
the shape of a sphere of radius &, centered at I" when the effects of spin-orbit interaction are (a) omitted; (b) included. The difference is shown
for main bands where the results obtained using standard k - p Hamiltonian are shown using empty symbols, while the results obtained using
the extended k - p Hamiltonian are shown using filled symbols. Insets show a zoom of the same graph in the region around k, = 0.
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10

E (k) [eV]

FIG. 4. Band structure of zinc-blende CdSe calculated using
standard and extended k - p Hamiltonian parametrized starting from
band energies obtained in GyW, calculation. DFT results are given
for comparison.

B. CdSe quantum well

We finally demonstrate the usefulness of the procedure
developed and the Hamiltonians derived by applying them to
calculate the electronic states in zinc-blende CdSe quantum
wells of various well widths. We perform the calculation both
using the k - p method and using DFT and we compare the
results that we obtain using the two approaches.

Within DFT, we perform the calculation of electronic states
of a quantum well by considering the slab of CdSe material
whose surfaces are perpendicular to the [001] direction. We
terminate the slab with Cd layer at both surfaces and add
pseudohydrogen atoms of charge 1.5 to passivate the dangling
bonds at surfaces. Pseudohydrogen atoms are positioned at
a distance of 1.58 A from the corresponding Cd atom. For
slabs of the width < 6a (>6a), the vacuum region of the
width equal to 3a (half of the slab width) was added on both
sides of the quantum well, to avoid the interaction of the
quantum well with its images caused by periodic boundary
conditions in the calculation. The calculation was performed
for quantum wells containing from 1 to 18 CdSe unit cells.
We define the quantum well width as the distance between
the two pseudohydrogen passivating layers. We performed
the calculation without the effect of spin-orbit interaction
included to lower the computational cost and therefore extend
the range of well widths for comparison of DFT and k - p
results.

In the case of a quantum well whose plane is perpendicular
to the z direction, electronic states within the k - p model can
be obtained by solving the eigenvalue problem

d
> Hyp, (kx, ky, —id—)‘lf,(,“)(z) =EYVY@),  (16)
Z

where Hyy(ks, ky, —i ) is the k - p Hamiltonian of the bulk
with k, component of the wave vector replaced by the differ-
ential operator —i diz, W(9(z) is the envelope function corre-
sponding to the state (a) of band n, while E@ is the energy
of that state. We solve the eigenvalue problem using the plane
wave expansion method [40—45]. The well is embedded in the

22¢ DFT ——
2? 4x4 —d

18t 13x13 —e—
TE RS e m—————— =

FIG. 5. Dependence of zinc-blende CdSe quantum well band
gap on well width. The results obtained from DFT without the
effects of spin-orbit coupling and from standard 4 x 4 and extended
13 x 13 k - p models are presented. The inset shows the zoom of the
same dependence to the narrower range in the figure. The horizontal
dashed line denotes the bulk DFT band gap.

region of length L, and the envelope functions are expanded
into a linear combination of plane waves

V() =

N,
1 &
D oo &5, (17)
Zn::_Nz

where ¢“) are expansion coefficients that have to be deter-
mined and N, is an integer that defines the total number of
plane waves. After substitution of Eq. (17) into Eq. (16) we
obtain the eigenvalue problem of the Hermitian matrix that
we diagonalize using standard numerical routines to obtain the
coefficients ¢{)_ and the energies E“). For a fair comparison
with DFT calculation of CdSe slab in vacuum, we perform the
calculation for a quantum well inside a large energy barrier.
We therefore model the region outside the quantum well as
an artificial material whose all parameters are the same as
CdSe parameters except the band energies at the I" point. In
this artificial material, we increase all energies of conduction
bands by AE with respect to corresponding energies in CdSe
and decrease all energies of valence bands by the same
amount AE. In the calculation we use the values AE = 5¢eV,
L, =20nm and N, = 50. We have checked that these are
sufficiently large values whose further increase would not
affect the results.

In Fig. 5 we present the dependence of the band gap on
well width obtained within DFT and within the k - p model.
For a fair comparison, the results of DFT calculation without
the effects of spin-orbit interaction were compared with k - p
models without spin-orbit interaction; the 4 x 4 and the 13 x
13 model. The agreement between DFT and k - p results and
between the results of the two k - p models is excellent. For
quantum well widths of three lattice constants and larger the
band gap differences are smaller than 20 meV. The agreement
is quite satisfactory even for rather thin wells of 1 and 2 unit
cells, where one might not have expected that k - p performs
so well. It is also important to note that the calculation of
electronic structure of the quantum well using the k - p ap-
proach takes only up to a few seconds on a single-core desktop
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FIG. 6. The wave-function moduli squared of quantum well
states obtained from DFT without the effects of spin-orbit cou-
pling and the four-band k-p model. The DFT wave functions
are presented by performing the in-plane average of wave-function
moduli squared. The k - p wave functions are presented by a sum
Zn |\IJ,l(z)|2‘ The wave functions that are presented in the figure
correspond to the following states: (a) VBM-4, (b) degenerate VBM-
3 and VBM-2, (c) degenerate VBM-1 and VBM, (d) CBM, (e)
CBM + 1, (f) CBM + 2, where VBM (valence band maximum)
denotes the highest energy state in the valence band, while CBM
(conduction band minimum) denotes the lowest energy state in the
conduction band.

computer, regardless of the width of the quantum well. DFT
calculations, however, take minutes or hours depending on
the width of the quantum well on a computing cluster with
several nodes. For example, our calculation times range from
approximately 3 min (using 32 cores) to 21 h (using 64 cores)
for narrowest and widest quantum wells calculated by DFT,
respectively. In the case of nanostructures confined in all three
spatial directions, such as quantum dots, the advantages of
k - p over DFT become even more pronounced. Due to a
lack of periodicity in any direction, one needs to calculate
supercells with quite a large number of atoms in DFT and the
problem becomes computationally intractable for DFT. On the
other hand, k - p is almost routinely used to study quantum
dots, see for example, Refs. [40—45].

We next discuss the origin of somewhat surprisingly good
agreement between DFT and k - p for thin wells. Within k - p
the atomistic wave function (shown in Fig. 6 in full lines) is
represented in terms of the product of slowly varying envelope
functions (shown in Fig. 6 in dashed lines) and rapidly varying
bulk Bloch functions, while the only additional approximation
ink - p with respect to the atomistic method (DFT in our case)
comes from truncation of the wave-function expansion to a
limited set of bands. For this reason, we believe that excellent
agreement between K - p and DFT results for wide wells is
expected because basis functions used in k - p provide a good
basis set in this case. In the case of very thin wells, one could
argue that the representation of the wave function in terms of
the product of envelope functions and bulk Bloch functions
for a few bands only cannot be a good representation because
the system is rather different from bulk and therefore the basis
formed from bulk Bloch functions cannot be a good basis.
Our results for CdSe wells confirm that such an argument is
certainly valid to some extent because the agreement between

4
L q 13x13 —— GW, 83—

350 26x26 —8—  GyW, ——
0\

;2'5:

\2‘ [

0 2 - = e

<8 = =
150
1t
0.5 : hﬁ:ﬁ:ﬁ:e‘

L [nm]

FIG. 7. Well width dependence of zinc-blende CdSe quantum
well band gap calculated using the k - p method. The parameters
of the k - p Hamiltonian were extracted from GoW, calculation of
bulk band structure. The results obtained with and without the effects
of spin-orbit interaction are shown, respectively, in full and empty
squares. The results obtained from k - p Hamiltonians parametrized
from DFT are shown for comparison in full (the case with spin-
orbit interaction) and empty (the case without spin-orbit interaction)
circles.

DFT and k - p becomes somewhat worse for quite thin wells.
Nevertheless, we find that the agreement between DFT and
k - p is quite satisfactory even then and we note that it would
be quite interesting to investigate in the future if this is also
the case for other materials. It should be noted as well that the
use of pseudohydrogen surface passivation also contributes
in making the wave functions of thin wells closer to wave
functions of bulk material.

We finally present the results of the calculation of CdSe
quantum well electronic states, using the k - p Hamiltonians
parametrized from GoW calculation of bulk band structure
(the parameters of these Hamiltonians are given in Secs. III F
and III H of Ref. [30]). To obtain an accurate quasiparticle
band gap, we add to the band gap obtained from k - p Hamil-
tonian the correction which takes into account the dielectric
mismatch between the quantum well and the vacuum, i.e., the
image charge effect. The correction was added using the ana-
lytical formula presented in Ref. [46], which was also recently
applied in a DFT study of CdSe nanoplatelets [47]. The results
obtained are presented in Fig. 7 along with the results obtained
from k - p Hamiltonians parametrized from DFT, which are
given for comparison. As expected, we obtain significantly
larger band gaps using k - p Hamiltonians parametrized from
GoWy calculation of bulk. We note that we focused in this
work on single particle energies and the reported gaps are the
quasiparticle band gaps. To obtain the optical gap, one would
additionally need to consider excitonic effects, which was also
recently done for CdSe nanoplatelets in Ref. [47].

IV. CONCLUSION

In conclusion, we presented the method that allows
automatic construction of k-p Hamiltonians in their
symmetry-adapted form starting from output of ab initio band
structure calculation of bulk material. We then presented
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the application of the method to construct the k - p Hamil-
tonians for zinc-blende CdSe material. These Hamiltonians
were subsequently used to calculate the electronic states in
CdSe quantum wells. Interestingly, excellent agreement was
obtained between the results obtained from k - p and DFT
calculations of quantum wells, even for rather thin wells.
While construction and parametrization of k - p Hamiltonians
is usually believed to be a rather difficult and time consuming
task, we expect that the method that we presented will change
this situation and that it will be straightforward in the future
to obtain k - p Hamiltonians for new materials and apply
them to study electronic properties of nanostructures based

on these materials without the need to perform any kind of
fitting.

ACKNOWLEDGMENTS

The authors acknowledge funding provided by the In-
stitute of Physics Belgrade, through the grant by Ministry
of Education, Science and Technological Development of
the Republic of Serbia. Numerical simulations were run on
the PARADOX-IV supercomputing facility at the Scientific
Computing Laboratory, National Center of Excellence for the
Study of Complex Systems, Institute of Physics Belgrade.

[1] J. P. Perdew, Density functional theory and the band gap prob-
lem, Int. J. Quantum Chem. 28, 497 (1985).

[2] J. P. Perdew, M. Ernzerhof, and K. Burke, Rationale for mix-
ing exact exchange with density functional approximations,
J. Chem. Phys. 105, 9982 (1996).

[3] C. Adamo and V. Barone, Toward reliable density functional
methods without adjustable parameters: The PBEO model,
J. Chem. Phys. 110, 6158 (1999).

[4] L. Hedin, New method for calculating the one-particle Green’s
function with application to the electron-gas problem, Phys.
Rev. 139, A796 (1965).

[5] M. Shishkin and G. Kresse, Self-consistent GW calculations for
semiconductors and insulators, Phys. Rev. B 75, 235102 (2007).

[6] W. Chen and A. Pasquarello, Band-edge levels in semicon-
ductors and insulators: Hybrid density functional theory ver-
sus many-body perturbation theory, Phys. Rev. B 86, 035134
(2012).

[7] Y. Hinuma, Y. Kumagai, I. Tanaka, and F. Oba, Band alignment
of semiconductors and insulators using dielectric-dependent
hybrid functionals: Toward high-throughput evaluation, Phys.
Rev. B 95, 075302 (2017).

[8] J. M. Luttinger and W. Kohn, Motion of electrons and holes in
perturbed periodic fields, Phys. Rev. 97, 869 (1955).

[9] E. Kane, Energy band structure in p-type germanium and sili-
con, J. Phys. Chem. Solids 1, 82 (1956).

[10] C. R. Pidgeon and R. N. Brown, Interband magneto-absorption
and Faraday rotation in InSb, Phys. Rev. 146, 575 (1966).

[11] L. C. Lew Yan Voon and M. Willatzen, The k - p Method: Elec-
tronic Properties of Semiconductors (Springer-Verlag, Berlin,
2009).

[12] M. H. Weiler, R. L. Aggarwal, and B. Lax, Warping- and
inversion-asymmetry-induced cyclotron-harmonic transitions
in InSb, Phys. Rev. B 17, 3269 (1978).

[13] T. B. Bahder, Eight-band k - p model of strained zinc-blende
crystals, Phys. Rev. B 41, 11992 (1990).

[14] L. Vurgaftman, J. R. Meyer, and L. R. Ram-Mohan, Band pa-
rameters for III-V compound semiconductors and their alloys,
J. Appl. Phys. 89, 5815 (2001).

[15] I. Vurgaftman and J. R. Meyer, Band parameters for nitrogen-
containing semiconductors, J. Appl. Phys. 94, 3675 (2003).

[16] M. El Kurdi, G. Fishman, S. Sauvage, and P. Boucaud, Band
structure and optical gain of tensile-strained germanium based
on a 30 band k-p formalism, J. Appl. Phys. 107, 013710
(2010).

[17] S. Richard, F. Aniel, and G. Fishman, Energy-band structure of
Ge, Si, and GaAs: A thirty-band k - p method, Phys. Rev. B 70,
235204 (2004).

[18] S. Boyer-Richard, F. Raouafi, A. Bondi, L. Pédesseau, C. Katan,
J.-M. Jancu, and J. Even, 30-band k - p method for quantum
semiconductor heterostructures, Appl. Phys. Lett. 98, 251913
(2011).

[19] Z. Song, W. Fan, C. S. Tan, Q. Wang, D. Nam, D. H. Zhang, and
G. Sun, Band structure of Ge,_,Sn, alloy: A full-zone 30-band
k - p model, New J. Phys. 21, 073037 (2019).

[20] N. A. Cukarié, M. 7. Tadi¢, B. Partoens, and F. M. Peeters, 30-
band k - p model of electron and hole states in silicon quantum
wells, Phys. Rev. B 88, 205306 (2013).

[21] C. E. Pryor and M.-E. Pistol, Atomistic k - p theory, J. Appl.
Phys. 118, 225702 (2015).

[22] C. Persson and C. Ambrosch-Draxl, A full-band FPLAPW +
k - p-method for solving the Kohn-Sham equation, Comput.
Phys. Commun. 177, 280 (2007).

[23] K. Berland and C. Persson, Enabling accurate first-principle cal-
culations of electronic properties with a corrected k - p scheme,
Comput. Mater. Sci. 134, 17 (2017).

[24] T. Shishidou and T. Oguchi, k - p formula for use with lin-
earized augmented plane waves, Phys. Rev. B 78, 245107
(2008).

[25] C. J. Pickard and M. C. Payne, Extrapolative approaches to
Brillouin-zone integration, Phys. Rev. B 59, 4685 (1999).

[26] P. Lowdin, A note on the quantum-mechanical perturbation
theory, J. Chem. Phys. 19, 1396 (1951).

[27] M. L. Aroyo, A. Kirov, C. Capillas, J. M. Perez-Mato, and H.
Wondratschek, Bilbao Crystallographic Server. II. Representa-
tions of crystallographic point groups and space groups, Acta
Crystallogr. Sect. A 62, 115 (2006).

[28] M. Mozrzymas, M. Studziriski, and M. Horodecki, Ex-
plicit constructions of unitary transformations between equiv-
alent irreducible representations, J. Phys. A. 47, 505203
(2014).

[29] J. M. Luttinger, Quantum theory of cyclotron resonance
in semiconductors: General theory, Phys. Rev. 102, 1030
(1956).

[30] See Supplemental Material at http://link.aps.org/supplemental/
10.1103/PhysRevB.102.085121 for characters of irreducible
representations of the 7; group, analytical expressions for the
elements of all blocks of the k - p Hamiltonians and numerical
values of the parameters of the Hamiltonians.

085121-9


https://doi.org/10.1002/qua.560280846
https://doi.org/10.1063/1.472933
https://doi.org/10.1063/1.478522
https://doi.org/10.1103/PhysRev.139.A796
https://doi.org/10.1103/PhysRevB.75.235102
https://doi.org/10.1103/PhysRevB.86.035134
https://doi.org/10.1103/PhysRevB.95.075302
https://doi.org/10.1103/PhysRev.97.869
https://doi.org/10.1016/0022-3697(56)90014-2
https://doi.org/10.1103/PhysRev.146.575
https://doi.org/10.1103/PhysRevB.17.3269
https://doi.org/10.1103/PhysRevB.41.11992
https://doi.org/10.1063/1.1368156
https://doi.org/10.1063/1.1600519
https://doi.org/10.1063/1.3279307
https://doi.org/10.1103/PhysRevB.70.235204
https://doi.org/10.1063/1.3600643
https://doi.org/10.1088/1367-2630/ab306f
https://doi.org/10.1103/PhysRevB.88.205306
https://doi.org/10.1063/1.4936170
https://doi.org/10.1016/j.cpc.2007.02.111
https://doi.org/10.1016/j.commatsci.2017.03.017
https://doi.org/10.1103/PhysRevB.78.245107
https://doi.org/10.1103/PhysRevB.59.4685
https://doi.org/10.1063/1.1748067
https://doi.org/10.1107/S0108767305040286
https://doi.org/10.1088/1751-8113/47/50/505203
https://doi.org/10.1103/PhysRev.102.1030
http://link.aps.org/supplemental/10.1103/PhysRevB.102.085121

MILAN JOCIC AND NENAD VUKMIROVIC

PHYSICAL REVIEW B 102, 085121 (2020)

[31] J. P. Perdew, A. Ruzsinszky, G. I. Csonka, O. A. Vydrov, G. E.
Scuseria, L. A. Constantin, X. Zhou, and K. Burke, Restoring
the Density-Gradient Expansion for Exchange in Solids and
Surfaces, Phys. Rev. Lett. 100, 136406 (2008).

[32] P. Giannozzi, S. Baroni, N. Bonini, M. Calandra, R. Car, C.
Cavazzoni, D. Ceresoli, G. L. Chiarotti, M. Cococcioni, I.
Dabo, A. Dal Corso, S. de Gironcoli, S. Fabris, G. Fratesi, R.
Gebauer, U. Gerstmann, C. Gougoussis, A. Kokalj, M. Lazzeri,
L. Martin-Samos, N. Marzari, F. Mauri, R. Mazzarello, S.
Paolini, A. Pasquarello, L. Paulatto, C. Sbraccia, S. Scandolo,
G. Sclauzero, A. P. Seitsonen, A. Smogunov, P. Umari, and
R. M. Wentzcovitch, QUANTUM ESPRESSO: A modular
and open-source software project for quantum simulations of
materials, J. Phys.: Condens. Matter 21, 395502 (2009).

[33] P. Giannozzi, O. Andreussi, T. Brumme, O. Bunau, M. B.
Nardelli, M. Calandra, R. Car, C. Cavazzoni, D. Ceresoli, M.
Cococcioni, N. Colonna, I. Carnimeo, A. D. Corso, S. de
Gironcoli, P. Delugas, R. A. D. Jr, A. Ferretti, A. Floris, G.
Fratesi, G. Fugallo, R. Gebauer, U. Gerstmann, F. Giustino,
T. Gorni, J. Jia, M. Kawamura, H.-Y. Ko, A. Kokalj, E.
Kucukbenli, M. Lazzeri, M. Marsili, N. Marzari, F. Mauri, N. L.
Nguyen, H.-V. Nguyen, A. O. de-la Roza, L. Paulatto, S. Poncé,
D. Rocca, R. Sabatini, B. Santra, M. Schlipf, A. P. Seitsonen,
A. Smogunov, I. Timrov, T. Thonhauser, P. Umari, N. Vast,
X. Wu, and S. Baroni, Advanced capabilities for materials
modeling with Quantum ESPRESSO, J. Phys.: Condens. Matter
29, 465901 (2017).

[34] D. R. Hamann, Optimized norm-conserving Vanderbilt pseu-
dopotentials, Phys. Rev. B 88, 085117 (2013).

[35] M. van Setten, M. Giantomassi, E. Bousquet, M. Verstraete,
D. Hamann, X. Gonze, and G.-M. Rignanese, The pseudodojo:
Training and grading a 85 element optimized norm-conserving
pseudopotential table, Comp. Phys. Comm. 226, 39 (2018).

[36] D. Sangalli, A. Ferretti, H. Miranda, C. Attaccalite, 1. Marri,
E. Cannuccia, P. Melo, M. Marsili, F. Paleari, A. Marrazzo, G.
Prandini, P. Bonfa, M. O. Atambo, F. Affinito, M. Palummo,
A. Molina-Sénchez, C. Hogan, M. Griining, D. Varsano, and A.

Marini, Many-body perturbation theory calculations using the
Yambo code, J. Phys.: Condens. Matter 31, 325902 (2019).

[37] A. Marini, C. Hogan, M. Griining, and D. Varsano, Yambo: An
ab initio tool for excited state calculations, Comp. Phys. Comm.
180, 1392 (2009).

[38] A. P. Cracknell, B. L. Davies, S. C. Miller, and W. F. Love,
Kronecker Product Tables, 1, General Introduction and Tables of
Irreducible Representations of Space groups (IFI/Plenum, New
York, 1979).

[39] S. Ninomiya and S. Adachi, Optical properties of cubic and
hexagonal CdSe, J. Appl. Phys. 78, 4681 (1995).

[40] M. A. Cusack, P. R. Briddon, and M. Jaros, Electronic structure
of InAs/GaAs self-assembled quantum dots, Phys. Rev. B 54,
R2300 (1996).

[41] S.-S. Li, J.-B. Xia, Z. L. Yuan, Z. Y. Xu, W. Ge, X. R. Wang,
Y. Wang, J. Wang, and L. L. Chang, Effective-mass theory for
InAs/GaAs strained coupled quantum dots, Phys. Rev. B 54,
11575 (1996).

[42] A. D. Andreev and E. P. O’Reilly, Theory of the electronic
structure of GaN/AIN hexagonal quantum dots, Phys. Rev. B
62, 15851 (2000).

[43] S. Tomié, A. G. Sunderland, and I. J. Bush, Parallel multi-band
k - p code for electronic structure of zinc blend semiconductor
quantum dots, J. Mater. Chem. 16, 1963 (20006).

[44] N. Vukmirovié¢, D. Indjin, V. D. Jovanovié, Z. Ikonié, and
P. Harrison, Symmetry of k-p Hamiltonian in pyramidal
InAs/GaAs quantum dots: Application to the calculation of
electronic structure, Phys. Rev. B 72, 075356 (2005).

[45] N. Vukmirovi¢ and S. Tomi¢, Plane wave methodology for
single quantum dot electronic structure calculations, J. Appl.
Phys. 103, 103718 (2008).

[46] Y. Cho and T. C. Berkelbach, Environmentally sensitive theory
of electronic and optical transitions in atomically thin semicon-
ductors, Phys. Rev. B 97, 041409(R) (2018).

[47] Q. Zhou, Y. Cho, S. Yang, E. A. Weiss, T. C. Berkelbach, and P.
Darancet, Large band edge tunability in colloidal nanoplatelets,
Nano Lett. 19, 7124 (2019).

085121-10


https://doi.org/10.1103/PhysRevLett.100.136406
https://doi.org/10.1088/0953-8984/21/39/395502
https://doi.org/10.1088/1361-648X/aa8f79
https://doi.org/10.1103/PhysRevB.88.085117
https://doi.org/10.1016/j.cpc.2018.01.012
https://doi.org/10.1088/1361-648X/ab15d0
https://doi.org/10.1016/j.cpc.2009.02.003
https://doi.org/10.1063/1.359815
https://doi.org/10.1103/PhysRevB.54.R2300
https://doi.org/10.1103/PhysRevB.54.11575
https://doi.org/10.1103/PhysRevB.62.15851
https://doi.org/10.1039/B600701P
https://doi.org/10.1103/PhysRevB.72.075356
https://doi.org/10.1063/1.2936318
https://doi.org/10.1103/PhysRevB.97.041409
https://doi.org/10.1021/acs.nanolett.9b02645

Supplementary material for: Ab-initio construction of symmetry-adapted k - p
Hamiltonians for electronic structure of semiconductors

Milan Joci¢* and Nenad Vukmiroviéf
Institute of Physics Belgrade, University of Belgrade, Pregrevica 118, 11080 Belgrade, Serbia

* milan.jocicQipb.ac.rs

t nenad.vukmirovic@ipb.ac.rs



I. CHARACTER TABLES OF THE 7, POINT SINGLE AND DOUBLE GROUP

Ty E|3C2|654|604|8C5
Do) by 1]
.’L'2+y2+22

Iy (Ag) 1|1 [-1]-1]1
Ts (E)

(x2—42, |2/ 20]0]-1
32% —r?)

Ly (12) 3[-1]-1]11]0
(z,2,y)

s (1) 31l 1]-1]0
(zy,yz, 2z)

TABLE I. Character table for the T, point group [1, 2].

T £| 39 65, | 59 |30y | B 63,4 |8Cs
305 604
DA 1y 1 11 ]1] 1|1
x2—0—y2—|—22
Iy (A) |1 1 | -1 |-1|1(1]-1]1
T3 (E)
(x2—2 |2 2 |0 |0 |-1]2] 0 |-1
322 — %)
Ly (T2) 3 -1 | -1 |1 |0]3]-11]0
(z,2,y)
Is (T1)

1 1
(zy,y2, 22)
g (E1) |2 0 | V2 —V2
Tz (E2) [2] 0 |—v2| 0 | 1 |-2]+v2]|-1

0 0

Ts (F) |4] 0

TABLE II. Character table for the double Ty point group [1].



II. ANALYTICAL EXPRESSIONS FOR THE ELEMENTS OF ALL BLOCKS OF THE k- p
HAMILTONIAN

In this section, we list the Hamiltonian matrix elements arising from the term h(km;oko) A Unko | P [ ¥imk,) in Eq. (8)

and the H,(LZT% term in Eq. (10) of the main part of the paper. To obtain the full k - p Hamiltonian these terms should
be complemented with the diagonal term [En(ko) + M} Srmm.-

2m0

A. Single group T

We now list analytical expressions for all possible blocks B(T';,,,T';) of the k - p Hamiltonian in the case of single
Ty group:

B(T'y,T1) = C1 k2, (1)
B(I'1,Ty) =0, (2)
B(Ty,T3) = Cs [(kg + WPk 4 wk2) (k2 + wk2 + w%g)} , w=e?/3 (3)
BTL,Ta) = Cs [k ko ky| +Ci [kaky Ry koo, (4)
B(I'y,T5) =0, (5)
B(Iy,Ty) = Csk?, (6)
B(T2,Ts) = C |~ (k2 + w2 + wk3) (K2 +wk? + k)| (7)
B(T3,Ty) =0, (8)
B(T2,Ts) = Cr [ke hy ky| +Cs [kaky kyks bk, (9)
k2 0
B(3,T5) = C.
( 35 3) 9 0 12
(10)
0 (k2 + w?k2 + wk?)
+ Cho 2 2 27.2 E
(k7 + wki +w?ky) 0

B(I's,I's) = Ca

k., wky w2ky
k, w?k, wky

(11)
+ Ci2

koky whyk, w?k.k,
koky wkyk, whoky |



2
B(I's,Ts) = Chs [ k, wk, w ky]

(12)
oy | Kk wl;ykz Wk k,
—koky —wkyk, —wh.k,
0 ky ke
B('s,T4) =Cis5 |ky 0 k.
ke k. 0O
[0 Kok, kyke
+Ci6 |kky 0 kyky
kk, kok, O
- Y (13)
o2 — k2 — K2 0 0
+Cis 0 23 — k2 — k2 0
0 0 22— k2 — k2
k2 0 0
+Cis|0 K2 0,
0 0 &
0 k, —k,
B(T4,I'5) =Chg |-k, 0 k.
ke —k. O
[0 ke —kyk.
+Co0 | —koky 0 kyk, (14)
| kyk. —kok, O
k20 0
tCu| 0 E- 0 |
0 0 K2_i2
0 ky ke
B(I's,I's) = Caz ky, 0 kK,
ke k. 0O
[0 Kok, kyk.
+ Cag k. ks 0 k:Eky
kk, kok, O
- Y (15)
o2 — k2 — K2 0 0
+ Ca4 0 22 — ky — k2 0
0 0 22— k2 — k2
k2 0 0
+Cx% |0 K2 0,
0 0 &

To form the k - p Hamiltonian based on a chosen set of bands, one should simply combine all relevant blocks. For
example, to obtain the 4x4 Hamiltonian based on the I'f* and I'}* bands, one should take the blocks B(I'1,I'1),



B(T'1,Ty), B(T4,T1) and B(T'4,T4). The Hamiltonian that we obtain in this case (taking into account that Cy5 = 0
as shown in Section ITT A) corresponds exactly to the second-order four-band Kane Hamiltonian [3].

It is common in the literature to choose the states that transform as x, y and z as the basis of the three-dimensional
manifold of I'y states. On the other hand, we pointed out at the end of Section II-B in the main part of the paper
that this basis |¢;) [Eq. (13) of the paper| depends on the convention for matrices of irreps, I'y in this case. We find
that the convention for matrices of irrep I'y that we used leads exactly to the basis states that transform as z, y
and z. For this reason, we obtain the form of the Hamiltonian that is identical to the second-order four-band Kane
Hamiltonian which is formulated in z, y, z basis.

B. Double group T,

When spin-orbit interaction is included, the states transform according to the representations of the double point
group Ty, which means that only the I's,I'7 and I's states are relevant. Since the matrices that we obtained have
some parts that appear more than once, we introduce the following shortened notation:

T =Wkl + wk + k2, (16)

X(z,z,y) =

z. ziy}) (17)

r+1y —z

(2,2, y) o i75° —i—ye_”% L i135°

61120 + ye—ZSO

E(z2,y) ¢i105° 4 eiT5° i45°

130
+ ye'® z
Z , Ly y l 190:% . o . o‘| 9 (19)

. o : o
o—i135° 2e105° | 4yo—i105 1

26160° +ye—i150° iz
Ql(zaxvy) = [ > 201150° +yei1200
21
2e130° +ye—i120° iz (21)
2(z,2,y) = . pe—i0° | gyp—id0°

Using the notation from equations (16) through (21) we write down the relevant blocks of the Hamiltonian in case of
double point group Tjy:
B(Ts,Ts) = C{k?, (22)

B(T'7,T7) = C3k?, (23)

B(T6,T7) = C{S(ks, kuy ky) + C45(kuky, kyks, koky) (24)



0 0o Lr
144 4 *
Ly — L1 0

+ G Ak b ky) Al ko ky)]

S

B(T6,Tg) = CZ

-y
0

(25)

+ 8 [Alkaky kg, hoks) Alkoky, ks, bok)]

1414 1 *
T 0 0 7§T
144 7 *

+ G Sk b ky) Al b k)] ’

(26)

Oy |Shaky, by koka) Alkaky,byhs. ko)

B(Ts,I's) = C4L k>
0 o0 0 -7
0 0 ir 0
0 T 0 0
—ir* 0 0 0
(ks ka, k) 0
0 S(k, by, by )

+Cd,

+ O,

[ 0 01 (ks ki, Key)
|2k ks ) 0

[ S(kaky, kyks, koky) 0
0 Skoky, kske, kyks)

+ Cd,

+ Cik
- 0 O (koky, ks, kk)]

+ 04
Y 2 (kuky, kyke, koky) 0

It is common in the literature to choose the states that transform as 1/2 angular momentum states in the two-
dimensional manifolds of I's and I'; states and the states that transform as 3/2 angular momentum states in the
four-dimensional manifold of I's states. On the other hand, we pointed out at the end of Section II-B in the main
part of the paper that the basis |¢;) [Eq. (13) of the paper] in these manifolds depends on the convention for matrices
of irreps, I'g-I's in this case. We find that the convention for matrices of irreps I's and I'7 that we used leads exactly
to the basis states that transform as 1/2 angular momentum states. However, the convention for matrices of irrep I's
does not yield the basis states that transform as 3/2 angular momentum states. For this reason, we do not get the
same form of Hamiltonian that is obtained in the literature when the basis of 3/2 angular momentum states is used.
In particular, the 8-band Hamiltonian that we obtain by taking the highest valence bands that transform as I'7 and
I's and the lowest conduction band that transforms as I's coincides with Weiler 8-band Hamiltonian [3, 4] only after an
appropriate unitary transformation is made. This unitary transformation consists of a transformation to 3/2 angular
momentum basis in the I's manifold and additionally it has some trivial phase factor multiplications (the terms e’/%:
and e/?2). The transformation is given as

H = UTHgU. (28)

In this equation Hg is the eight-band Hamiltonian that we obtain from our procedure and H} is the 8-band Hamiltonian



reported in Ref. [4] (also reproduced in Ref. [3]). The matrix U reads

0 0 0 0 0 0 0 elor]
0 0 0 €% 0 0 0 0
0 0 0 0 0 ¥ 2
)
v |0 R 0 0 0 0 0 (29)

0 -i-21_-1 0 o0 10_10_ 0
0 0 0 0 0 s+21-1 0

eiv2 0 0 0 0 0 0 0

L 0 0 0 0 etz 0 0 0 |

The phase factors e/?* and e/?> adjust the phases so that all parameters of the Weiler Hamiltonian become real. For the
parameters given in Section IT1I C these phase factors read e/%* = 0.93659+0.35042-j and e/?? = —0.98853—0.15103- 5.
After performing the transformation given in Eq. (28) we obtain the Weiler Hamiltonian with parameters (for the
parameters given in Section IIIC): v = 3.82622, v = —0.32116, v3 = 0.39693, +; = 3.84008, ~4, = —0.28179,
~4 = 0.43182, P = 0.40682, P’ = 0.38616, G = 0.26536, G’ = 0.00000, F = 0.12078, C' = —0.00931, C' = —0.00042,
N5 = 0.02090. These parameters were given in Hartree atomic units.

We have also checked that our procedure yields directly the Weiler Hamiltonian (up to phase factors e/?* and e/92
that need to be fixed) if we use from the beginning the matrices of irrep I's that transform as 3/2 angular momentum
states.



C. Comparison of DFT-obtained and symmetry-adapted 4 x 4 Hamiltonian

Two analytical forms of the 4 x 4 Hamiltonian, made from degenerate states corresponding to I'y and I'y irreps
that lie below and above the gap respectively, in the case of CdSe, are presented here. Both Hamiltonians give the
same physics, overall, and they are connected by an unitary transformation U, that is used to transform initial DFT
basis |¢;) to the symmetry-adapted basis [¢;). To give more clarity and justify the whole procedure of transforming
the initial DFT basis, we will compare inital DFT-form Hit., obtained from groups of degenerate states |¢;) and
symmetry-adapted form H}0 . that is made out of transformed groups of degenerate states [1);).

Initial DFT-form HME. of the 4 x 4 Hamiltonian is given as:

Er, 0 0 0 0 0 0 By r? pP® p@ p2
O I = U I 20 B O Bl I U2
DET ™ 9mo 0 0 Ep, 0 mo| 0 0o o PR md|pP p@* p2P pR|’
1)* 1) 1) 2)x 2)%x 2)%x 2
0 0 0 EFI PO(S) P1(3) P2(3) 0 P(ES) P1(3) P2(3) P3(3)
where:

Py = Ci ke + Ok, + O3k, i=0,1,2

PR =k, + CE kb, + CFPksky, i=0,1,2;

Pz(f) _ Cijz(Q)ki + Ciyjy(Z)ki + Cizjz(2)k§ + C;ij(Q)k,mk,y + C%Z(Z)kykz n ijm(z)kzka;, ii=01,2:
PR =5k,

If we count the number of parameters Cg(l) for 1st order and C’Zm(z) for 2nd order terms (m,n = x,y, z) in the last

four expressions, we can tell that HIt, has a total number of 3 x 3+ 3 x 3+ 6 x 6 + 1 = 55 parameters. Of course,
this number can be reduced but the procedure could be rather cumbersome especially if a great number of materials
with different symmetries is considered.

Symmetry-adapted form HJ}1 of the 4 x 4 Hamiltonian is given as:

EF4 0 0 0 0 Cl5ky C15km Cgkz
gom _ PR L0 B, 000 h |Cisky, 0 Cuisk. Csk,
adap " 2myg 0 0 Er, 0 mo |Cisk, Cisk. 0 Csk,
0 0 0 Er Cik, Cik, Cik, 0
Ci7(2k2 — kZ — k) + C1sk? Crgkzkey Crekyk. Cikyky
L ” Crok-k, Ci7(2k2 — k2 — k2) + C1k? Crokzk, Cikyk,
mg Crekyk- Crokzk, Ci7(2k2 — k2 — k2) + Cisk? Cihaky |’
Cykzk, Cykyk. Cyk. ks C1k?

where C15 = 0 if the block is formed from two same I'y irreps as it is in the 4 x 4 case. This gives for H :ﬁf:p, a total
number of 1 + 5 = 6 parameters, for 1st and 2nd order k - p terms. This way, if we were to consider a large number
of crystals, we could group them according to their symmetry group, and compare the individual parameters.

Unlike symmetry-adapted form H Zg;’;, initial DFT-form HMt. clearly demonstrates much more parameters than

symmetry of the crystal CdSe would suggest, even for the simplest 4 x 4 case.



III. NUMERICAL VALUES OF THE PARAMETERS

In this Section, we present the numerical values of the parameters of the Hamiltonians obtained. All quantities are
given in Hartree atomic units, while relevant energies are additionally also given in electron volts. Table III gives a
summary of different parametrizations of the Hamiltonian and the sections where the parametrizations are given.

Section Hamiltonian

Section IIT A |Standard 4x4 Hamiltonian parametrized from DFT without SOC
Section III B |Extended 13x13 Hamiltonian parametrized from DFT without SOC
Section III C |Standard 8 x8 Hamiltonian parametrized from DFT with SOC
Section III D |Extended 2626 Hamiltonian parametrized from DFT with SOC
Section III E |Standard 4x4 Hamiltonian parametrized from DFT without SOC
with quasiparticle energies taken from GoW)y calculation

Section IITF |Extended 13x13 Hamiltonian parametrized from DFT without SOC
with quasiparticle energies taken from GoWj calculation

Section III G|Standard 8 x8 Hamiltonian parametrized from DFT with SOC

with quasiparticle energies taken from GoWj calculation

Section III H | Extended 26 x26 Hamiltonian parametrized from DFT with SOC
with quasiparticle energies taken from GoWj calculation

TABLE III. A summary of different parametrizations of the Hamiltonian and the sections where the parametrizations are given.



E[eV] |E[Hartree]

Iy

0.0 0.0

I

0.46821| 0.01721

BT, IT")

Cy

0.03880

BTy, ')

Cs

0.29213 + 0.280735

Cy

0.22183 — 0.23083;

By, )

0

-0.68794

0.16303

-1.04656

A.

Standard 4x4 Hamiltonian
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E[eV] |E[Hartree]

-7.88140| -0.28964

v

-7.50786| -0.27591

ry| 0.0 0.0
I'7?*0.46821 | 0.01721

C

5.87086 | 0.21575

C

9.58302 | 0.35217

B. Extended 13x13 Hamiltonian

BT, 1) B, I'T)

B(I{,T)

0.01616 | 0.01635

—0.00653 — 0.036857

B(I'1,T's5)

BT, I'3)

Ca

—0.13097 — 0.079615

0.10099 — 0.11476;

BT, I'%)

BT, I'y")

BT, ')

Cs

—0.16939 — 0.051205

0.29213 + 0.28073j

—0.12171 4 0.030907

—0.09935 + 0.328715

—0.08738 + 0.090935

—0.00165 — 0.006495

B(I't, T'y)

B(I'7,T'T)

B(I'i, I'7)

0.00690 — 0.058175(0.00911 — 0.01361;

0.23220 + 0.51426;

Cy

0.41908 + 0.049705 [0.12813 + 0.085805

0.00524 — 0.002373

B(I's,I'3)
Co | —0.33898
Cho| 0.12786
B(I's,I'3) B(I's, ') B(I's, %)
C110.00272 + 0.005955 |0.00154 — 0.03508; | —0.19430 — 0.13307;

0.12304 — 0.05616;

0.03769 + 0.001655 | —0.06773 + 0.098897

By, I) [ B, YY) | B(IE, ')

Cis 0 0 0

Che| 0.29432 0.39888 |—0.47968

C17|—0.00204| —0.20023 | 0.07955

Ch8]—0.29136| —0.32823 |—0.55226

BTy, T) B(r'g, I') B(Tg,I'7)

Cis| 0.05946 + 0.116475 | 0.03891 — 0.064605 | 0.42118 — 0.262105
C16|—0.16023 4 0.081807| 0.15739 + 0.094805 |—0.08474 — 0.136175
C17|—0.02788 4 0.014235| —0.04879 — 0.02939;5| 0.08051 + 0.129375
Ci8|—0.16355 4 0.083495| 0.03718 + 0.022405 | 0.06582 + 0.105775

11



E[eV] |E[Hartree]

I'7*(-0.16924| -0.00622
ry|l 0.0 0.0
I'Z*| 0.40085 | 0.01473

B(I'g", I's")

0.06588

Bz, I'7")

—1.04722

B(I'g, I'7")

%

—0.21822 + 0.04568;

0.03234 + 0.15448;

B(I'g", I's")

5

0.01350 + 0.018375

0.18927 — 0.13908;

cf

—0.09896 — 0.13467;

Bz, T's")

g

—0.19781 + 0.090097

—0.00009 — 0.000195

d
C11 0

0.37124 — 0.16908;

B(Ig', T's")
ct —1.04344
Cf,|—0.12387 + 0.12387;
Cy 0
C{,|—0.00658 + 0.00658;
Cfs —0.37497
Cis 0

C.

Standard 8 x8 Hamiltonian

12



EleV] |E[Hartree]

v1
FS

-9.50287| -0.34922

I'7

-6.94697| -0.25530

v2
F8

-6.60685| -0.24280

r7

-0.16924| -0.00622

g’

0.0 0.0

g’

0.40085 | 0.01473

c

5.56618 | 0.20455

I

5.97379 | 0.21953

C

9.53629 | 0.35045

D. Extended 26x26 Hamiltonian

B(I'g", I's") B(I's

Ig") B(I',I'6)

0.01863 |0.02546 + 0.030025| 0.01738

B(I'7,T7) BI'7,I'7)

B(I'7,I'7)

—0.26310|0.15491 + 0.11684;

0.02861 — 0.02945;

BTz, ') B(I'7,I'7)

B(I'7,I'7)

—0.36390 |—0.01605 4 0.127915

—0.51997

B(Ig', I'7)

B(I's", I'?")

B(I'g",I'?)

%

—0.10904 — 0.051325

—0.21822 + 0.04568;

—0.02093 — 0.060863

Ci

—0.08139 + 0.17295;

—0.01709 — 0.081625

—0.00481 + 0.001655

B(I'§,I'7)

B(I's, I'7")

B(I'5,I'7)

%

0.00855 + 0.03169;

—0.01216 — 0.009465

0.16439 — 0.27667;

ct

—0.22411 + 0.06048;

0.06612 — 0.08502;

—0.01687 — 0.010025

B(rg,T's")

B(rg,I's?)

cs

—0.08794 — 0.083225

—0.15106 + 0.082607

&

0.04906 — 0.051845

0.03470 + 0.063465

o7

—0.11283 — 0.10676;

0.10096 — 0.055207

B(I's", I's")

B(I's",T's)

cs

—0.00953 — 0.01296;

—0.00537 + 0.00572j

&

0.18927 — 0.13908;

0.05385 + 0.050617

0.04030 + 0.05485;

—0.00588 + 0.006265

13



B(rg,Is') B(I§,Ty)

C¢| 0.00696 — 0.12794; |—0.15674 — 0.06024;

C¢|—0.02513 — 0.00137;| 0.00701 — 0.01823;

C%| 0.01060 — 0.19485; | 0.13521 + 0.05197;
B(I'6, I8 B(I'6,T%)

C&| 0.00378 — 0.015905 |—0.02377 — 0.00121;

Cé| 0.00866 + 0.002065 |—0.01685 + 0.33051;

C#1—0.01955 4 0.08214; | —0.01545 — 0.00079;
B(I7, s B(ry,I's?)

C¢ | 0.00039 — 0.001175 |—0.00096 — 0.000705

C¢ | 0.00272 4 0.00090; |—0.00280 + 0.00384;

C1,]—0.03069 + 0.09326; | —0.13829 — 0.10095
B(I'7,T¢") B(I'7,T5)

C¢ | —0.01475 + 0.027175| 0.08938 + 0.02908;

C¢ | —0.06796 — 0.03688;| 0.00602 — 0.01850;

Cfy| —0.05483 + 0.10103; | —0.11487 — 0.03737;
B(I7,Tg') B(I'7,Ts?)

C¢ 1 —0.03485 + 0.024195| —0.00500 — 0.016505

C§ | 0.02810 4 0.040505 |—0.06265 + 0.01897;

Cy|—0.07114 + 0.049375 | —0.01250 — 0.04129;
B(I7,TY") B(I'7,T5)

C¢| 0.25682 — 0.116975 | 0.11600 + 0.16596;

C¢1—0.00009 — 0.00019; | —0.23577 + 0.16480;

Cy]—0.20194 + 0.091975 | —0.04193 — 0.05999;
B(I's,Tg") B(I'5,T%?)

C¢ | —0.02450 — 0.046865 | 0.05328 — 0.00910;

C¢ | 0.10802 — 0.05649;5 |—0.01634 — 0.09568;

Ciy| 0.05044 +0.09647; |—0.00961 + 0.00164;
B('%, I8 B(I'5,T%)

C§ |—0.06033 — 0.193315| —0.09941 + 0.05241;

C¢ | —0.26218 + 0.081835| —0.00437 — 0.00829;

Cfy| 0.02882 +0.092355 | 0.24092 — 0.12702;

By, I's")

B(Ig?, I's")

c —0.28902 —0.00696 — 0.02152;
Cfy| 0.02918 — 0.02918;5 | 0.05393 + 0.027595
Cty 0 —0.00655 + 0.00212;
C{,|—0.00148 + 0.001485 | —0.00064 — 0.00033;
Cs 0.18072 —0.01765 — 0.05462;
Cs 0 —0.03641 + 0.07119;
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BI'g", T's")

B(5, ')

C¢ | 0.13348 — 0.024195 | 0.00012 — 0.035415
Cg,|—0.01469 4 0.021195 | —0.02594 — 0.02611;
C3|—0.01220 — 0.067325 | 0.03234 + 0.00011;
Cy|—0.00593 4 0.008565 | —0.05535 — 0.05573
Cgs| 0.06877 — 0.012465 | 0.00014 — 0.03990;
Cds| 0.01221 + 0.008465 | 0.02512 — 0.02495;
B(I's®, I's?) B(I'g', I's?)
c —0.30823 —0.01543 + 0.11501;
C{,10.05971 — 0.059715 | —0.01187 — 0.01555
Cs 0 0.02416 + 0.00324;
C{410.00399 — 0.003995| 0.01190 + 0.01558;
o —0.01283 —0.01215 + 0.090557
C 0 0.00727 — 0.00555;
B('g, T'g?) B(Ig", I's")
C{y| 0.02899 + 0.00948; —0.32179
Cg,| 0.03694 — 0.01874;5 | 0.14004 — 0.14004;
Cgs] 0.03764 — 0.11510; 0
Cy|—0.09818 4 0.049805 | —0.00658 + 0.00658;
Cis| 0.12964 + 0.04239; 0.22602
Cs|—0.02793 — 0.055075 0
B(l'g, I's") BT, I's)
C{ | —0.02317 4 0.12545; —0.57103
C{y|—0.08829 — 0.128305 | —0.06365 + 0.06365
Ct| 0.28896 + 0.05338; 0
C{4|—0.00592 — 0.008605 | —0.00004 + 0.00004;
Ci| 0.01451 — 0.07853; —0.30114
C{s| 0.01504 — 0.01035; 0




E[eV] |E[Hartree]

ry

0.0 0.0

I

1.76931| 0.06502

BT, 1)

Cy

0.02705

BTy, ')

310.29213 + 0.28073j

0.16975 — 0.17664;

By, i)

0

-0.47738

0.11355

-0.84096

E.

Standard 4x4 + GW

16



F. Extended 13x13 + GW

E[eV] |E[Hartree]

-8.14820| -0.29944

I's

-7.83478| -0.28792

m
4

0.0 0.0

m
Iy

1.76931 | 0.06502

s

7.52506 | 0.27654

c

11.16596| 0.41034

BIy", I'1") | B(I'T, I'T)

B(I'1, I'T)

Cy

0.01567 | 0.01478

—0.00646 — 0.036435

B(I'1,I'3)

BT, T'3)

Cy

—0.13113 — 0.079715

0.10078 — 0.11452;

BT, I'%)

BT, I'7")

BT, ')

3| —0.16939 — 0.051205

0.29213 + 0.28073;

—0.12171 + 0.030905

Cy

—0.09967 + 0.329767

—0.08734 + 0.090897

—0.00172 — 0.006775

B(I't, I'y)

B(I5,TT)

B(I'1, I'7)

Cs

0.00690 — 0.05817;| 0.00911 — 0.01361

0.23220 + 0.51426;

Cy

0.41786 + 0.049555[0.12719 + 0.08516;

0.00359 — 0.001623

B(I's,I'3)
Co | —0.30827
Cho| 0.14407
B(T'3,T%) B3, TY") B(I'3,T9)
C11]0.00272 + 0.005955 |0.00154 — 0.035085 | —0.19430 — 0.13307;

0.13632 — 0.06214;

0.04124 + 0.001835 | —0.06481 + 0.094625

BTy, I'y) BN, ) | B, ')

Cis 0 0 0

Che| 0.32363 | 0.36031 |—0.51563

C17|—0.00691| —0.16664 | 0.09072

C15|—0.26036| —0.28849 |—0.57456

BTy, T'y) B, T1) B(I'g, I'Y")

Cis| 0.05946 + 0.116475 | 0.03891 — 0.064605 | 0.42118 — 0.262105
Ci6|—0.15214 4+ 0.077677| 0.14989 + 0.09029;5 |—0.07498 — 0.120465
C17|—0.03336 4+ 0.017035| —0.04548 — 0.027405| 0.07282 + 0.117015
C15|—0.15886 4 0.081105| 0.03496 + 0.021065 | 0.05809 + 0.093355
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E[eV] |E[Hartree]

I'7*|-0.35663| -0.01311
ryl 0.0 0.0
r'7'|1.60110 | 0.05884

B(I's",I's")

0.04692

Bz, I'7")

—0.84410

B(Ig, I'7")

%

—0.21822 + 0.04568;

0.02561 + 0.12234;

B(I's", I's")

5

0.01200 + 0.01638;

%

0.18927 — 0.13908;

—0.07907 — 0.10747;

BI'7,T's")

g

—0.14870 + 0.067763

—0.00009 — 0.000195

d
Cio

0.26240 — 0.119807

B(I'g", ')

d
CVll

—0.84342

d
C112

—0.09171 4+ 0.091715

d
Cis

0

d
Cia

—0.00658 + 0.00658j

Cis

—0.25600

d
Cis

—0.00010 — 0.000035

G.

Standard 8x8 + GW

18



E[eV] |E[Hartree]

'yt |-8.57873| -0.31526
I'7 |-7.80871| -0.28696
I'g?|-7.52888 | -0.27668

m

7

-0.35663 | -0.01311

g’

0.0 0.0

m
I's

1.60110 | 0.05884

c
7

7.08839 | 0.26049

I's

7.45201 | 0.27386

c
6

10.94474| 0.40221

H. Extended 26x26 + GW

B(I'g", I's") B(I's,

I's") B(I',I'5)

0.01787 |0.02517 4 0.029685| 0.01622

B(I'7,T7) BI'7,I'7)

B(I'7,I'7)

C5|—0.233200.15446 + 0.116504 |0.02601 — 0.02676,
BI7,T7) B(I'7,I'7") B(I'7,I'7)
C3| —0.31525 |—0.01412 + 0.112505 | —0.52764
B(I's",T'7) B¢, I'7") B(I's", I'7)
C4]—0.10904 — 0.05132; | —0.21822 + 0.04568; | —0.02093 — 0.06086,j
C4§]—0.07496 + 0.159295 | —0.01593 — 0.07609; | —0.00452 + 0.00155
B(I'6,I'7) B(I5,T'7") B(T%,I'7)
C4| 0.00855 + 0.03169;5 |—0.01216 — 0.00946; | 0.16439 — 0.27667;

ci

—0.20847 + 0.05626 5

0.06220 — 0.07998;

—0.01632 — 0.009705

BI'g", T's')

BI's", T's*)

d

5

—0.09464 — 0.08979;

—0.14089 + 0.07718j

&

0.04906 — 0.05184;

0.03470 + 0.06346;

%

—0.12041 — 0.114235

0.09121 — 0.049705

B(I's", I's")

B(I's",T's)

—0.00692 — 0.009355

—0.00540 + 0.005765

&

0.18927 — 0.13908;

0.05385 + 0.050615

0.03989 + 0.05442;

—0.00600 + 0.00639;
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B(rg,Is') B(I§,Ty)
C¢| 0.00764 — 0.137365 |—0.14748 — 0.05656
C¢|—0.02513 — 0.00137;| 0.00701 — 0.01823;
C¥| 0.01135 — 0.20448; | 0.12410 + 0.04787;
B(I'6, I8 B(I'6,T%)
C&| 0.00272 — 0.011625 |—0.02515 — 0.00128;
Cé| 0.00866 + 0.002065 |—0.01685 + 0.33051;
C#1-0.01939 + 0.08107; [ —0.01749 — 0.00090;
B(I7, s B(ry,I's?)
Cg1-0.00414 + 0.01232;5 | —0.01149 — 0.006845
C¢ | 0.00272 4 0.00090; |—0.00280 + 0.00384;
C1,|—0.03263 + 0.097205 | —0.13961 — 0.10233;
B(I'7,T¢") B(I'7,T5)
C¢ | —0.01982 + 0.036075 | 0.08224 + 0.02674;
C¢ | —0.06796 — 0.03688;| 0.00602 — 0.01850;
C1y| —0.05602 + 0.10399; | —0.10628 — 0.03469;
B(I7,Tg') B(I'7,Ts?)
Cg1-0.03271 + 0.022725| —0.00680 — 0.02378;
C§ | 0.02810 4 0.040505 |—0.06265 + 0.01897;
Cy|—0.06765 + 0.047395 | —0.01399 — 0.04525;
B(I7,TY") B(I'7,T5)
C2| 0.20749 — 0.094435 | 0.10528 + 0.150705
C¢1—0.00009 — 0.00019; | —0.23577 + 0.16480;
O] —0.18687 + 0.08485; | —0.03553 — 0.05067
B(I's,Tg") B(I'5,T%?)
C¢ | —0.02363 — 0.045065 | 0.04854 — 0.00825;
C¢ | 0.10802 — 0.05649;5 |—0.01634 — 0.09568;
Ciy| 0.05062 +0.097615 |—0.00680 + 0.00146;
B('%, I8 B(I'5,T%)
C¢ | —0.05385 — 0.172675| —0.12004 + 0.06312;
C¢ | —0.26218 + 0.081835| —0.00437 — 0.00829;
Cfy| 0.02444 +0.077965 | 0.25733 — 0.13537;

By, I's")

B(Ig?, I's")

c —0.24713 —0.00492 — 0.018475
Cf| 0.06463 — 0.06424;5 | 0.05715 + 0.02905
Cty 0 —0.00655 + 0.00212;
C{,|—0.00148 + 0.001485 | —0.00064 — 0.00033;
Cs 0.25098 —0.01534 — 0.04886;
Cds| 0.00006 + 0.000495 |—0.02898 + 0.05775
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B(Ig',I'g") B('g, T'g")
C{ | 0.12348 — 0.022665 | 0.00007 — 0.03685;
Cg,|—0.01977 4 0.028255 | —0.02563 — 0.02567
C3|—0.01220 — 0.067325 | 0.03234 + 0.00011;
Cy|—0.00593 4 0.008565 | —0.05535 — 0.05573
Cfs| 0.05326 — 0.009745 | 0.00011 — 0.040915
Cs| 0.00987 + 0.006525 | 0.02545 — 0.02532;
B(I's®, I's?) B, I's?)
c —0.28674 —0.01600 + 0.11728;
Cfy| 0.05141 — 0.051455 |—0.01350 — 0.01758;
Cs 0 0.02416 + 0.00324;
C{4| 0.00399 — 0.003995 | 0.01190 + 0.01558;
Cts —0.00501 —0.01246 + 0.09213;
C{s| —0.00043 — 0.000535 | 0.00590 — 0.004695
B('g, T'g?) B(Ig", I's")
C¢ | 0.02620 + 0.00864; —0.27831
Cg,| 0.03349 — 0.01703;5 | 0.11463 — 0.11460;
Cgs] 0.03764 — 0.11510; 0
Cy|—0.09818 4 0.049805 | —0.00658 + 0.00658;
Cfs| 0.12014 + 0.03925 0.21144
Cs|—0.02627 — 0.051725 | —0.00010 — 0.00003;
B(l'g, I's") BT, I's)
C, | —0.02085 4 0.11282; —0.59150
Cy|—0.08063 — 0.117245 | —0.07212 + 0.07314;
Ct| 0.28896 + 0.05338; 0
C{4|—0.00592 — 0.008605 | —0.00004 + 0.00004;
Cfs| 0.01242 — 0.06655; —0.32318

d
Cis

0.01612 — 0.011104

—0.00006 — 0.00004;
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ABSTRACT: Silver—bismuth iodide (Ag—Bi—I) rudorffites are
chemically stable and non-toxic materials that can act as a possible
lead-free replacement for methylammonium lead halides in
optoelectronic applications. We report on a simple route for
fabricating Ag—Bi—I colloidal nanoplatelets approximately 160 nm
in lateral dimensions and 1—8 nm in thickness via exfoliation of
Ag—Bi—I rudorflite powders in acetonitrile. The valence band
electronic structure of isolated Ag—Bi—I nanoplatelets was
investigated using synchrotron radiation to perform X-ray aerosol
photoelectron spectroscopy (XAPS). The ionization energy of the
material was found to be 6.1 + 0.2 eV with respect to the vacuum
level. UV—vis absorption and photoluminescence spectroscopies of
the Ag—Bi—I colloids showed that the optical properties of the

e
total
I-p

Ag-s ]
—- Ag-d |
2 Bi-p
2
-3 - 3 -2 -1 0
E (eV)
. PR ey
- s roliation Ji0RARARARARE
...*M....em”".”....,...-...
..MW... [,
coevere Ve v
RSN ANE 2t S Ag-Bi-1
bulk crystal nanosheets

nanoplatelets originate from I Sp to Bi 6p and I Sp to I Sp transitions, which is further confirmed by density functional theory (DFT)
calculations. Finally, calculations based on the DFT and k - p theoretical methods showed that the quantum confinement effect is

very weak in the system studied.

Bl INTRODUCTION

Hybrid perovskite materials have attracted extensive research
interest in recent years as they exhibit optical and semi-
conducting properties favorable for the fabrication of
optoelectronic devices such as solar cells, light-emitting diodes,
and photodetectors.' > Among them, lead-based halide
perovskites are the most studied systems since their application
as absorbers in solar cells has resulted in the highest value of
power conversion efficiency (PCE) of 25%.%” The exceptional
performance of this type of material arises from its large
absorption coefficient, low effective masses, and high mobility
of charge carriers. It has been proposed that these properties
originate mainly from the partially oxidized Pb*" state with
6s*6p” configuration.” However, lead-based perovskite materi-
als are unstable and easily degrade after exposure to high
temperatures, electromagnetic radiation, moisture, and oxy-
gen.””"? Our previous study also showed that low-energy
electrons can affect the structural and chemical properties of
methylammonium lead iodide (MAPbI,)."* Furthermore, lead
toxicity is a serious predicament for large-scale applications."*
Thus, continuous research efforts are seeking to develop more
stable and less toxic perovskite materials.

Transition metal cations, such as Bi**, Sn**, Ge**, and Sb**,
also have stable, partially oxidized states, with the same ns’np°
configuration as the lead ion. Consequently, these elements
could act as suitable replacements for lead in emergent solar

© 2022 American Chemical Society

WACS Publications 13739

cell absorber materials. Compared to tin-, germanium-, and
antimony-based materials, bismuth-based halide perovskites
appear to be the most chemically stable and the least toxic.
Incorporating an Ag" or Cu" cation in the bismuth—halide
lattice can lead to the formation of a new type of material with
edge-shared [AX,] and [BiX4] octahedra (A = Ag, Cu, X =],
Br) named rudorffites.'” These metal halides may appear in
many compositions that vary depending on the number of
occupied sites in the cation sublattice. Several methods for
fabricating silver—bismuth jodide (Ag—Bi—I) have been
proposed.’>~** Most of these procedures were oriented toward
the synthesis of bulk material. For example, Ag—Bi—I powders
were produced by heating a mixture of the precursor powders
at temperatures above 600 °C under vacuum,'>'®** while the
thin films can be fabricated via spin-coating or dynamic hot-
casting of precursor solutions in organic solvents.'®*"**™>® In
our previous study, we fabricated Ag;Bilg spherical nano-
particles in the form of aerosols and investigated their
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electronic properties via synchrotron radiation X-ray aerosol
photoelectron spectroscopy (XASP).”’

The band structure of 2D perovskite materials may depend
on the size of the particles and structural modification induced
by various factors.”® "’ For example, Kanatzidis and co-
workers™ used organic spacer cations to create separation
between adjacent layers in Ag—Bi—I particles. It was shown
that the optical properties depended on the type of spacer
cations used, ie, the changes in the distances between the
layers. Also, previous studies on layered semiconducting
colloidal nanoparticles showed a strong effect of size reduction
on their optical properties due to the confinement effect,’®™*'
which initiated the same type of research in layered perovskite
nanomaterials. It was observed that Pb- and Sn-based
nanoplatelets also display a strong quantum confinement
effect with optical properties that depend on the particle
thickness, i.e., the number of layers.29_33 Conversely, in the
most-studied 2D lead-free systems Cs,AgBiX, (X = Cl, Br, or
I), the quantum confinement is rather weak.**%** Pal et al.*’
also showed that Rb;Bi,I; 2D colloidal nanoparticles have the
same band structure characteristics as their bulk counterparts.

In this work, we present a simple method for the preparation
of colloidal 2D layered Ag—Bi—I rudorflite nanostructures
based on the exfoliation of Ag—Bi—I powders. The study
focused on the optical properties and valence band electronic
structure of the resulting nanoplatelets. The valence band
structure of isolated Ag—Bi—I nanoplatelets was studied using
synchrotron radiation XASP. Obtained electronic spectra were
discussed and interpreted with the results from density
functional theory calculations.

B EXPERIMENTAL SECTION

Materials. Bismuth(1Il) iodide (Bil;, purity: 99%), silver
iodide (Agl, purity: 99%), and sodium citrate tribasic dihydrate
(C¢HsNa;0,2H,0) were purchased from Sigma Aldrich and
used as received. Dimethyl sulfoxide (DMSO) and acetonitrile
were used as solvents.

Synthesis. Ag—Bi—I nanopowder was prepared from 234
mg of Agl and 295 mg of Bil; powders (molar ratio of Agl/Bil;
= 2:1) mixed and ground with a mortar until the mixture
became light gray. The resulting powder was dissolved in 50
mL of DMSO (0.01 M). Subsequently, 10 mL of sodium
citrate (0.3 M DMSO solution) was added to the solution as a
stabilizing agent. The solution was stirred for 15 min, cast in a
Petri dish, and heated to 120 °C in a vacuum oven to
evaporate the solvent. The prepared nanopowders were
characterized either in the dry state or dispersed in acetonitrile
(0.6 mg/mL) to obtain the colloids. Photographs of the Ag—
Bi—I powder and the Ag—Bi—I colloid are shown in
Supporting Information Figure S1. For comparison with Ag—
Bi—I, Bil; nanopowders and colloids were fabricated using the
same procedure.

Characterization. X-ray diffraction (XRD) measurements
of the samples deposited on an oriented Si wafer were
performed using a Rigaku SmartLab system using Cu K,
radiation (1.5406 A, 30 mA, 40 kV) and operated in the 26
range from 10 to 50°.

Scanning electron microscopy (SEM) analyses of powdered
samples were performed with a JEOL JSM-6390 LV instru-
ment using a 30 kV acceleration voltage. Before analysis, the
samples were deposited onto an adhesive carbon tape and
coated with a thin gold layer. Transmission electron
microscopy (TEM) was carried out with a JEOL JEM-1400

operating at 120 kV. For the analyses, the colloidal samples
were deposited onto a carbon-coated copper grid with 300
mesh and dried in vacuum.

Surface topography investigations were performed using a
Quesant atomic force microscope (AFM). Colloids were
deposited on freshly cleaved mica substrates by spin-coating
(3500 rpm, 1 min) and investigated immediately. Measure-
ments were made in AFM tapping mode at room temperature,
using standard silicon probes Q-WM300 (force constant 40
N/m).

The UV—vis diffuse reflectance and absorption spectra of
the nanopowders and dispersed colloid samples were measured
with a Shimadzu UV-2600 (Shimadzu Corporation, Japan)
spectrophotometer equipped with an integrating sphere (ISR-
2600 Plus) over the 220—800 nm range. Photoluminescence
spectra (PL) of the colloidal samples were recorded with a
PerkinElmer LS45 fluorescence spectrophotometer.

Surface X-ray photoelectron spectroscopy (XPS) measure-
ments were carried out on an ambient pressure SPECS Surface
Nano Analysis GmbH X-ray photoelectron spectrometer with
a monochromatic Al K, X-ray source (1486.6 eV). For the
analysis, the acetonitrile dispersions were deposited onto a
glass substrate following the procedure described in the
literature by Sansom et al.”> High-resolution spectra were
recorded with a pass energy of 20 eV, which gave a full width at
half-maximum of ~0.5 eV for the Au 4f,/, peak. The binding
energy was calibrated with respect to the Fermi level by
adjlzlgting the position of the adventitious C 1s peak to 284.8
eV.

X-ray aerosol photoelectron spectroscopy (XAPS) was
performed at the PLEIADES beamline of the SOLEIL
synchrotron using the Multi-Purpose Source Chamber
(MPSC) and the Scienta hemispherical electron analyzer. A
detailed description of the experimental setup is provided in
our previous study.”” For these measurements, the Ag—Bi—I
aerosols were generated from acetonitrile dispersions of Ag—
Bi—I nanoparticles using a TSI 3076 atomizer. Carried by 2.5
bar of Ar gas, the aerosols were transported through a metallic
tube, heated to a temperature of ~80 °C, and then cooled to 0
°C via a cold trap to remove excess acetonitrile. Subsequently,
the free aerosols were introduced through a pressure-limiting
orifice (250 ym in diameter) into an aerodynamic lens system
and placed inside the differentially pumped stage of the MPSC.
The aerodynamic lens focused the nanoparticle beam into the
high-vacuum interaction region of the photoelectron spec-
trometer through a skimmer (1.5 mm diameter). The particle
beam was ionized with 100 eV monochromatic synchrotron
radiation. Gas-phase XPS spectra were recorded using a wide-
angle-lens VG-Scienta R4000 electron energy analyzer. The
overall resolution of the valence electron spectra was about 170
meV. Spectra were calibrated relative to the vacuum level using
the binding energy of 3p,,, Ar carrier gas at 15.76 eV"* with
an overall uncertainty of less than 0.2 eV.

Calculation Methods. Density Functional Theory Cal-
culations with the PBE Functional. Density functional theory
(DFT) calculations were performed by modeling the
exchange-correlation functional using the Perdew—Burke—
Ernzerhof (PBE) generalized gradient approximation
(GGA).* Norm-conserving fully relativistic pseudopoten-
tials*>*® were used to model the effect of core electrons, and
the effects of spin-orbit interaction were fully included. A
Quantum Espresso code,””*® which is based on the
representation of wave functions in the basis of plane waves,

https://doi.org/10.1021/acs.jpcc.2c03208
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was used to perform these calculations. The kinetic energy
cutoff for the plane-wave representation of wave functions was
50 Ry. Relaxation of lattice parameters and atomic coordinates
were performed until the atomic forces were smaller than 1072
Ry/bohr.

Density Functional Theory Calculation with the Hybrid
PBEO Functional. Since local and semilocal functionals in DFT
(such as the PBE functional) do not result in accurate values of
the band gap,*’ we also performed the calculation of bulk band
structure using the hybrid PBEO functional.””*" This functional
modeled the correlation energy as the PBE correlation energy,
while the exchange energy was modeled as the sum of three-
fourths of the PBE exchange energy and one-fourth of the
Hartree—Fock exchange energy. It is known that the
calculations with this functional yield band gap values that
correlate significantly better with experimental band gaps of
semiconducting materials than those carried out with the PBE
functional (see for example refs 52 and 53). However,
calculations based on the PBEQ functional are computationally
significantly more demanding since they also request
calculations of the Hartree—Fock exchange energy. For this
reason, we used this functional only to perform bulk band
structure calculations of a given bulk atomic structure. The
calculation was performed using the Quantum Espresso code,
where the adaptively compressed exchange operator approach
for calculating exchange energy”” is implemented.

k - p Calculations of the Electronic Structure. To calculate
larger nanoplatelets (quantum wells), we constructed the k - p
Hamiltonian following the approach presented in ref 55, where
its parameters are determined by ab initio calculations (using
either DFT/PBE or the hybrid PBEO functional methods) of
bulk material. k*p calculations are numerically very cheap and
can therefore easily be applied to larger nanoplatelets for which
DFT/PBE calculation is computationally very demanding and
hybrid functional calculation is practically impossible to
perform. Additional details related to k'p calculations are
presented in the Supporting Information.

Determination of Absolute Positions of Bulk Energy
Levels with Respect to Vacuum. DFT calculations with plane-
wave basis and periodic boundary conditions do not yield the
absolute value of the position of the energy levels with respect
to vacuum. These positions were determined by performing
the calculation of the interface of the material slab with
vacuum as described in more detail in the Supporting
Information. All the energies that we subsequently report are
with vacuum as the zero energy.

B RESULTS AND DISCUSSION

Characterization of the Ag—Bi—I Nanoplatelets. The
results of the X-ray diffraction measurements of the Ag—Bi—I
powders are presented in Figure la. The XRD pattern of the
sample shows diffraction maxima at 26 angles of 12.7, 23.9,
25.1, 25.6, 29.2, 32.0, 41.4, 42.2, and 43.5°, which correspond
to the CdCl,-type rhombohedral structure of a silver-rich Ag—
Bi—I rudorffite system.">'**® In addition, low-intensity peaks
at 22.3, 23.7, 39.2, and 46.3° indicate a small contribution of
the y-Agl phase.”” Similar diffraction patterns were observed in
various other types of Ag—Bi—I structures, for example,
Ag;Bil nanoparticles produced in the gas phase from iodide
precursors,”’ Ag—Bi—I nanoparticles fabricated from nitrate
salts,”” Ag—Bi—I thin films produced by the dynamic hot-
casting method,”’ and Ag—Bi—I thin films produced on a
TiO,/FTO/glass substrate.”® The appearance of the Agl phase

a) —— sample
precipitate
—— reference
* - Agl phase

(104)

angle 26 (°)

Figure 1. (a) XRD patterns of Ag—Bi—I powder (red line) and the
precipitate sample obtained by drying Ag—Bi—I acetonitrile
dispersion under ambient conditions (blue line). The black line
represents the Ag;Bil reference pattern.”® The asterisks and triangles
mark the 26 angles corresponding to the diffraction maxima of the Agl
phase®® and the BiOI phase,*® respectively. SEM images of (b) Ag—
Bi—I powder and (c) precipitate samples.

in the sample is expected since in the Ag-rich Ag—Bi—I solids,
the excess of Ag ions are delocalized and occupy the sites
between the (Ag/Bi)l, octahedral layers.19 The XRD measure-
ments were performed on a precipitate of the Ag—Bi—I sample
in order to check its structure after dispersion in acetonitrile.
This sample is prepared by drying the colloid in the dark under
ambient conditions. The XRD pattern of the precipitate
(Figure 1a, blue line) shows that in addition to the increase in
the Agl content, the sample retained its Ag—Bi—I phase.
Changes in morphology were also investigated by SEM, and
the images of two samples are shown in Figure 1b,c. These
analyses showed that exfoliation of Ag—Bi—I sheets upon
dispersion in acetonitrile takes place, which is consistent with
an increase in the intensity of (0 0 3) diffraction maximum
relative to the (1 0 4) peak in the diffractogram of the
precipitate. In addition, the presence of the bismuth oxyiodide
(BiOI) phase in the diffraction pattern can be seen, resulting
from drying the sample in air. This result indicates that
oxidation occurs at the outmost layers of the exfoliated
particles.

Further analyses of the size and morphology of the
dispersed-phase Ag—Bi—I particles were carried out by
transmission electron microscopy on the colloidal samples
dried in a vacuum. Typical TEM images of the sample are
presented in Supporting Information Figure S2. For compar-
ison, the results for Bil; particles, prepared using the same
procedure, are also given. The micrographs show that the Ag—
Bi—I particles have a plate-like morphology with average lateral
dimensions of ~160 nm. A similar morphology was also
observed for Bil; nanoparticles; however, their lateral
dimensions were in the 40—60 nm range. The observed
morphology is characteristic of binary metal iodides (such as
Bil;*"*”) and occurs because of a relatively large difference in
distance between cations in edge-sharing octahedra and the
distance between cations in adjacent layers. In rudorffite
Ag, 3,BiJ, (x = 0.33—0.60) ternary halides, Ag and Bi ions
occupy similar edge-sharing octahedral sites (Ag/Bi)ls'>"”
which results in the formation of the Ag—Bi—I nanoplatelets.
The HRTEM/EDS mapping of Ag—Bi—I nanoplatelets
(Supporting information Figure S2c) showed that the elements
were uniformly distributed in the particles. The distribution of
the thicknesses of the nanoplatelets was determined from their
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Figure 2. (a) AFM image of Ag—Bi—I nanoplatelets and (b) corresponding distribution of particles’ heights. The number of Ag—Bi—I monolayers
in the nanoplatelets was estimated assuming a monolayer thickness of 0.66 nm.
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Figure 3. High-resolution XPS spectra of (a) Ag 3d, (b) Bi 4f, and (c) I 3d core levels of Ag—Bi—I (top) and Bil; (bottom) colloidal nanoplatelets.

height profiles obtained by AFM. The AFM image of the Ag—
Bi—I sample and the particle height distribution are presented
in Figure 2a)b, respectively, while the details of the height
profile analyses are given in the Supporting Information
(Figure S3). The average thickness of the nanoplatelets was
found to be 3.9 + 0.2 nm. Taking into account that the
thickness of the monolayer is ~0.66 nm, the nanoplatelets, on
average, have six layers.

The chemical environment of the ions in the Ag—Bi—I
nanoplatelets was investigated by surface X-ray photoelectron
spectroscopy. High-resolution XPS spectra of the Ag 3d, Bi 4,
and I 3d core levels of the Ag—Bi—I nanoplatelets are
presented in Figure 3. The survey scan of the sample is given in
Supporting Information Figure S4. For comparison, the results
for the Bily sample are also shown. For the Ag—Bi—I sample,
Ag 3d;, and Ag 3d;,, levels are observed at 374.0 and 368.0
eV, respectively (Figure 3a). These values match the binding
energies obtained for Ag 3d levels in AgI.60 For Bi, 4f levels
(Figure 3b) are assigned to peaks at 164.2 and 158.9 eV,
corresponding to Bi 4f;/, and Bi 4f;/, levels. The spectrum
shows additional peaks at lower binding energies that are not
present for the Bil; sample. These features were previously
reported for the Ag—Bi—I films prepared by thermal
evaporation®' as well as for the oriented Bil; single crystals
in contact with Pd and Pt.°” The peaks were assigned to
bismuth ions that are not in a complete 61" coordination and
therefore approach binding energies characteristic for metallic

bismuth. The binding energies of I 3d;,, and I 3d;/, levels are
observed at 630.3 and 618.7 eV (Figure 3c). It should be
noticed that the I 3d levels in the Ag—Bi—I sample are slightly
broader than in the Bil; sample, suggesting possible effects of
changes in the chemical environment. The XPS results suggest
that a redox solid-state reaction between Ag and Bil; is taking
place in the system, resulting in the formation of Ag—Bi—I and
Agl phases, as well as metallic Bi (which can proceed to the
formation of BiOI in the presence of oxygen), noticed in the
XRD pattern (Figure 1). A similar redox reaction was observed
at the interfaces between Ag and Bi,Se; single crystals.”’

Electronic Properties of the Ag—Bi—I Nanoplatelets.
To study the electronic properties of Ag—Bi—I nanoplatelets in
the valence region, we used a similar approach as in our
previous study of MAPbBr, nanoparticles.” Two complemen-
tary X-ray photoemission spectroscopy techniques were
employed. For XPS measurements, the colloids were deposited
onto a Si substrate. The XAPS measurements were carried out
on isolated Ag—Bi—I particles, where synchrotron radiation
was used as the X-ray source.

The photoemission spectrum of Ag—Bi—I nanoplatelets
obtained by the XAPS technique is presented in Figure 4, while
the corresponding spectrum of the Bil; sample is given in the
Supporting Information (Figure SSa). Contrary to XPS
measurements, where the band energies are referenced with
respect to the Fermi level (Ep), all energies in the XAPS
technique are measured with respect to the vacuum level (E,)."
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Figure 4. Valence region photoemission spectrum of Ag—Bi-I
nanoplatelets measured by XAPS using 100 eV photon energy. The
inset shows the zoom-in region around the ionization energy value.

The ionization energy of Ag—Bi—I nanoplatelets determined
by XAPS is 6.1 + 0.2 eV relative to E, This is in good
agreement with the ionization energies reported for 3D Ag;Bil
aerosol particles’” and Ag;Bily thin films®® as well as those
reported for rhombohedral Ag¢Big4sl, materials.'” This
indicates a negligible influence of the size and morphology of
Ag—Bi—I particles on the position of the valence band maxima.
The ionization energy is also in good agreement with our
calculated value of —5.95 eV for the valence band maximum.
The ionization energy obtained by surface XPS was 1.4 + 0.2
eV relative to E; (Supporting Information Figure SSb). By
comparing the values of the ionization energies obtained by
these two techniques, the estimated value of the work function
(¢) of Ag—Bi—I nanoplatelets was found to be 4.7 eV. It
should be noted, however, that in the XAPS of isolated
nanoparticles, the near-surface vacuum level cannot be
perfectly defined, which results in additional uncertainty in
the determination of the ionization <enel‘gy.64’65

The optical properties of the Ag—Bi—I powder and the
colloidal dispersion in acetonitrile are presented in Figure S.
The diftuse reflectance spectrum of the Ag—Bi—I powder
samples (dashed black line) displays an onset of absorption at
732 nm (~1.7 €V), which is a typical value for the band gap of
Ag—Bi—I thin films and powder samples.'>*"** After
exfoliation, the UV—vis absorption spectrum of the Ag—Bi—I
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Figure 5. UV—vis absorption (red line) and photoluminescence (PL)
(purple and brown lines) spectra of Ag—Bi—I nanoplatelets dispersed
in acetonitrile and the diffuse reflectance spectrum of Ag—Bi-I
powders (dashed black line).

colloid (solid red line) shows three bands at 288 nm (4.30 V),
360 nm (3.44 eV), and 457 nm (2.71 V). The bands in the
spectra of the Ag—Bi—I colloid originate mainly from I Sp to Bi
6p and I 5p to I Sp transitions in (Bils)*~ octahedra. It should
be noted that the absorption spectra obtained for Bil; powder
and its dispersion in acetonitrile are similar to those obtained
for corresponding Ag—Bi—I samples (Supporting Information
Figure S7). The absorption spectrum of the Bil; powder
(Figure S7) exhibited a slightly lower band gap value, which is
in accordance with the results presented in the literature.”’ On
the other hand, the absorption spectrum of the Bil; dispersion
has similar features as the spectrum of the Ag—Bi—I colloid,
although the absorption peaks appear at slightly different
energies. It seems that the changes induced by the additional
element in the structure affect I Sp to Bi 6p and I Sp to I Sp
transitions to a certain extent. A recent study by Kanatzidis et
al.”® may support this conclusion. They showed that the optical
properties of 2D Ag—Bi—I layered materials significantly
depend on both the distance between the layers and the
arrangement and orientation of (Agls)®” and (Bilg)*~
octahedra.

Recently, Premkumar et al. synthesized Ag—Bi—I quantum
dots and noticed that they exhibited blueshifted absorption
with respect to the bulk material.®® The observed shift is
attributed to the size confinement effect. However, because the
effective masses of the charge carriers in Ag—Bi—I material are
relatively large,”® it can be expected that the quantum
confinement effects in the Ag—Bi—I nanoplatelets are relatively
weak. Indeed, our calculations (see Figure 7 below) showed
that the nanoplatelet band gap changes by only about 50 meV
in the range of thicknesses from 2 to 5 nm. This suggests that
the three peaks at 2.71, 3.44, and 4.30 eV are the internal
transitions already present in the bulk sample as well, which
become more pronounced after exfoliation. To check this, we
made a rough calculation of the optical absorption for the bulk
Ag—Bi—1 (see Supporting Information Figure S6). The
theoretical absorption curve in Figure S6 exhibits a similar
trend as the experimental absorption spectrum of Ag—Bi—I
colloid in the UV—vis range.

The photoluminescence spectra of the Ag—Bi—I nano-
platelets dispersed in acetonitrile, recorded with 260 nm
(purple solid line) and 330 nm (brown solid line) excitations,
are also presented in Figure S. The emission bands at around
326, 430, and 530 nm are Stokes-shifted with respect to the
band observed in the absorption spectrum. The excitation of
the colloids by the light of different wavelengths did not affect
the position of the emission bands (Supporting Information
Figure S8). Notably, the emission at the photon energy of the
band gap was not detected in either powder or colloid samples.

DFT was used to calculate the electronic structure of Ag—
Bi—I nanoplatelets. The calculations of the electronic structure
of the platelets with larger lateral dimensions were performed
by the k - p method, and the Hamiltonian parameterization
was carried out using the results obtained by the DFT. As a
model for the atomic structure of the Ag—Bi—I material, we
used the rhombohedral AgBil, configuration. The details about
its atomic structure, corresponding lattice parameters, and
atomic positions are given in the Supporting Information.

The electronic band structure of bulk AgBil, obtained from
DFT/PBE calculations is presented in Figure 6a. A direct band
gap can be observed at the Y, point in the Brillouin zone with a
band gap energy of 0.33 eV was found. As expected, the DFT/
PBE calculation yields a significantly lower value of the band
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Figure 6. (a) Electronic band structure of AgBil, obtained from DFT/PBE calculations. The blue horizontal line represents the valence band
maximum energy. The choice of the path in the Brillouin zone was made using the SeeK-path tool.®” (b) Density of electronic states (total density
of states and orbital projected density of states) of AgBil, obtained from hybrid PBEO functional calculations. The vertical dashed line denotes the
energy of the valence band maximum. The reported energy values in figures (a) and (b) are given with respect to the vacuum level.

gap than the energy value established in the experiment. For
this reason, an additional approach was considered, and the
calculation was performed using the hybrid PBEO functional.
In this calculation, the band gap energy of 1.3 eV was obtained,
which is much closer to the experimental result of 1.7 eV. The
calculated densities of electronic states are presented in Figure
6b. The results suggest that the highest states in the valence
band (in the energy interval of ~3 eV below the valence band
maximum) originate from p-orbitals of the I atom, while the
lowest states in the conduction band (in the energy interval of
~2.5 eV above the conduction band minimum) originate from
p-orbitals of the Bi and I atoms. This result is in agreement
with the previous reports”**® and supports the claim that the
optical transitions in Ag—Bi—I are dominated by I 5p to Bi 6p
and by I Sp to I Sp transitions in the (Bilg)*".

Since the lateral dimensions of the Ag—Bi—I nanoplatelets
are much larger than vertical dimensions (Figure 2), they were
modeled as quantum wells infinite in the xy plane with width L
in the z-direction. The procedure for constructing their atomic
structure is presented in the Supporting Information. Three
different methods were employed to calculate the electronic
structure of AgBil, quantum wells: (i) DFT/PBE; (ii) k - p
method with parameterization based on DFT/PBE calcula-
tions of bulk AgBil,; (iii) k - p calculations with parameter-
ization based on hybrid PBEO functional calculations of bulk
AgBil,.

The results obtained by using method (i) are presented in
the Supporting Information. This method cannot give accurate
values of the band gap, but it is still useful for gaining insight
into the overall role of quantum confinement effects. The
results indicate that these effects are quite weak. In the range of
well widths of 2 to S nm (corresponding to the range of the
heights of the nanoplatelets that were observed), the band gap
changes for about SO meV only (see Figure S12 in the
Supporting Information). The comparison of the band
structures of quantum wells with different widths (Figures
S13 and S14 in the Supporting Information) also suggests that
the electronic structure is only weakly dependent on the well
width. Therefore, within a reasonably good approximation, it
follows that the electronic structure of the nanoplatelet is
rather similar to the electronic structure of the bulk material.

The calculations using method (ii) were used to confirm
that the k - p method is reliable for the calculation of electronic
states in quantum wells. Details of this calculation are reported
in the Supporting Information. The results suggest that k - p

13744

and DFT/PBE yield essentially the same results for well widths
above 2 nm, which implies that k - p can be safely used then.

Finally, method (iii) was employed to calculate the band
gap, conduction band minimum (CBM), and valence band
maximum (VBM) of the quantum wells of various sizes. The
results (Figure 7) indicate a rather weak dependence of
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Figure 7. The dependence of CBM, VBM, and energy gap (E,) on
quantum well width. The results were obtained from the kp
Hamiltonian parameterized using the data from hybrid PBEO
functional calculations of bulk Ag—Bi—I. Horizontal dashed lines
denote the bulk values.

electronic states energies on the well width, consistent with
previous conclusions obtained by using less accurate methods.
It was also estimated that the dielectric contrast between the
nanoplatelet and the solvent does not affect the energy levels of
the nanoplatelet to a significant extent (see the Supporting
Information for details).

Bl CONCLUSIONS

In summary, we report a simple procedure for the chemical
exfoliation of sliver/bismuth iodide powders into Ag—Bi—I
nanoplatelets dispersible in acetonitrile together with results of
characterization and electronic structure determination.
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The XRD results showed that the material prepared is
composed of a rhombohedral Ag-rich rudorflite phase with
minor traces of the y-Agl phase. The results of the
morphological characterization revealed that the material is
in the form of layered two-dimensional nanoplatelets with
lateral dimensions of ~160 nm and thicknesses in the 1—8 nm
range, indicating that the prepared nanoplatelets consist of 1—
10 Ag—Bi—I monolayers. XPS analyses of the Ag 3d, Bi 4f, and
I 3d core levels suggested that the Ag—Bi—I rudorffite phase is
being formed by a redox reaction between Ag and Bil;, which
also results in the formation of y-Agl and metallic Bi phases.
The valence band electronic structure of isolated Ag—Bi—I
nanoplatelets was investigated by synchrotron radiation X-ray
aerosol photoelectron spectroscopy. An ionization energy of
6.1 + 0.2 eV was obtained with respect to the vacuum level.
The value of the ionization energy was found to be 1.4 & 0.2
eV with respect to the Fermi level by standard XPS. We
therefore estimated the work function of Ag—Bi—I nano-
platelets to be 4.7 eV. The band gap value of Ag—Bi—I powder
was estimated to be ~1.7 eV based on the diffuse reflectance
spectrum. The UV—vis absorption spectroscopy of the Ag—
Bi—I colloids showed that the optical properties of the
nanoplatelets originate mainly from I 5p to Bi 6p and I 5p to I
Sp transitions, which is further confirmed by DFT calculations.
To interpret the electronic properties of the Ag—Bi—I
nanoplatelets with larger lateral dimensions, we performed
electronic structure calculations using the density functional
theory and k - p methods. The DFT results showed weak
dependence of the ionization energy and the band gap values
of Ag—Bi—I nanoplatelets on their thickness.

This work demonstrates a simple and innovative route for
the preparation of colloidal 2D layered Ag—Bi—I nanomateri-
als. In addition, the study offers a deeper insight into the
understanding of the electronic structure of the Ag—Bi-I
nanoplatelets, which were further correlated with the particle
size.
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Figure S2. TEM images of a) Ag-Bi-I and b) Bilz nanoplatelets and c) HRTEM/EDS mapping of Ag-
Bi-I nanoplatelets for silver, bismuth, and iodine.
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. 28, 3.85

Figure S3. AFM profile analysis procedure for determination of the height distribution of Ag-Bi-I
nanoplatelets and the corresponding results table. The height profile in the random direction of
the observed particles was evaluated and maximum height was considered as the thickness of
the particle.
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Figure S4. XPS survey scan of Ag-Bi-l nanoplatelets.

a) —— Ag-Bi-l b)

—Bil,

Intensity
intensity

-~

10 9 8 7 6 5 4 6 5 4 3 2 1 0

S
1

binding energy vs. E (eV) binding energy vs. Ef (eV)
Figure S5. (a) Valence region photoemission spectra of Ag-Bi-I and Bils aerosol particles recorded
at 100 eV using XAPS. (b) Valence region photoemission spectrum of Ag-Bi-l measured using XPS

at 1486.6 eV.
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Figure S6. UV-vis absorption spectrum of Ag-Bi-l nanoplatelets dispersed in acetonitrile (red line)
and the theoretical absorption of bulk AgBils material (purple line) calculated by the procedure
described in Section A8. The theoretical curve was shifted by 0.4 eV to match the theoretical
value of the band gap with the experimental one.
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dispersions in acetonitrile (solid lines).
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Figure S8. Photoluminescence emission spectra of Ag-Bi-l nanoplatelets dispersed in acetonitrile.

A1l Parametrization of k - p Hamiltonian using the data obtained from DFT calculations

To enable accurate calculations of wider quantum wells, we constructed the k - p Hamiltonian
following the approach of Ref 1. Namely, the Hamiltonian matrix takes the form

Hon (k) = HSD (k) + HZ) (K),
where

-k
Hr(rgr)l(k)z[En(kO) —O)] mn T m—O)( nk0|p|meko)

@) (P, | (K — Ko) - P| Wik, Wik, | (K — Ko) - P| Wk, )
Hmn (1) = 0z [En(Ko) + Epy(Ko)]/2 — E; (ko) '

E,(K,) is the energy of band n at the wave vector Kk, |LPnk0) is the corresponding wave function,
and p is the momentum operator. The indices m and n denote the main bands that are used to
construct the K - p Hamiltonian, while the index [ denotes the remaining bands. The effects of
the later bands are included in calculations perturbatively . The k - p Hamiltonian is constructed
by calculating all the elements of the Hamiltonian matrix starting from calculated energies
E,(Kk,) and wave functions |1Pnk0) of the bulk material. One can use either the energies and
wave functions obtained from DFT/PBE calculation, or the ones obtained from the hybrid PBEO
functional calculation. In the latter case, it is expected that band gap of quantum wells would be
significantly more accurate. Once the K - p Hamiltonian is obtained, the electronic structure of

the quantum well can be calculated according to the procedure described in Section Ill B of Ref
1
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A2 Model for atomic structure of bulk Ag-Bi-l material

As a model for atomic structure of the Ag-Bi-l material we used the rhombohedral AgBils material.
We constructed its atomic structure as follows. We started with an atomic structure of the
rhombohedral CdCl,, and lattice parameters given in Ref. 2 (Table | therein). We replaced Cl
atoms with |, while we replaced the Cd atom in one primitive cell with Ag atom and the Cd atom
in the neighboring primitive cell with the Bi atom. We then performed DFT/PBE based relaxation
of lattice parameters and atomic positions. The final atomic structure that we obtained following
this strategy is given in Table S1.

Lattice constants (A):

a=7.028 b=7.028 c=7.220

Lattice angles (degrees):

alpha =80.14 beta = 88.86 gamma = 145.50

Fractional atomic coordinates:

Ag 0.00000 0.00000 0.00000
Bi 0.50000 0.50000 0.50000
I 0.63580 0.36420 0.88645
I 0.36420 -0.36420 0.11355
I 0.14486 -0.14486 0.37397
I 0.85514 0.14486 0.62603

Table S1. Lattice parameters and atomic coordinates of AgBils obtained from DFT/PBE
calculations.

A3 Model for atomic structure of nanoplatelets

Experimentally investigated nanoplatelets have much larger lateral dimensions than thickness.
For this reason, we modeled them as quantum wells that are infinite in xy-plane with the
thickness L in the z-direction. To construct the atomic structure of such quantum wells, we
performed the following procedure: we first noted that the atomic structure of the
rhombohedral AgBils that we investigated can be constructed by putting together different
atomic planes spanned by the vectors a + b and c¢. One such plane that contains Ag and Bi atoms
is sandwiched between two planes that contain | atoms. These three planes form one monolayer
of the material. We constructed a quantum well consisting of n monolayers by translating one
monolayer n times by vector a. The example of atomic structure of 8 monolayer quantum well
is presented in Figure S9.
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Figure S9. Atomic structure of a quantum well consisting of 8 monolayers. White lines denote
the supercell used in the calculation of the electronic structure. Ag atoms are shown in white, Bi
atoms are shown in violet, while | atoms are shown in magenta.

To calculate the electronic structure of a quantum well, we applied periodic boundary conditions
in the xy-plane, while included a sufficiently thick vacuum layer in the z-direction (see Figure S9)
to avoid electronic coupling in the z-direction between atoms from neighboring supercells.

A4 Determination of absolute positions of bulk energy levels with respect to vacuum

Density functional theory calculations with plane-wave basis and periodic boundary conditions
do not yield the absolute value of the position of the energy levels with respect to vacuum. To
align these levels with vacuum, we calculated the dependence of the averaged potential (the sum
of the Hartree potential and the local part of the ionic pseudopotential averaged over the xy-
plane) on z-coordinate. The dependence for 8 monolayer quantum well and for bulk is presented
in Figure S10. It can be noted that the potential outside the well is flat, but it is different from
zero. Therefore, the value of the potential outside the well gives us the shift that is necessary to
align all the energy levels in the quantum well calculation with vacuum level. Next, we noticed
that the shape of the bulk potential matches the potential in the middle of the well apart from a
constant energy shift. By shifting the bulk potential by this energy shift, the bulk potential is then
aligned with the quantum well potential. Hence, by aligning the bulk potential with quantum well
potential and the quantum well potential with the vacuum level, we eventually aligned the bulk
potential with the vacuum level, see Figure S11. Using the mentioned procedure and DFT/PBE
calculation method, we found the valence band maximum (VBM) energy to be -5.1 eV.
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Figure S10. Averaged potential profile as obtained from DFT/PBE calculation of the 8 monolayer
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Figure S11. Averaged potential profile of the 8 monolayer quantum well (blue line) and the bulk
material (orange line). The potentials obtained from DFT/PBE calculation were shifted to align
the quantum well potential with vacuum and the bulk potential with the potential in the middle

of the quantum well.

Still, the DFT/PBE calculation method gave slightly lower value for the position of the bulk VBM
energy with respect to vacuum level. To improve the calculation procedure, we used the result
obtained in hybrid PBEO functional calculation. The VBM energy value obtained by DFT/PBE
method is corrected by taking into account the differences in bulk VBM energies calculated using
DFT/PBEO and DFT/PBE methods. Such an approach is justified, because both PBE and PBEO
calculation methods when applied to the identical bulk material, using the same plane wave
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computational code, have a common energy reference. Using this procedure we found VBM
energy of the bulk material to be -5.95 eV.

A5 Electronic band structure of quantum wells calculated using DFT/PBE

Electronic structure calculations within DFT/PBE approach were performed for quantum wells
that have from one to 8 monolayers. The dependence of quantum well band gap on width is
presented in Figure S12. We found that this dependence is rather weak. For example, in the range
from 2 to 5 nm the gap changes by about 50 meV indicating that the effects that come from
guantum confinement are not particulary significant.
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Figure $12. The dependence of quantum well band gap (Eg) on its width(L) calculated by
DFT/PBE.

In Figures S13 and S14 we show the electronic band structure of the quantum well along several
characteristic directions of the two-dimensional Brillouin zone. The results suggest that the band
structure of multilayered quantum wells is rather similar to the band structure of one monolayer
guantum well. It can be seen in Figure S14 that each band in Figure S13 is transformed into six
similar and closely spaced bands. This also implies that the coupling between different
monolayers of the material is rather weak. Consequently, the electronic structure of a single
monolayer represents fairly well the electronic structure of the multilayered or even the bulk
material. For this reason, the band gap should not be affected by the change in the thickness of
the particles (number of quantum wells in the stack), which the results in Figure S12 indeed show.
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Figure S13. Electronic structure of single monolayer quantum well calculated using DFT/PBE. The
blue horizontal line represents the valence band maximum energy. The energies are given with
respect to the vacuum level.

Figure S14. Electronic structure of six-layer stack of quantum wells calculated using DFT/PBE. The
blue horizontal line represents the valence band maximum energy. The energies are given with
respect to the vacuum level.

A6 Electronic states of quantum wells calculated using the k - p method parameterized by using
results from DFT/PBE calculations

We calculated the electronic states at the top of the valence band and the bottom of the
conduction band of the quantum wells using a 4-band Kk - p Hamiltonian. The Hamiltonian was
derived from two highest (degenerate) states in the bulk valence band and two lowest
(degenerate) states in the bulk conduction band at the Y, point where these bulk bands exhibit
their maximum and minimum.

S10



To check the accuracy of the k- p method, the calculation was first performed using the
Hamiltonian derived from energies and wave functions obtained from DFT/PBE calculation. In
this case, the K - p results can be compared to the results obtained from full DFT/PBE calculation
of quantum wells. This comparison is presented in Figure S15. An excellent agreement between
DFT/PBE and Kk - p results was found except for thinnest wells where K - p is not expected to
perform well.
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Figure S15. Dependence of quantum well band gap on its width calculated using DFT/PBE and
using the K - p method with Hamiltonian parameterized with data from DFT/PBE calculations.

A7 Dielectric contrast effect

We also estimated the effect of dielectric contrast between the well and the surroundings. Self-
energy arising from this effect was calculated using Eq. (4) from Ref. 3. Assuming the high
frequency dielectric constants of 2.1 for AgBils * and 1.8 for acetonitrile, we obtained that the
change of energy levels is of the order of 25 meV for 2 nm wide quantum wells and decreases as
the well width increases.

A8 Absorption spectrum of bulk AgBils material

To understand the measured absorption spectrum, we performed the calculation of the
absorption of bulk AgBils material. We have previously observed (Figure 7 in the main part of the
paper) that the quantum confinement effects are weak. Therefore, it is expected that the
absorption spectrum of quantum well and the absorption spectrum of bulk should be similar.

The absorption coefficient is proportional to the quantity
1 1 2 6[E.(K) — E,(K) — E]
A(E) = - ve (k) |2 ve(k ve (k) |2 ¢ v
(B) = - §k E | 1PE GO + [pye Q0L + 2 P | ==~

In this equation, the sum is performed over N, points from the first Brillouin zone and over all
valence bands v and conduction bands, c.E.(K) and E,(K) denote the energies of states
involved in the transition, while pY¢(K) = (W, x|p|¥.) are the momentum matrix elements
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between these states. In actual calculation procedure, the delta function was replaced by a
Gaussian with standard deviation of 100 meV.

To perform the calculation on a sufficiently dense grid of Kk points, we performed k- p
interpolation of energies and wave functions. First, we carried out a hybrid PBEO functional
calculation on a 4 X 4 X 4 grid of points in reciprocal space. Then, for each Kk point which is not
on that grid, we found the point K, from the grid closest to that point and construct the k- p
Hamiltonian with Ky as the reference point. By solving the eigenvalue problem of that
Hamiltonian, we obtained the energies, wave functions, and momentum matrix elements at k.

The absorption spectra calculated by mentioned procedure is shown in Figure S16. Each of the
absorption curves is calculated using different sizes of the K point grid. As can be seen, the curves
converge starting from 8 x 8 x 8 grid. The calculated spectrum clearly shows a rise in absorbance
as energy increases, the trend that is observed experimentally. Also, the spectrum calculated on
a 8 X 8 x 8 grid exhibits a peak at 4.4 eV which matches well the experimental peak at 4.3 eV.
The experimental absorption onset at 2.2 eV is larger than the energy onset obtained by
calculations. Also, the experimental absorption peaks at 2.71 and 3.44 eV cannot be clearly
distinguished in the calculated spectrum.
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Figure S16. Absorption spectra of bulk AgBils material. The presented results correspond to
different sizes of the K point grid.
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Despite wide interest in halide perovskite materials, it is still challenging to accurately calculate their
electronic structure and its temperature dependence. In this work, we present ab-initio calculations of the
temperature dependence of the electronic structure of CsPbXs materials (X = Cl, Br or 1) in the cubic form
and of the zero temperature electronic structure of the orthorhombic phase of these materials. Phonon-
induced temperature dependent band energy renormalization was calculated within the framework of
Allen—Heine—Cardona theory, where we exploited the self-consistent procedure to determine both the
energy level shifts and their broadenings. The phonon spectrum of the materials was obtained using the
self-consistent phonon method since standard density functional perturbation theory calculations in
harmonic approximation yield phonon modes with imaginary frequencies due to the fact that the cubic
structure is not stable at zero temperature. Our results suggest that low energy phonon modes mostly
contribute to phonon-induced band energy renormalization. The calculated values of the band gaps at
lowest temperature where the material exhibits a cubic structure are in good agreement with experimental
results from the literature. The same is the case for the slope of the temperature dependence of the band
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gap for the CsPbls material where reliable experimental data are available in the literature. We also found
that phonon-induced temperature dependence of the band gap is most pronounced for the conduction
band minimum and valence band maximum, while other bands exhibit a weaker dependence.
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1 Introduction

Halide perovskite materials emerged in the last decade as
revolutionary materials for applications in solar cells,"™
lasers,” light-emitting diodes,”’” photodetectors,>® detectors of
ionizing radiation,'®* thermoelectric'*> and other devices."® To
understand the characteristics of these devices and to design
improved materials and devices, it is essential to be able to
predict the electronic structure of the material. Despite great
interest in understanding the electronic structure of halide
perovskites and numerous developments of the methods for
electronic structure calculations and the software for performing
such calculations, it is still rather challenging to accurately
determine the electronic structure of halide perovskites.

It is currently well understood that in electronic structure
calculations of halide perovskites one has to take into account
the effects of spin-orbit interactions due to the presence of

Institute of Physics Belgrade, University of Belgrade, Pregrevica 118, 11080
Belgrade, Serbia. E-mail: milan.jocic@ipb.ac.rs, nenad.vukmirovic@ipb.ac.rs
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and cif files with initial and relaxed coordinates of the orthorhombic structure of
CsPbX; materials. See DOI: https://doi.org/10.1039/d3cp02054a

This journal is © the Owner Societies 2023

heavy atoms such as lead."* " As in the case for many other
semiconductors, standard local or semilocal approximations to
density functional theory (DFT) underestimate the material band
gap'*'® and more sophisticated approaches, such as the use of
GW approximation'” or hybrid functionals,”®*" are necessary.

A group of challenges arises when it comes to predicting the
electronic structures of halide perovskites at room or higher
temperatures which are relevant for application in the men-
tioned devices. Temperature effects on the band gap and the
overall electronic structure of perovskites are rather
pronounced®?™® and one cannot simply consider the electronic
structure calculated for fixed atoms in a crystal lattice as the
electronic structure at higher temperatures.

The most successful theory for determining the temperature
effects on the electronic structure of semiconductors is the
Allen-Heine-Cardona theory.?*' Within this theory, one
expands the Hamiltonian up to second order terms in atomic
displacements from the equilibrium position and perturbatively
evaluates the change in band energies. In conjunction with the
methods for the electronic structure calculation for fixed atomic
positions, this theory was used to study the temperature depen-
dence of the band gap and zero temperature band gap renormaliza-
tion in a variety of semiconductors.*' > However, this theory can be
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straightforwardly applied to a particular material only if its crystal
structure at a given temperature is the same as at zero temperature.

The last condition is not fulfilled in halide perovskite materials.
Inorganic halide perovskite materials CsPbX; (X = Cl, Br or I) that
are of main interest in this work exhibit a cubic structure at high
temperatures only.””** As the temperature is lowered, they trans-
form into a tetragonal structure and finally to an orthorhombic
structure.>”~*° Therefore, the cubic structure is not a stable struc-
ture at zero temperature. When one attempts to calculate the
phonon dispersion in the material by assuming a cubic structure
at zero temperature, phonon modes of imaginary frequencies are
obtained*>**™* and it is not clear how to treat such phonons
within the Allen-Heine-Cardona theory.

Previous studies on the effects of temperature on halide
perovskite semiconductors have not addressed other bands than
the conduction band minimum (CBM) and the valence band
maximum (VBM). While these two bands are most relevant for
the determination of the band gap of the material, there is
significant interest in knowing the energies of the other bands.
These are important, for example, to understand the optical
response of the material in the ultraviolet spectral range relevant
for ultraviolet detectors.’ On the theoretical side, the knowledge
of band energies at characteristic points in the Brillouin zone is
necessary to construct multiband Hamiltonians*®™*° that can
further be used to predict the electronic states in halide per-
ovskite nanostructures. While the renormalization of energies of
the other bands can in principle be obtained in the same way as
for CBM and VBM within Allen-Heine-Cardona theory, certain
issues, related to the energy level broadening parameter J, arise.
On the one hand, band renormalization for other bands con-
verges linearly with respect to 6 when 6 — 0 in contrast to
Lorentzian convergence of CBM and VBM,**> which makes it
more challenging to obtain the convergence of other bands. On
the other hand, other bands typically exhibit larger broadening
of energy levels compared with the CBM and VBM. Conse-
quently, it is questionable if one should evaluate the § — 0
limit for other bands at all. Preferably, the broadening of the
energy levels should be evaluated simultaneously with the band
energy renormalization.

In this work, we perform electronic structure calculations of
the temperature dependence of the band gap and band energies
for halide perovskite materials CsPbX; (X = Cl, Br or I) in a cubic
crystal structure. Electronic structure calculations (without the
effects of phonon-induced band renormalization) are performed
using a hybrid functional that satisfies the Koopmans condition.
The challenge of treating phonons within the Allen-Heine-
Cardona theory is overcome by performing phonon band struc-
ture calculations at a finite temperature within the framework
of self-consistent phonon (SCPH) theory, where all phonon
modes remain stable. The challenge of the choice of energy
level broadening is overcome by performing the calculation in
which energy levels and their broadening are determined self-
consistently. We compare the obtained temperature dependence
of the band gap for the cubic structure to experimental results
from the literature. We also perform calculations of the ortho-
rhombic structure at zero temperature and comment on the
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overall temperature dependence of the band gap of CsPbX;
materials from zero to high temperatures.

This paper is organized as follows. In Section 2, we present
the main methods that were used in this work. Allen-Heine-
Cardona theory is briefly reviewed in Section 2.1 along with the
description of the two approaches that were used to calculate
phonon-induced band energy renormalization within this theory.
The SCPH method is reviewed in Section 2.2. In Section 3 we
present the results obtained and the details of the calculations.
We start with the results obtained using standard density func-
tional theory (DFT) calculations with semilocal functionals that
are presented in Section 3.1. In Section 3.2 we present the results
obtained using a hybrid functional that gives improved values of
the material band gap. Density functional perturbation theory
(DFPT) based calculations of the phonon spectrum are reported in
Section 3.3, while SCPH calculations of the phonon spectrum are
presented in Section 3.4. In Sections 3.5 and 3.6 we present the
main results of this work for the temperature dependence of
renormalization of band energies, while we compare the results
obtained with experiments in Section 3.7. We close the paper with
a discussion and conclusions in Section 4.

2 Methods

2.1. Allen-Heine-Cardona theory

In this section, we briefly review the Allen-Heine-Cardona theory
that describes phonon-induced band gap renormalization in semi-
conductor materials and present the procedure for self-consistent
calculation of phonon-induced renormalization of band energies
and their broadenings. The Hamiltonian of the system is given as

H=Hg + th + Hel—ph- (1)
The first term
Hy = Z Skn(?]}rmékm (2)
kn

describes the electrons, where ¢;,, and ¢, are creation and annihi-
lation operators, respectively, of an electron with wave vector k and
electronic band n whose energy is &,. The second term

o 1
Hy, = Z hiwg, (al‘p,a,,,, + E) 3)

qv

describes the phonons, where 51;,, and d,, are phonon creation and
annihilation operators, respectively, of a phonon with wave vector g
and phonon mode v whose angular frequency is «wg,. The third
term Hey_pp, is the Hamiltonian of the electron-phonon interaction.
By including the terms up to second order with respect to atomic
displacements, it takes the form

— § § Fan
HC]'Ph - 1/2 gnmz/ k q ck+qmck”( —qv + a‘]”)
q knm qu
N At N 4
++ Z Z gmn w/! k 4,9 )Lk+q+q/mﬁkn ( )
q knm qq' vV

x (@, + g @y + ),
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where gitn (k,q) and gb% (k. q,q') are first order Fan and second
order Debye-Waller matrix elements of electron-phonon inter-
actions and N, is the number of points in reciprocal space. The
first order Fan matrix element is given as:

i i 1/2
an

k,q) = Dy varye
Eum, 1/( q) g <2M,<(Uqu)

<l gl ) )
OVscr
ORea()
potential due to nuclear displacement and the phonon eigenvector,
respectively, describing the displacement of atom x with mass M,
at position R, in Cartesian direction o corresponding to phonon
vector (mode) g (v). The self-energy stemming from the first term in
eqn (4) reads

where ——— and ¢,,,,(q) are the perturbation of the Kohn-Sham

Fdn § Fan
an w, T ‘g nm, 1/ ‘
‘1 m,qu

x < nql/( T) + 1 _f}c+qm + nqu(T) +f}€+qm )
w— 8k+qm — Wqy + 0 w— Ek+qm + Wqv + i0

(6)

where 14,(T) is the Bose-Einstein occupation factor at a tempera-
ture T, fyqm is the Fermi-Dirac occupation factor and ¢ is a positive
infinitesimal. The self-energy from the second term in eqn (4) takes
the form

DW
anm (

N Zgnm 172 k g )(2an(T)+])7 (7)
7 q

where the second order electron-phonon matrix elements g,
(k, g, —q) from eqn (7) can be expressed in terms of first order
electron-phonon matrix elements by making use of translational
invariance and rigid-ion approximation.”>*°

The renormalization of energy levels can be calculated from
the self-energies. Within the so-called on-the-mass-shell
(OTMS) approximation,® the renormalized energy of band n
at point k in the Brillouin zone is

Eien(T) = egn + REZLE (e4ny T) + ReZRy (7). (8)

As discussed in the Introduction, there are challenges in
obtaining converged results for band energy renormalization
for bands other than VBM and CBM using eqn (6), (7) and (8).
The convergence with respect to energy level broadening para-
meter § as § — 0 is a slow linear convergence®> and hence one
needs to use rather small J, which in turn requires a large
number of g-points in the summation. The broadening of the
energy levels obtained from the imaginary part of the self-energy
is on the order of 100 meV or more. It is therefore questionable if
the 6 — 0 limit is relevant at all. It is certainly more appropriate
to self-consistently determine the renormalization and broad-
ening of the energy levels. This can be achieved as follows. We

1
O — Etqm T g, + 10
sent the retarded Green’s function of a bare electron Gfﬁqm (0 =

note first that the terms

in eqn (6) repre-
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wg,), while eqn (6) is the self-energy in the so-called Migdal
approximation. A more accurate approximation is the self-
consistent Migdal approximation where the bare Green’s func-
tion G is replaced with the dressed Green’s function G. Eqn (6)
then takes the form
S () = o [k (k. g)|
‘1 mqu

©)

X [(nll’/(T) +1 7fk+qm)Gk+qm(u) - wq,,)

+ (nqu(T) +ﬁc+qm)Gk+qm((U + wqu)] .

One can in principle determine the Green’s function, the self-
energy, the spectral function and hence the energy level renor-
malization and broadening by self-consistently solving eqn (9)
and the Dyson equation. However, this requires evaluation of all
these quantities at wave vectors throughout the whole Brillouin
zone in each step of the self-consistent procedure, which is a
highly demanding computational task. A significant simplifica-
tion that decouples different kn states can be made as follows.
We first note that the Green’s function in eqn (9) is given as

1
— Zhrgm (a))

Grergn(®) = (10)

@ = Eprqm
We then make a replacement X, gm(®w) — Zgy(®) in the
previous equation (where () = Zfa"(w) + ZRw'). This replace-
ment is justified by the fact that the dominant contribution to
the sum in eqn (9) comes from the terms in the sum that have
m =n and a small value of g. For such terms Xy, 4,,(®) & Zgn(®).
It is therefore appropriate to replace the self-energy for all
terms in the sum with the self-energy of the dominant terms.
The expression for X" then reads

S 0) = 5 S lekn (k)|
‘1 mqu
« ( nqu(T) +1 7fk+qm (11)
O — Ekrgm — Ogy — Zien (0 — Ogy))
nql/(T) +f)(+qm )
W — Ek+gm + Dgy — an(w + qu/) ’

It is important to note that eqn (11) does not contain the
self-energies of the states other than kn, which is a conse-
quence of the approximation used for Xz, 4n,(). The self-energy

Tran(@) can now be obtained using a self-consistent procedure
as follows. One starts with an initial guess for X;,(w) and
evaluates X5a"(w) using eqn (11) and the total self-energy as
the sum of the Fan and the Debye-Waller term. A new value of

Xa%() is then calculated again using eqn (11) and the proce-

Fan

dure is repeated until the convergence of X;;"(w) is reached.
The spectral function is then obtained as

() = —fm——— (12)

and the renormalized energy Ey, is obtained as the energy wmax
at which the spectral function reaches a maximum. The spec-
tral function Az,(w) represents the probability density that an
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electron of momentum k in band » has the energy . We note
that our procedure for evaluation of renormalized energies is
similar in spirit to the procedure suggested in ref. 50 (Eq. 166
therein), where approximations that also lead to decoupling of
different kn states were used. The difference between these
procedures is that we consider the full frequency dependence of
self-energies rather than the energy of the renormalized state
and its broadening only.

In Section 3, we will present the results obtained using both
of the mentioned approaches. The results obtained from
eqn (8) with self-energies given by eqn (6) and (7) will be
referred to as OTMS results, while the results obtained using
eqn (12) and self-consistent solution of eqn (11) will be referred
to as the self-consistent procedure (SCP) results.

We note that it is rather challenging to treat the electron-
phonon interaction in real materials beyond the approximations
mentioned. These approximations all contain the assumption
that the electron-phonon interaction is not too strong. Full
nonperturbative treatment of electron-phonon interactions has
so far only been performed for model Hamiltonians, such as the
Holstein or Frohlich model. In a recent study of the Holstein
model®” it was shown that for relatively weak electron-phonon
coupling the spectral functions in the Migdal and self-consistent
Migdal approximation are similar to the spectral functions
obtained using more advanced approaches, such as the cumu-
lant expansion method and the dynamical mean field theory.
Moreover, self-consistent Migdal approximation performs over-
all only somewhat worse than the cumulant expansion method,
which is not the case for the Migdal approximation that gives
inaccurate results starting from moderate values of electron-
phonon coupling. Based on the knowledge gained from the
Holstein model, we can infer about the accuracy of the OTMS
and SCP results for real perovskite materials. It is expected that
the SCP results which are based on the self-consistent Migdal
approximation should in principle be more accurate than the
OTMS results which are based on the Migdal approximation. On
the other hand, it will be shown in Section 3 that OTMS and SCP
results are not too different. This suggests that we are in the
regime where electron-phonon coupling is relatively weak,
where it is appropriate to apply either the Migdal or the self-
consistent Migdal approximation.

We also note that in both the OTMS and SCP approach,
as typically done in the literature,>® we were evaluating only
the diagonal (intraband) self-energies X;,(w) and not the off-
diagonal (interband) self-energies X, (®) (with n # m). In the
case of the OTMS approach one is actually interested in diagonal
self-energies only because they directly determine the band
energy renormalization, see eqn (8). On the other hand, intro-
duction of off-diagonal self-energies in the SCP approach would
strongly increase the computational burden of the whole proce-
dure. On physical grounds, it should be noted that band energy
renormalization due to interband electron-phonon scattering
processes is already described by the diagonal self-energies
[via the m#n terms in the sum in eqn (6)]. Hence, inclusion
of non-diagonal self-energies would represent only a higher
order effect.
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2.2. The self-consistent phonon method

Since the standard approach based on the use of harmonic
approximation and DFPT is not sufficient to describe phonons
in cubic CsPbX; materials, a more sophisticated approach is
needed. We therefore use the self-consistent phonon method
following the methodology and the implementation of ref. 53.
In this section, we briefly review the main ideas of the method
and its implementation.

In the Born-Oppenheimer approximation, the dynamics of
lattice ions is described by the Hamiltonian H = T+ U, where T is
their kinetic energy, while U is the potential energy which is a
function of the displacements from the equilibrium position.
The potential energy can be expanded as U = U, + U, + Uz + Uyt
..., where the term U, is of n-th order with respect to atomic
displacements and the term U; is missing because it contains
forces which are zero in equilibrium. Keeping the terms U, and
U, only is the standard harmonic approximation. In this case,
phonon frequencies are obtained from diagonalization of the
corresponding dynamical matrix.

To obtain the phonon frequencies in a general case when
the terms beyond U, are included, one can make use of many
body Green’s function theory. The Hamiltonian is divided into
H = H, + H; where Hy = T + U, + U, is the harmonic part of the
Hamiltonian whose solution is known, while the anharmonic
terms H, = Uz + U, + ... constitute the interaction part. The
phonon Green’s function G, for the Hamiltonian H, is known,
while the Dyson equation relates G,, the phonon Green’s func-
tion G of the Hamiltonian H and the self-energy . The Dyson
equation has to be complemented with the equation for self-
energy. The self-energy is in principle given by a diagrammatic
expansion involving an infinite number of Feynman diagrams.

------ PBE(sol)-cubic | ,,~""”
3t PBEO-cubic CstC@i///’ |
- CSPbB’I:;,,/'/’ N
Sy
= ]
I
\ A TTTTITTY ¥
o ; ;
Eexp [eV]

Fig. 1 Comparison of experimental and theoretical results for the elec-
tronic gap for CsPbXs (X = Cl, Br or I) calculated without taking tempera-
ture effects into account. The line x = y represents the experimental results
for the lowest temperature of the cubic structure. The symbols denote
calculated values for the cubic structure using the PBE (PBEsol) functional
for CsPbls (CsPbClz and CsPbBr3) (inverted triangles) and PBEO functional
modified to satisfy the Koopmans condition (diamonds).
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In practice one selects only the most relevant diagrams for the
problem at hand. To obtain the renormalized phonon frequen-
cies, it turns out that the most relevant diagram is the loop
diagram originating from the quartic term U, (shown in Fig. 1(a)
in ref. 53). The Green'’s function and the self-energy can then be
found self-consistently and the renormalized phonon frequency
is determined from the pole of the Green’s function.

To perform the calculation within the SCPH method, one also
has to obtain all relevant force constants that appear in the U,
terms in the expansion of U. The second order force constants are
obtained from supercell density functional theory calculations
and the finite displacement method. While the finite displace-
ment method can in principle be used to obtain higher order
force constants, a different strategy yields more stable results
for the force constants. Namely, finite-temperature ab-initio
molecular dynamics calculations are performed to obtain various
atomic configurations and the corresponding total energy and
forces in these configurations. The force constants that appear in
anharmonic terms in U are then fitted to the data obtained, where
great care has to be taken to avoid overfitting the data. Details of
the full calculation protocol are reported in Section 3.4.

3. Results and calculation details

3.1. Density functional theory calculations with semilocal
functionals

As a first step, we performed density functional theory calcula-
tions of the electronic structure of the CsPbX; materials using
the semilocal PBEsol’* functional in the case of CsPbCl; and
CsPbBr;, while the PBE functional®® was used in the case of
CsPbI;. Calculations were performed using the plane-wave code
Quantum Espresso.”®®” Norm-conserving fully relativistic
pseudopotentials®®>® were used to treat the effect of core elec-
trons. The effects of spin-orbit interaction were included. The
wave functions were represented on a 4 x 4 x 4 reciprocal space
k- point grid with a kinetic energy cutoff of 50 Ry for CsPbCl; and
CsPbBr; and a cutoff of 40 Ry for CsPblI;. We note that a different
functional was used for CsPbl; because the gap obtained using
the PBEsol functional at the optimized lattice constant obtained
from this functional is nearly zero, which prevents the use of this
functional in further DFPT calculations.

The optimized lattice constants for the cubic structure
obtained from the calculations are respectively 10.6 a,, 11.1 a,
and 12.1 g, (in units of first Bohr radius a, for CsPbCl;, CsPbBr;
and CsPbl;). We note that the lattice constants obtained for
CsPbCl; and CsPbBr; are in excellent agreement with the
experimental lattice constant at the lowest temperature where
the material exhibits a cubic structure (which are 10.59 a, at
320 K for CsPbCl; and 11.10 a, at 403 K for CsPbBr3;, see ref. 42).
This agreement is reasonable in the case of CsPbl; (experimental
lattice constant is 11.67 a, at 300 K, see ref. 60) and would be
better if the PBEsol functional, which gives the lattice constant of
11.8 a,, was used. However, as noted before, the use of PBEsol
functional for CsPbl; closes the gap of the material and hence
this functional was not used for CsPbI;. While the agreements
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obtained are somewhat fortuitous because standard DFT calcu-
lations are performed at zero temperature, the lattice constants
obtained were used in further calculations because they are in
good agreement with experimental lattice constants. The direct
band gaps at the R-point obtained for CsPbCl;, CsPbBr; and
CsPbl; are respectively 0.59 eV, 0.22 eV and 0.21 eV. These gaps
are well below the experimental band gaps, see Fig. 1. This is
expected because it is well known that semilocal functionals
underestimate the band gap.®'

We also performed calculations for the orthorhombic structure
of the CsPbX; material that is stable at zero temperature. The
coordinates of the initial structure were taken from The Materials
Project website®® as structures numbered 675524, 567 629, and
1120 768 for CsPbCl;, CsPbBr; and CsPbls, respectively, and were
further relaxed (cif files for the initial and relaxed structures are
included in the ESIt). The CsPbCl; orthorhombic structure corre-
sponds to space group number 38 (Amm2) with 10 atoms per
primitive cell, while CsPbBr; and CsPbl; orthorhombic structures
both correspond to space group number 62 (Pmna) with 20 atoms
per primitive cell. The same density functionals, k-point grid
dimension, and the plane wave kinetic energy cutoff were used
as in the case of the cubic structure. We used the PBEsol
functional for optimization of atomic coordinates and dimen-
sions of the unit cell for all three materials (since the gap of
orthorhombic CsPbl; does not close when the PBEsol functional
is used in the calculation). The calculations were performed using
the Quantum Espresso code®®”” with variable cell relaxation
option. The band gaps obtained for orthorhombic CsPbCl;,
CsPbBr; and CsPbl; are respectively 1.1 €V, 0.83 eV and 0.62 eV.

3.2. Hybrid functional calculations

To overcome the band gap problem of semilocal functionals, we
performed the electronic structure calculation using a hybrid
functional. In particular, we make use of the PBEO functional®***
whose parameter o is chosen to satisfy the Koopmans condition.
We used the values of o for CsPbX; materials that were calcu-
lated in ref. 65. Hybrid functional calculations were also per-
formed using the Quantum Espresso code.’®*”°® The calculation
parameters common to standard semilocal DFT calculation were
set to the same values. In addition, for cubic structures a 4 x 4 x
4 reciprocal g- points grid was used to sample the Fock operator
and the Gygi-Baldereschi method®” was used to treat the singu-
larity at ¢ — 0. For orthorhombic structures that have a larger
unit cell than cubic structures, 3 x 3 x 2 k- and g-points grids
were used in the case of CsPbBr; and CsPbl;, while we used 4 x
4 X 4 k- and g-points grids for CsPbCl.

In hybrid functional calculations, we obtain the values of
2.4 eV, 1.5 eV and 0.96 eV for the band gap of cubic CsPbCl;,
CsPbBr; and CsPbl;. These values are closer to experimental
values than the values obtained from semilocal functionals.
However, these values are still smaller than the experimental
band gaps, see Fig. 1. This result indicates that temperature
effects might play a significant role and that it is important to
investigate them.

In the case of orthorhombic structures, we obtain band gaps
of 3.0 eV, 2.4 eV and 1.5 eV, respectively for CsPbCl;, CsPbBr;
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and CsPbl;. These results are in good agreement with experi-
mental gaps of the low-temperature orthorhombic structures,
which are 3.056 eV for CsPbCl; (ref. 68), 2.25 eV for CsPbBr;
(ref. 69) and 1.72 eV for CsPbl; (ref. 70).

3.3. Density functional perturbation theory calculations of the
phonon band structure

To take into account the effect of temperature on the electronic
band structure, it is necessary to calculate the phonon frequencies
and eigenvectors and the electron-phonon coupling constants.
For this reason, we perform DFPT calculations of phonons in
harmonic approximation. The same density functional, kinetic
energy cutoff and the reciprocal space k-point grid were used as in
DFT calculations. The calculations were performed using the
ABINIT code.”**

The phonon band structures obtained from calculations for
cubic CsPbX; materials are presented in Fig. 2 (dashed line), where
phonons with imaginary frequencies are presented using negative
values. Since the cubic structure is not stable at zero temperature,
there is a significant number of phonon modes with imaginary
frequencies. It is therefore a challenge to include such modes in
the calculation of phonon-induced band renormalization.

3.4. Calculation of phonon band structure within the
self-consistent phonon method

Standard DFPT calculations of the phonon band structure
assume zero temperature and the harmonic approximation.
As discussed in Section 3.3, this leads to phonon modes with
imaginary frequencies for the cubic structure. To overcome this
issue, one has to take into account the anharmonic effects and
the effects of temperature. This can be naturally accomplished
using the self-consistent phonon method.>*”?

The calculations based on the SCPH method were per-
formed using the following protocol. The calculations were
performed using the ALAMODE code,**”® while DFT calcula-
tions and ab-initio molecular dynamics simulations were per-
formed using the Quantum Espresso code.>®*” One first has to
obtain all relevant force constants. (i) Harmonic force constants
were obtained by performing the DFT calculation of 2 x 2 x 2
cubic supercells, where a shifted 4 x 4 x 4 k-point grid was
employed. Other parameters of the DFT calculation are the
same as in Section 3.1. An atom is displaced by 0.01 A in a
certain direction and new atomic forces are calculated. The
harmonic force constants are then obtained from these forces
using a least squares fit implemented in the ALAMODE code.
(ii) To obtain anharmonic force constants, we first generate
representative atomic structures which will be used for evalua-
tion of forces and subsequent force constant fitting. We per-
form 2000 steps of NVT ab-initio molecular dynamics at a
temperature of 500 K with a timestep of 2 fs fora 2 x 2 x 2
cubic supercell. To gain computational speed in this calculation
we reduce the kinetic energy cut-off to 30 Ry and we use the
k-point grid consisting of the I' point only. This is justified in
this place, since the goal is only to obtain configurations where
atoms are displaced from their equilibrium positions, rather
than to extract physical quantities from the molecular dynamics
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simulation. We then select 30 snapshots from the simulation
which are equally spaced from timestep 500 to timestep 2000.
(iii) For the snapshots obtained, we additionally displace each
atom by up to 0.1 A in each direction. For these 30 snapshots, we
accurately compute the atomic forces from DFT by using 50 Ry
kinetic energy cutoff and a shifted 4 x 4 x 4 k-point grid. (iv)
With the forces obtained we perform fitting of the force con-
stants using the adaptive LASSO method, following ref. 53 and
77. In the fitting, we put a restriction that fourth order force
constants are zero beyond third neighbor atoms, that the fifth
and sixth order constants are nonzero for nearest neighbors only
and that higher order constants are equal to zero. (v) The force
constants obtained in the previous step are used as an input for
the SCPH method calculation. In the SCPH method calculation,
we neglect the off-diagonal elements of the self-energy and use a
4 x 4 x 4 grid to represent the self-energy in reciprocal space.
The phonon band structure obtained from the SCPH method
is presented in Fig. 2. We obtain phonon frequencies that are
non-negative throughout the whole Brillouin zone. We also find
that with an increase of temperature, a small but non negligible
shift in frequencies is present. These shifts are negative for the
three highest bands and positive for the rest. We will see in
Section 3.5 that these shifts are large enough to have a signifi-
cant contribution to the renormalization of electronic bands.

3.5. Band energy renormalization calculations using the
OTMS approach

In this section, we present the results for band energy renor-
malization calculations of cubic CsPbX; materials obtained
using the OTMS approach. The calculations, in this and in
the following section, were performed using our own code
which takes DFPT results from the ABINIT code.”* These results
include variations of the Kohn-Sham potential with respect to
ionic displacements and the interatomic force constants, that
are then used to calculate first and second order matrix
elements of electron-phonon interaction. In all band energy
renormalization calculations bare band energies that appear in
eqn (6) and (7) were taken from DFT calculations reported in
Section 3.1.

To make sure that the results obtained are reliable one has
to take enough g-points in the summations in eqn (6) and (7)
and one has to check the sensitivity of the results to the value of
the parameter 0 in eqn (6). It has been shown in ref. 32 that the
band energy renormalization for polar materials converges as
NL with the number of points N, and that a Lorentzian type

q
convergence for CBM and VBM energies of polar materials is
obtained while decreasing J.

In ref. 22 phonon modes obtained within the harmonic
approximation were used, however, the phonon modes with
imaginary frequencies were simply disregarded. In this
approach it remains unclear whether one should disregard
only the phonons at certain g-points where their frequency
becomes imaginary or one should disregard the whole phonon
mode that produces an imaginary frequency in at least one
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Fig. 2 Phonon dispersion (left column) and phonon density of states (in arbitrary units) for CsPbXs (X = Cl, Br or |, in rows from top to bottom) obtained
using the SCPH method at T = 400 K (solid line) and T = 700 K (dot-dashed line), as well as using DFPT with harmonic approximation (dashed line).

point in the Brillouin zone. To understand whether the approach
where imaginary phonon frequencies are discarded can provide
reasonably good results, we performed the convergence tests
with respect to N, and ¢ in three cases: (i) assuming phonon
frequencies from DFPT and disregarding the contribution from
phonons with imaginary frequencies; (ii) assuming phonon
frequencies from DFPT and disregarding the contribution from
the whole phonon bands that exhibit imaginary frequencies at
any g-point; (iii) assuming phonon frequencies obtained from
the SCPH method. These three cases will be referred to as cases
(), (ii) and (iii) in what follows.

In Fig. 3 we present the results for band gap renormalization
obtained using the OTMS approach in each of these cases.
We see that in case (i) the behavior with respect to N, is not
convergent and one obtains unphysically large band gap renor-
malizations. In this case several phonon bands cross zero energy
at several different points in the Brillouin zone (see the left
column in Fig. 2), which leads to divergence of Fan matrix
elements due to the wg, term in the denominator, see eqn (5).
The convergence is better in case (ii) when such phonon bands
are simply disregarded, however one obtains band gap renorma-
lization which is underestimated with respect to case (iii). In case
(iii), we obtain convergence with respect to ¢ and Nj.

In Fig. 4 we decompose the CBM and VBM renormalization
into contributions from phonons of different energies. Most of the
contributions come from the region where the density of phonon
states is the highest and these contributions come mostly from
lower bands. Lower energy phonons also tend to have larger
electron-phonon coupling matrix elements due to the g, term
in the denominator in eqn (5). This fact also contributes to
prevalent contribution of lower energy phonons to band energy
renormalization. Since most of these lower energy phonons turn

This journal is © the Owner Societies 2023

into imaginary frequency phonons within the DFPT calculation,
the results obtained in case (ii) are underestimated in comparison
to the results in case (iii). We also analyzed the contributions of the
first order Fan and second order Debye-Waller terms in eqn (8) to
band energy renormalization. In line with previous literature
results for other materials,>®’® we find that these two terms have
opposite signs and that both of these terms have significant
absolute values, see Fig. S22 in the ESLf{ For these reasons,
accurate calculation of each of these terms is necessary to obtain
reliable final results for band energy renormalization.

Next, we discuss the linearity of the temperature dependence
of the band gap renormalization. One can notice from eqn (8)
[with self-energies given by eqn (6) and (7)] that the temperature
dependence originates only from the Bose term in these equa-
tions. When phonon energies are small the temperature depen-
dence of the Bose term is linear. As a consequence, the
temperature dependence of band energy renormalization is also
linear in case (ii), as can be seen in Fig. 4. On the other hand, in
case (iii) the phonon frequencies also depend on temperature
and the temperature dependence of the band gap is determined
by the ratio of the Bose term (which contains temperature
dependent phonon frequency) and the phonon frequency [which
comes from the Fan matrix element, see eqn (5) and (6)]. The
Bose term increases the gap with temperature as in case (ii),
however, most of the temperature dependent frequencies (espe-
cially the ones where the density of phonon states is the largest)
increase with temperature. They then tend to decrease the
renormalization, which leads to nonlinear dependence in case
(iii), as seen in Fig. 4.

Our final result for temperature dependence of the band gap
of the investigated materials using the OTMS approach is
among the results presented in Fig. 5. For the reasons
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Fig. 4 Contributions from phonons of different frequencies to VBM (left column) and CBM (middle column) renormalization at T = 400 K and
temperature dependent gap renormalization (right column) for CsPbXs (X = Cl, Br or |, in rows from top to bottom) obtained using the OTMS approach.
The results in case (i) are shown as filled bins, while the results in case (iii) are shown as transparent bins. The value of each bin b(w,) represents the
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Fig. 5 Temperature dependence of the calculated band gap of CsPbXs
materials (X = Cl, Br or |, from top to bottom). The calculated band gap of
orthorhombic structures at zero temperature is represented by hexagons,
while the band gaps of the cubic structure calculated using the SCP
(OTMS) approach are represented by full (dotted) lines and two color
squares (circles). Experimental results are represented by single color
squares with the values of 2.85 eV (ref. 79), 2.36 eV (ref. 80), and 1.67 eV
(ref. 81) respectively, at temperatures of 320 K, 403 K and 300 K,
respectively, for CsPbCls, CsPbBrz and CsPbls, respectively. Dashed lines
are used as a guide to the eye to connect the zero temperature result for
the band gap of the orthorhombic structure with the result at the lowest
temperature where the material exhibits a cubic structure.

previously discussed, these results and all subsequent results
were obtained by taking the phonon frequencies obtained from
the calculation based on the SCPH method. In all calculations
reported in this and the next section renormalized band energies
were obtained by adding the phonon-induced renormalization to
the band energies calculated using the hybrid functional as
described in Section 3.2. The results at temperatures lower than
the temperatures where the cubic structure exists are blurred.
The OTMS approach can be used in principle to determine
the renormalization of bands other than the CBM and the VBM.
As discussed in the introduction and Section 2.1, band renor-
malization for other bands exhibits a slow linear convergence
with respect to 6 when 6 — 0 in contrast to Lorentzian
convergence of CBM and VBM. As a consequence, one has to
go to rather small values of ¢ to reach convergence. However, for
small values of 9, large values of N, are needed, which introduces
a large computational burden. We illustrate this behavior in
Fig. S1, Fig. S9 and Fig. S14 in the ESIj for the cases of
CsPbCl;, CsPbBr;, and CsPbl;, respectively. For larger values of
0 (100 meV and 50 meV in the figure) good convergence with
respect to N, is achieved but the result still depends on ¢ and one
therefore needs to go to smaller J to achieve convergence with
respect to §. However, for smaller values of 6 (10 meV and
1 meV), convergence with respect to N, could not be achieved
with grids up to 20 x 20 x 20. As also discussed in the
introduction and Section 2.1, it is questionable whether the
limit 6 — 0 of the energy level broadening parameter gives
accurate results given the fact that the energy levels of higher
bands can exhibit significant broadening. For all these reasons,
it is more desirable to self-consistently determine the energy
level broadening. These results are the subject of Section 3.6.
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3.6. Band energy renormalization calculations using the SCP
approach

We now present the results for band energy renormalization
obtained using the SCP approach. The frequency dependence of
the self-energy and the spectral function for several bands at the
R point in the case of the CsPbBr; material at T = 400 K is
presented in Fig. 6 (the same results for CsPbCl; and CsPbl; are
presented respectively in Fig. S4 and S17 in the ESIt). We denote
the bands in ascending order of energies at the R point as VBM4
(2x), VBM3 (4x), VBM2 (2x), VBM1 (4x), VBM (2x), CBM (2x),
CBM1 (4x), CBM2 (2x), CBM3 (2x), and CBM4 (4x), where the
numbers in brackets denote their degeneracy. The spectral
functions of the CBM and VBM are relatively narrow and
symmetric, while the spectral functions of other bands (CBM1
and VBML1 in Fig. 6 and CBM2-4 and VBM2-4 in Fig. S10 and S12
in the ESIt in the case of CsPbBrj;, see also Fig. S2, S4 and S6
(ESIt) for CsPbCl;, as well as Fig. S15, S17 and S19 (ESI¥) for the
CsPbl; material) are wider and somewhat asymmetric. This
result confirms that it was necessary to go beyond the OTMS
approach in the 6 — 0 limit to obtain accurate results for bands
other than the CBM and VBM. There is even a difference between
the OTMS and SCP result for CBM and VBM which leads to a
band gap difference between the two approaches on the order of
100 meV at T = 400 K (see Section 3.7 for more details).

In Fig. 7 we demonstrate that convergence with respect to N,
was achieved with a 20 x 20 x 20 grid. Convergence is achieved
both for the real part of self-energy that corresponds to band
energy renormalization and for the imaginary part of the self-
energy that is related to energy level broadening. As expected, it
is easier to reach convergence for energy levels that exhibit
larger broadening, that is, for states other than the CBM and
VBM (Fig. 7 and Fig. S11 and S13 in the ESI,} see also Fig. S3, S5
and S7 (ESIt) for the CsPbCl; material, as well as Fig. S16, S18
and S20 (ESIt) for the CsPbl; material). The CBM and VBM
states exhibit the lowest broadening due to the fact that single
phonon emission processes from these states are not possible.
Hence the total scattering rate from these states, which is
related to energy level broadening, is determined by phonon
absorption processes only. On the other hand, for bands higher
than the CBM (lower than the VBM), there is always a nearby
other band below (above) it to which phonon emission is also
possible. Hence, these states exhibit higher electron-phonon
scattering rates than the CBM and VBM, which leads to larger
broadening of these states.

The final results for temperature dependence of band energies
and the imaginary part of self-energies (that are related to energy
level broadening) at the R point for the CsPbBr; material are
presented in Fig. 8. The same results for CsPbCl; and CsPbl; are
presented in Fig. S8 and S21, respectively, in the ESL{ The results
indicate that the temperature dependence of band energies is
most pronounced for the CBM and the VBM and that it is much
weaker for the other bands. The energy level broadenings increase
as the temperature increases and this dependence is nearly linear
for most bands.

The temperature dependence of the band gap calculated
within the SCP approach is presented in Fig. 5. The results
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Fig. 6 The frequency dependence of the self-energy and the spectral function for bands VBM1, VBM, CBM and CBM1 at the R point in the case of the

CsPbBrs material at T = 400 K.

suggest that the gap renormalization and the band gap are
somewhat smaller in the SCP approach than in the case of the
OTMS approach. The largest difference between the two
approaches is at the highest temperatures. This difference
originates from the fact that the spectral function within the
SCP approach takes a relatively broad asymmetric shape at these
temperatures, while the OTMS approach inherently assumes a
narrow symmetric Lorentzian spectral function. A comparison of
the temperature dependence of the band gap within the SCP
approach with experiments will be discussed in Section 3.7.

To gain insight into the effect of temperature on band
energies throughout the Brillouin zone, we also performed
SCP calculations of the spectral function and band energy
renormalization at points I', X and M in the Brillouin zone
for the three investigated materials. The results are presented
in Fig. S23-S85 in the ESL All energy levels at X and M points
are twofold degenerate, while the degeneracy of the bands at I
is as follows: VBM4 (4x), VBM3 (2x), VBM2 (4x), VBM1 (2X),
VBM (4x), CBM (2x), CBM1 (4x), CBM2 (2x), CBM3 (2x), and
CBM4 (4x). We can see (Fig. S29, S36, S43, S50, S57, S64, S71,
S78, and S85 in the ESIT) that in most cases the real and the
imaginary part of the self-energy are smooth and continuous
when the temperature changes. The exceptions are VBM2 for
CsPbCl; between T=50 Kand T = 100 K, and VBM1 for CsPbBr;

and CsPbl; between T = 550 K and T = 600 K, all three at the X
point (Fig. S50, S57, and S64 in the ESI,T respectively). In these
cases, the spectral function has two competing maxima (see
Fig. S87-S89 in the ESI{) that are well inside the range of its
half-width and the change in temperature changes the domi-
nant maximum. It should be noted that for all of the examined
points, the changes in state energies are such that the band gap
remains determined by the R point VBM and CBM. However, an
increase in the temperature can change the ordering of the
bands: at certain points in the Brillouin zone some neighbour-
ing bands below (above) the VBM1 (CBM1) will swap places
with respect to their order obtained from the PBEO functional
calculations. Nevertheless, for simplicity, we label the bands
based on their ordering obtained from zero temperature PBEO
functional calculations. When it comes to energy level broad-
ening, it turns out that it is lowest for the VBM and CBM bands
(with the imaginary part of the self-energy well below 100 meV
for these states and significantly above 100 meV for the other
states), as in the case of the R point. The CBM and VBM states
at these points are well separated in energy from the other
bands (see the material band structures in Fig. S86 in the ESIf)
which restricts the phase space for electron scattering. The
exception to this behaviour is the VBM state at the I' point
which is rather broad. In this case, there are several bands that

VBM1 VBM CBM. CBM1
Sheeeo—da01 T 1-03 } 103t 0.1
= “"/_‘\. M/ —— ReSin (W)
St 100} 1-0.4 102 F 10.0
=t 0.1 } e _m--®00 [ wew——u00 | 10.0
Q, - ] Nl L]
S |mm mm-m— = - hnEkn(wnmx)
ﬁr 1-0.2 1-0.1 1-0.1 1-0.1
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Y,

Fig. 7 The dependence of the real and imaginary part of self-energy at the renormalized energy on the size of the g-points grid. The results are
presented for the CsPbBrz material at T = 400 K for bands VBM1, VBM, CBM and CBM1 at the R point.
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Fig. 8 Temperature dependence of the band energy and the imaginary part of the self-energy for VBM and VBMx (CBM and CBMx) bands (where x = 1,
2, 3, 4) calculated using the SCP approach. The results are shown for CsPbBrs at the R point. Vertical and horizontal dotted lines represent the
temperature of the phase transition to cubic structure T. = 403 K and band energy from PBEO calculations, respectively.

are close in energy to the VBM state at I'. The hole can scatter to
these bands which contributes to the increase of energy level
broadening.

3.7. Comparison of temperature dependence of the band gap
with experiments

In this section, we compare the results for the band gap and its
temperature dependence with available experimental results
from the literature.

In the case of CsPbBr; we obtain the band gap of 2.08 eV and
2.20 eV from SCP and OTMS, respectively, at a temperature of
400 K. This result is close to the experimental value of 2.36 eV
from ref. 80, obtained at 403 K. Our calculation gives the band
gap of CsPbCl; of 3.01 eV and 3.07 eV from SCP and OTMS,
respectively, at a temperature of 320 K. This result is in good
agreement with experimental value of 2.85 eV from ref. 79.
For the CsPbI; material we obtain the band gaps of 1.35 eV and
1.45 eV from SCP and OTMS, respectively, at a temperature of
300 K, which is in reasonable agreement with experimental
values of 1.67 eV (ref. 81) and 1.73 eV (ref. 82).

Next, we discuss the slope of the temperature dependence of
the band gap. In the range of temperatures where the material
is in the cubic form, the calculated temperature dependence
is nearly linear. Therefore, for the purpose of comparison with
experiments, it is sufficient to discuss its slope. In the case of

dE,
CsPbBr;, we obtain the slope <d—7§> of 0.50 meV K" and
ph

0.80 meV K~ from SCP and OTMS, respectively, in the tempera-
ture range from 400 K to 700 K. For CsPbCl;, the calculation
yields the slope of 0.68 meV K™ and 0.96 meV K" from SCP and

This journal is © the Owner Societies 2023

OTMS, respectively, in the temperature range from 320 K to

dT
0.41 meV K" and 0.77 meV K from SCP and OTMS, respec-
tively, in the temperature range from 300 K to 700 K.

To compare the slope of the temperature dependence to
experiments, one also has to take into account the effect of
thermal expansion, which is not included in the calculation
with a fixed lattice constant. The slope of the temperature
dependence of the band gap from the effect of thermal expan-

sion is given as
dE;\  (dE,\ (da
(@), (&) 7) )
g

dE,
where du is the slope of the dependence of the band gap on

dE,
700 K. Finally, for CsPbl; we obtain the slope (—g) of
ph

. da .
the lattice constant and qr s the slope of the temperature

dependence of the lattice constant, which is related to linear
thermal expansion coefficient as

1 da
=——. 14
* T adr (14)

We estimate dEg by calculating the gap dependence of the
lattice constant us?ng DFT with the same semilocal functional
used in Section 3.1. We obtain respectively the values of 2.1, 2.4
and 1.1 eV A~! for CsPbBr;, CsPbCl, and CsPbl,. Literature
values of linear thermal expansion coefficients are respectively
0.26 x 107* K%, (0.22-0.30) x 10~* K™* and (0.39-0.40) x
10~* K ' for CsPbBrs;, CsPbCl; and CsPbl; (ref. 83). From
eqn (13) and (14) we then obtain that (dE,/dT)rg is respectively
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equal to 0.32 meV K, 0.35 meV K" and 0.29 meV K~ ' for
CsPbBr;, CsPbCl; and CsPbl;. The results suggest that the
contribution from thermal expansion is smaller than the con-
tribution from phonon-induced band gap renormalization for
all the materials studied.

The total slope of the temperature dependence of the band
gap can be estimated by adding contributions from phonon-
induced band gap renormalization and from thermal expansion

dE,  (dE, dE,
dr (dT)TE+<dT o (15)

We then obtain dE; of 0.81 meV K ' (1.12 meV K ),
1.02 meV K ' (1.31 meV K '), and 0.70 meV K * (1.06 meV K )
from SCP (OTMS) results, respectively, for CsPbBr;, CsPbCl; and
CsPbl;.

Experimental data for the temperature dependence of the
band gap of the cubic structure and its slope are relatively
scarce. In ref. 84 the slope of (0.85 + 0.05) meV K * was
reported for CsPbl; based on the measurements in the tem-
perature range from 570 K to 620 K. This value is in the range
between our results from SCP and OTMS for the same material.
The slope of 0.341 meV K~ was reported for CsPbBr; in ref. 27
in the temperature range from 380 K to 435 K where the
material exhibits a phase transition from tetragonal to cubic
structure. This slope is significantly smaller than our estimated
slope. It is however questionable if the comparison of these
slopes is meaningful given the fact that experimental data cover
only a very small initial part of the temperature range where the
material is cubic. For the CsPbCl; material, we are not aware of
any literature data with temperature dependence of the band
gap in the cubic phase. Overall, further experimental measure-
ments of the temperature dependence of the band gap in a
broader temperature range in the cubic phase are certainly
desirable.

Finally, we briefly discuss the temperature dependence of
the band gap at lower temperatures when the materials exhibit
an orthorhombic or a tetragonal structure. Experimental results
at these temperatures generally indicate that temperature
dependence of the band gap is rather weak. For example, it
was reported in ref. 70 that the band gap of CsPbBr; (CsPbl;)
increases by about 60 meV (80 meV) from 0 K to 300 K. In ref. 79
a similar result was obtained for CsPbBr;, while in the case of
CsPbCl; the changes in the band gap in this temperature range
were smaller than 20 meV. In ref. 85-87, a comparably weak
temperature dependence of the gap was observed for nanocrys-
tals based on CsPbX; materials in the same temperature range.
For all three materials, the band gap at zero temperature is only
slightly (by less than 100 meV) lower or even slightly larger than
at the lowest temperature where the materials exhibit a cubic
structure, see the reference to the values of experimental band
gaps at the end of Section 3.2 for the orthorhombic structure
and the beginning of this section for the cubic structure. Our
calculations of the band gap of the orthorhombic structure
at zero temperature and of the cubic structure are in line
with such behavior (see the dashed lines in Fig. 5). Since the
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orthorhombic and tetragonal structure have a larger unit cell
than the cubic structure, we did not perform temperature
dependent electronic structure calculations of these structures
due to larger computational cost and the fact that experimental
results indicate a rather weak temperature dependence in this
range of temperatures.

4 Discussion and conclusions

Next, we discuss previous computational studies where the
effects of temperature on the electronic structure of halide
perovskites were investigated. In ref. 23, the effects of tempera-
ture were included by performing finite temperature ab-initio
molecular dynamics with a sufficiently large supercell and by
calculating the average band gap change from many molecular
dynamics snapshots. Excellent agreement with experimental
band gaps of cubic inorganic halide perovskites at the lowest
temperature where the material exhibits a cubic structure was
obtained. On the computational side, this approach is rather
demanding as it would require a separate molecular dynamics
simulation at each temperature to obtain the temperature
dependence of the band gap. This approach inherently
assumes classical phonons which is likely good approximation
at room temperature because the dominant phonon modes
that determine electronic structure renormalization have ener-
gies which are significantly smaller than thermal energy kg7 at
room temperature. In ref. 45 and 88 the effects of temperature
were also included by taking an average over many different
configurations with atoms displaced from their equilibrium
positions. In ref. 24 and 25 the authors exploited the special
displacements method®**° which enables calculation of the
band gap at a given temperature from a single calculation of a
large supercell with atoms displaced from their equilibrium
positions in accordance with a particular pattern. In ref. 22,
Allen-Heine-Cardona theory, the finite difference approach, as
well as the approach with an average over many different
atomic configurations sampled using a Monte Carlo approach
were used to study the temperature dependence of the band gap
of cubic methylammonium lead iodide perovskite. However, the
Allen-Heine-Cardona theory was applied by simply excluding
imaginary phonon modes, while we find that this procedure
does not give reliable results in the case of the inorganic halide
perovskites that we investigated.

We finally note several advantages, as well as shortcomings,
of the approach based on the Allen-Heine-Cardona theory over
other approaches. To obtain temperature dependence of the
electronic structure, the most demanding steps of the procedure
- DFPT calculations and extraction of force constants for appli-
cation of the SCPH method - need to be performed only once,
that is, they do not have to be repeated for each temperature. On
the other hand, in all approaches based on atomic displace-
ments (sampled either from molecular dynamics, Monte Carlo
or using the special displacements) the whole computational
procedure has to be repeated at each temperature. Within the
Allen-Heine-Cardona approach it is straightforward to obtain
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renormalization of states other than the CBM or VBM, while in
the methods based on supercell calculations this is either impos-
sible or one has to exploit a certain type of unfolding procedure,
such as the one used in ref. 89. It should be mentioned that the
approach based on the Allen-Heine-Cardona theory certainly has
its limitations. Being based on expansion up to second order
terms with respect to atomic displacements, it is not expected to
be highly accurate in conditions when this expansion is not
sufficient. On the other hand, the approaches based on atomic
displacements usually do not have such a limitation.

In conclusion, we performed ab-initio calculations of the
temperature dependent electronic structure of inorganic halide
perovskite materials CsPbX;. The challenge that comes from the
fact that cubic structure is not stable at zero temperature and that
one obtains phonon modes with imaginary frequencies in a
standard DFPT calculation was overcome by using the SCPH
method that gives the phonon spectrum with real non-negative
frequencies. The challenge of obtaining the energies of bands
other than the CBM and the VBM in the calculations based on the
Allen-Heine-Cardona theory was addressed by exploiting a self-
consistent procedure for evaluation of relevant self-energies and
spectral functions. We obtain the band gaps at the lowest
temperature where the materials exhibit a cubic structure in good
agreement with experiments. We also find good agreement of
calculated and experimental temperature dependence of the band
gap for the CsPbl; material where reliable experimental data are
available in the literature. Our results also suggest that the band
gaps at the lowest temperature where the materials exhibit a cubic
structure are similar to the band gaps at zero temperature where
the materials exhibit an orthorhombic structure. This finding is
consistent with experimental data that suggest a rather weak
temperature dependence at lower temperatures where the materi-
als exhibit an orthorhombic or a tetragonal structure. Finally, we
find that the temperature dependence of band energies at the R
point is most pronounced for the CBM and the VBM, while it is
less pronounced for higher and lower bands.
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Abstract. We calculated the electronic structure of CsPbBr3 quantum wells using the kep
model with parameters extracted from hybrid functional based DFT calculations
supplemented with self-energy corrections arising from the electron-phonon interaction.
We obtained the temperature dependence of the band gap for different sizes of the
quantum well. The results show that the temperature dependence in quantum wells is
similar to the one found in bulk phase for all sizes of the well that were considered.
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1. INTRODUCTION

Since most electronic and optical devices consist of semiconductor materials, there is a
great significance in knowing the properties of these materials. Over the years, general
improvements of these devices made them smaller in size and more power efficient.
Reducing the size from a bulk phase, that can be as small as few micrometers, down to a
nanostructure that has a scale of a few dozen nanometers or less introduces a change in
electronic properties of the material. This makes it possible to tune the electronic properties,
like the band gap of a material, to desired values, allowing us to replicate the electronic
properties of a much more expensive or less durable material with a material that is cheaper to
produce or more durable. Working with nanostructures whose electronic properties change with
their size introduces new challenges for investigating and modeling semiconductor materials.

For the past few decades, density functional theory (DFT) has been routinely used for
modeling the properties of the bulk phase of semiconductors with much success, while
their nanostructures would prove to be challenging since the required computational
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resources are increasing with the size of the nanostructure, and in some cases they become
infeasible. Relying on the kep method, alongside DFT, the computational resources
required to obtain the electronic structure can be significantly reduced. One disadvantage
of the kep is that it considers only several selected bands of interest, while the rest of them
are treated perturbatively (like in Léwdin, 1951.). The energy of these bands and their
wave-functions have to be extracted from DFT calculation. Another disadvantage is that it
can be a good approximation only in a relatively small vicinity around the point in the
Brillouin zone from which DFT results are extracted. Since our main interest is the band
gap of a nanostructure device, these disadvantages come at an acceptable cost. On the other
hand, DFT provides information about all bands in the whole Brillouin zone which is more
than sufficient in this case.

Once we determine the size dependent electronic properties of the nanostructure for the
desired device, we have to take into account various external conditions that such device
would operate under like the surrounding temperature. Both kep and DFT, however, by
themselves do not take into account any temperature effects that such devices might be
exposed to, and since in practice they are expected to perform at a wide range of outside
temperature conditions, these effects should be taken into account as well.

Regarding ab initio modeling of nanostructures, in our previous work (Joci¢ and
Vukmirovi¢ 2020.) we provided, among other, a detailed explanation and comparison of
DFT and kep methods for bulk and quantum well (QW) nanostructures of CdSe. We have
shown that the kep method is in excellent agreement with DFT, even for rather thin QWs,
using standard 8x8 (H8) and extended 26x26 (H26) kep Hamiltonians which take into
account the effects of spin-orbit coupling (SOC), which is necessary in the case of heavy
ions such as lead.

To determine the effects of temperature on the electronic structure, in our recent paper
(Jocic and Vukmirovic 2023.) we proposed a method that combines hybrid PBEO functional
based calculation in DFT with the Allen-Heine-Cardona (AHC) theory that provides
temperature dependent self-energy correction of electronic bands. Because this self-energy
has its origin in electron-phonon interactions it was necessary to obtain proper phonon
frequencies, which are also temperature dependent and were obtained using the self-
consistent phonon (SCPH) method. Self-energies are then obtained within the AHC theory
using the on-the-mass-shell (OTMS) approximation. We also introduced a self-consistent
procedure (SCP), which improves upon OTMS approximation, which evaluates these self-
energies using interacting Green’s functions and extracts the results from the corresponding
spectral function. We performed this for several bands below and above the band gap at key
points in the first Brillouin zone (1BZ). These methods allowed us to obtain good agreement
of the band gap with the available experimental data for CsPbCls;, CsPbBr3; and CsPbl; at zero
temperature and the temperature at which transition to cubic phase takes place.

In this work, we turn our attention to perovskite crystal CsPbBr3, and calculate the
temperature dependent gap of quantum wells (QW) made from this material. It was
observed that CsPbBr; has two phase transitions as temperature increases. At low
temperatures it forms an orthorhombic crystal structure that transforms to a tetragonal
structure for a narrow range of temperatures, and then transforms to a cubic structure at a
temperature of 7= 403 K. Since CsPbBr; has recently found application in solar cells, the
most interesting region would be the one of high temperatures of the cubic structure at
which these solar cells would operate.
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In this paper, we combine the method from our previous (Joci¢ and Vukmirovi¢ 2020.)
and results from our recent (Joci¢ and Vukmirovi¢ 2023.) work in order to obtain the
temperature dependence of band gaps for CsPbBr; QW nanostructures. The structure of
the paper is as follows: In Theory section, we first provide a brief theoretical overview of
the kep method for QW nanostructures using a plane wave (PW) basis and discuss the
ordering of the bands that go into H8 and H26 Hamiltonians for the cubic structure of
CsPbBrs. In the Results section, we first demonstrate the procedure for obtaining the
convergence of the results with respect to necessary numerical parameters used in kep
method for QWs. We then present band structure with a more accurate band gap that is
obtained from kep, using hybrid DFT and temperature corrections for bulk, and a band
structure for QW of fixed size using the same parameters. Finally, we show the temperature
dependence of the electronic bands and band gaps for QW sizes ranging from around 2 nm
to around 18 nm for temperature range from 400 to 700 K.

2. THEORY

Constructing a kep Hamiltonian for nanostructures requires rewriting equations for
bulk in a new form that is suitable for that case. Since the periodicity of the crystal is
violated, in the general case, the electron momentum Kk is not a good quantum number
anymore and we have to introduce envelope functions y,, alongside Bloch unit cell
functions u,, in the expression for the wave-function ¥:

g = Zmlpmum. )

In the case of a cubic CsPbBr; lattice, the QW is periodic in the (x, y) plane, and its size
can be determined by counting the number of bulk unit cells along the z-direction. We
choose the coordinate system in such a way that the QW is located in the region from /; to
L (0 <I; <, < L) and the surrounding material is in the region from 0 to L.
We expand envelopes in PW basis asy,, (z) = Y, Wpq aq, Where a,(z) = L% exp (ik,z)
are a set of basis functions, and k, = 2mq/L , with ¢ = 0,+1, %2, £3, ... & Npy, where
2Npw + 1 is the number of plane waves. This makes the envelope function periodic in
space as Y, (z) = P, (z + L). Using the condition that ¥, (r) are smooth, continuous,
infinitely differentiable and slowly varying functions, whose plane-wave expansion is
restricted to the 1BZ and u,,(r) are a complete set of orthogonal Bloch functions at Ko,
periodic over the whole structure, with the periodicity of Bravais lattice (Lew Yan Voon
and Willatzen, 2009. ), we arrive at kep equations for QWs:
hZ
e [Zmo (k- ko)z(x,y) bsq + Z—mOk?’ Osq + PUEp) | 8pnm Wing

h
+ E [ (k— ko)(xy) Pam 6 sq +m q€z " pnm] qu (2)
m,q 0
2 —
+E Hym (5,qQ) Wyg = E Wy,
mq

where p,,, and E,, are momentum matrix elements and band energies obtained as kep
parameters in bulk for Ko, my is the electron mass, and:



4 M. JOCIC, N. VUKMIROVIC

Akgq =2m(s —q)/L,
IS9(E) = (E — Eg)I*1(E) ||} , Ep = E + AEj,
1 (2
PUE) |y =7 f e~ !bsa” dz 3)
l

1

_ ll - lz + 55(] - 1
L T LAk,

(e—iAksqll _ e—iAqulz).

The second-order perturbation band term H,Sf,{ (s, q), which accounts for remote bands r»
that are not present in the first-order Hamiltonian are:

HE)(s,q) = Z 5 de e~ tks? (th.pnr)(pm'hK) etkq?
TL mgy [(En + Em)/2 - Er]

apl my T My
where K = (Ak — Aiko)xy) + p- €, , p- = —ih0, is the momentum operator, and Py, o4 is the
second-order kep momentum tensor. We used »n,m for band indices in bulk and a, f§ indices
for directions x, y, z .

We assume that the surrounding material has the same parameters as the QW, except
for the valence and conduction band energies, that are respectively shifted by —AE» and
+AEpwith respect to the QW parameters, where AEp is the absolute shift of the bands. This
shift is chosen to be large enough to ensure that the wave functions are located in the QW
and was set to 10 eV for all our calculations.

Size of the well (surrounding material) is a product of the size of the unit cell in z-
direction a and some integer N (Ng), [ = Na (L = Nsa). New and L/I are the parameters that
need to be studied in more detail, and we will show how to determine them in the next
section.

In the limit where K is a good quantum number, eqn. (2) transforms to the case of bulk
by removing every integration over z-components and PWs from envelope function
expansion, reducing to:

hZ
E [ (k—Kkg)? + Em] Snm W
m

“

2m,
h @ _
+ _(k_ko)'pnm+Hnm Wm_EWm' (5)
m LMy
G =y hk=Koa,  R(K—Ko)s
nm wp m nm,af mg

Eqn. (2) and eqn. (5) show us how to construct the Hamiltonian, but not which bands
and which k-point should be used for unperturbed results from DFT. Most of the electronic
properties are governed by the symmetry of the crystal and most of the information about
the current carriers can be obtained by considering points with the greatest probability for
their detection. Extremal states in the electron structure are most likely to have current
carriers: holes in the valence band maximum (VBM), and electrons in the conduction band
minimum (CBM). Historically, these points and their symmetry have been the center of
interest when DFT calculations were not yet computationally feasible, so the electronic
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structure was mostly studied by analytical methods in combination with available
experimental data. A good overview of these analytical methods can be found in a book by
Bir and Pikus, 1974.

The point group of the bulk cubic CsPbBrs; crystal is Oy, and the band gap is located at
the R-point in the 1BZ. Point group O; transforms to a double group, that describes bands
when SOC in included, by multiplying all irreducible representations by a spinor
representation I'. Fig. 1 illustrates this for bands around the gap in the bulk CsPbBrs;.
When SOC is not included, VBM at R-point is non-degenerate band corresponding to I'™
irreducible representation that transforms to 2-fold degenerate band I"; when SOC is
included. CBM is 3-fold degenerate band at R-point, corresponding to I'*s when SOC is
omitted, and transforms by splitting into a 2-fold I'*; with lower energy, now CBM, and 4-
fold T*s band with higher energy, now CBMI. These 8 bands in total make the HS
Hamiltonian.

The larger H26 Hamiltonian is formed when along these 8, we include 3 more valence
bands, counting with decreasing energies from VBM: 4-fold "5, 2-fold 77, and 4-fold ",
respectively, and 3 more conduction bands, counting with increasing energies from CBM1:
2-fold T, 2-fold I'*7, and 4-fold T"'s, respectively.

Both H8 and H26 have a unique set of kep parameters that consist of energies E,,
momentum matrix elements py,, and second-order momentum tensors Py, 5. Using the
same parameters for bulk, we construct the H26 Hamiltonian for QW from eqn. (2), taking
note that the periodicity is now valid only in the (x, y) plane.

[+ —CBMI
' T __CBM2 |+
6
CBMI .
. _CBM s
I's ~—~—__CBM -
7
- _VBM

2 T VBM
VBMI_ [
- _VBMI _— 8
VBM2 —~BE_ 7

I, ————.
’ T——__VBM3 -
8

Fig. 1 Ordering of the bands around the gap and their transformation when SOC is
included. Distance between the bands does not scale with energy distance
between them. Notation for the irreducible representations that was used here
follows the one found in Bradley and Cracknell, 2010.
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3. RESULTS AND DISCUSSIONS

Depending on the size of the kep Hamiltonian, a small change of numerical parameters
L/l and Npw can have a significant effect on the result. This is especially true for smaller
wells, while large wells that approach bulk in terms of size are less sensitive to those
changes. For this reason, we inspect the convergence with respect to those parameters as
follows. First, we fix some /, and gradually increase the size of the surrounding material L
and number of plane waves Npw until we achieve convergence. This process is repeated for
every /.

Fig. 2 Energy of VBM as a function of Npy, in QWs. The results were obtained using H26
(solid lines) and H8 (dotted lines) Hamiltonians, respectively, for QWs of the size
1=2a, I=4a, [=6a, [=12a, I=26a, [=30a in units of the lattice constant a. The size of
the surrounding material is L =3/ (diamonds), L=5/ (squares), and L=10! (circles).

Fig. 3 Energy of CBM as a function of Npy, in QWSs. The results were obtained using H26
(solid lines) and HS8 (dotted lines) Hamiltonians, respectively, for QWs of the size
1=2a, I=4a, I=6a, I=12a, [=26a, [=30a in units of the lattice constant a. The size of
the surrounding material is L =3/ (diamonds), L=5I (squares), and L=10I (circles).
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We will focus on H8 and H26 kep Hamiltonians, both of which we first construct for
bulk from DFT results using PBEsol functional as described in Joci¢ and Vukmirovi¢ 2020.
and eqn.(2). For DFT calculation we used a 4x4x4 k-grid for electron states, electron
kinetic energy cutoff of 50 Ry, and a total of 240 bands for cubic phase of CsPbBr; with a
lattice constant of @ = 11.1 ay (where ay is the first Bohr radius). DFT calculations were
performed with included SOC. Since we are most interested in the position of VBM and
CBM, and therefore the band gap, we will focus our convergence tests on these bands.

In Fig. 2 (Fig. 3) we present the energy of the VBM (CBM), as a function of Npw,
respectively. The resulting band gap is presented in Fig. 4. All three figures show results
for small (/ = 2a and ! = 4a), intermediate (/ = 6a and / = /2a) and large (/ = 26a and ! = 30a)
QWs, respectively.

Although the kep method for QWs itself does not require much computational resources
and it can be done, on a single-core desktop computer, it is important to estimate, for every /,
at which point increasing L// and Npw does not change the results of the band gap by more
than 10 meV. For H8 one usually needs a smaller ratio of L//, and for L/] = 3, the Npw of 10,
20, 30,40 and 40, for [ = 2a,l = 4a,l = 12a,] = 26a, and | = 30a, respectively, was sufficient.
For H26 one usually needs a larger L// ratio for smaller wells, while larger wells that approach
bulk can have acceptable results for a smaller size of the surrounding material. For / = 2a and
[ = 4a, it was sufficient to use Npyw = 16 and Npw = 30, respectively with L/l = 10. For [ = 6a
and [ = 12a, it was sufficient to use Npy = 20 and Npw = 40, respectively with L/l = 5. For [
= 26a and [ = 30a, it was sufficient to use Npyr = 30 and L/[ = 3.

For small QWs, the results for band gaps obtained from H8 and H26 can differ as much
as 150 meV (see Fig. 4), with H8 overestimating the band gap with respect to H26. For
intermediate and large QWs, difference in band gaps between H8 and H26 is still present,
although it is much smaller and does not exceed 15 meV and 2 meV, respectively.

Fig. 4 Energy of the band gap as a function of Npw, in QWs. The results were obtained
using H26 (solid lines) and H8 (dotted lines) Hamiltonians, respectively, for
QWs of the size [=2a, I=4a, [=6a, [=12a, [=26a, [=30a in units of the lattice
constant a. The size of the surrounding material is L =3/ (diamonds), L=5I
(squares), and L=10! (circles).
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Fig. 5 The band structure of bulk CsPbBr; obtained using H26 Hamiltonians,
replacing E,, with EFPEC (solid line with diamonds) and with EZBE® + 3 (T)
correction from SCP calculations at 7= 400 K (dash-dot line with circles) and
T=1700 K (dotted line with crosses), respectively.

Fig. 6 The band structure of CsPbBr; QW of size / = 6a obtained using H26
Hamiltonians replacing E,, with E;BE?(solid line with diamonds) and with
EPBEO 4 3 (T) correction from SCP calculations at 7 = 400 K (dash-dotted
line with circles) and 7= 700 K (dotted line with crosses), respectively.

In eqn. (2), we restrict envelope functions to the expansion on plane-waves only in the
1BZ. Therefore, in the general case, one would expect some kind of divergence for both
H8 and H26, when Npw > L/a or equivalently when Npw > Ng. However, due to having
much less parameters than H26, H8 seems to be stable even when Npw > Np unlike H26
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which shows divergence in this case, as seen in Fig. 2, Fig. 3 and Fig. 4. We also note that
HS always converges before Npw exceeds the limits of the 1BZ. However, for large wells,
both H8 and H26 require less plane-waves than are needed to fill the whole 1BZ, in order
to calculate the band gap. For these reasons, we can also check the convergence, by fixing
the Npw = N3 to always include all plane-waves in the 1BZ, while only increasing the size
ratio of the surrounding material and the QW L//, and then checking if the resulting band
gap changes with reduction of Npw.

Since DFT has a well-documented problem that it typically underestimates the band
gaps (Perdew, 1985.), we can improve our kep results by replacing DFT bulk PBEsol
energies with the ones obtained using PBEO (Perdew, 1996.) to obtain a more accurate gap.
To include the temperature correction, we add the electron self-energy correction X, (T)
that comes from the electron-phonon interaction. When calculating PBEO energies EXBEC,
we used the same numerical parameters as previously mentioned for PBEsol, with the
addition of 4x4x4 g-grid for sampling the required Fock operator and we used the Gygi-
Baldereschi method to treat the singularity at ¢ — 0. Results for Z,,,(T) were used from
our recent paper (Joci¢ and Vukmirovi¢ 2023.), where we used the maxima of the spectral
function from SCP method to obtain band energy corrections. The results are available for
temperatures from 7= 400 K to 7= 700 K.

In eqn. (5), we replace all E,, with EFBEO for H26 without temperature correction, and
with EFBEO + 3 (T) for T =400 K and T = 700 K, respectively, to include temperature
effects in bulk. The resulting band dispersion plot is presented in Fig. 5. As expected from
our recent work the biggest shift in energies is observed for VBM and CBM (when
comparing against other bands that form H26), which effectively gives the band gap of
2.08 eV and 2.23 eV at T = 400K and 7 = 700K, respectively, and 1.5 eV without the
2., (T). Inserting the same parameters in eqn. (2), we obtained the band gaps of 1.67 eV,
2.21 eV and 2.35 eV, respectively for QW of size / = 6a with its band dispersion shown in
Fig. 6.

Fig. 7 Energies of VBM, CBM and band gaps for CsPbBr; QW as a function of the
size of the QW /, obtained using H26 Hamiltonian (solid lines) and HS (dotted
lines) when E,, is replaced by EPBE® + 3 (T), at temperatures of 7 = 400 K
(diamonds), 7= 500 K (squares), T'= 600 K (circles), 7= 700 K (crosses).
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Fig. 8 Energies of VBM, CBM and band gaps for CsPbBr; QW as a function of
temperature T , obtained using H26 Hamiltonian (solid lines) and H8 (dotted
lines) when E,,, is replaced by EFBEC 4+ 3 (T), respectively for several sizes of
QWs [ = 4a (diamonds), / = 6a (squares), [ = /2a (circles), [ = 26a (crosses) in
units of lattice constant a.

Finally, we present the temperature dependence of QW band gaps using H26 and HS
Hamiltonians. We calculated how energies of VBM, CBM, and the band gap change with
the size of the QW and temperature, respectively. The £ = 0 level is the one VBM takes
for the bulk phase with EFBE? energy set. Consistent with the previous figures, H26 and
H8 give almost identical results for intermediate and large QWs, while they show a slight
discrepancy for small QWs.

Fig. 7 shows energies of VBM, CBM, and band gaps, respectively, as a function of QW
size /, starting from / = 2a and going to / = 30a for several temperatures that range from
400 to 700 K. From this figure we can conclude that the energies of the bands and therefore
the gap change significantly with the increase of the QW size until certain point (around 8
nm), after which the results very slowly approach the same ones found in the bulk phase.

Fig. 8 shows energies of VBM, CBM, and band gaps, respectively, for temperatures
from 7=400 K to 7= 700 K for several QW sizes of [ = 4a, [ = 6a,! = 12a,and [ = 26a.
From this figure we can see that the relative change of energies with temperature is similar
for all sizes of QWs and again similar for bulk when compared to results from Joci¢ and
Vukmirovié¢ 2023.

4. CONCLUSION

In this work, we demonstrated a procedure for obtaining convergence with respect to
numerical parameters used for H8 and H26 kep Hamiltonians for QWs like the size ratio
of the surrounding material and the QW of width L// and the number of plane waves in the
envelope function expansion Npw, relying on the procedure used in Joci¢ and Vukmirovié
2020. We demonstrated that even when H8 shows no divergence for Npw > Ns, the results
do not change from the ones that take all plane-waves in the 1BZ. The H26 produces
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diverging results whenever Npw > Ng, but for large QWs a good result can be obtained
when Npw < Ng. We obtained a band dispersion with improved value for the band gap for
bulk and QW, using H26 and replacing PBEsol energies E,,, with PBEO energies ELPE0
and then introducing the temperature effects from electron self-energy corrections X, (T),
obtained from spectral function maxima, as in Joci¢ and Vukmirovi¢ 2023. Finally, we
obtained results for the temperature dependence of band gaps for QWs using the kep
method. Band gap results were obtained for wells in the range from / = 2a to [ = 30a, and
for the temperatures from 400 K to 700 K. This way, we showed how the band gap of the
QWs changes with size and temperature in the case of perovskite CsPbBr; in cubic form.
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TEMPERATURSKA ZAVISNOST ELEKTRONSKOG
ENERGETSKOG PROCEPA KVANTNIH JAMA CsPbBr3
DOBIJENIH POMOCU kep METODA

Izracunali smo elektronsku strukturu CsPbBr; kvantne jame pomocu kep modela koriséenjem
parametara iz DFT proracuna na bazi hibridnih funkcionala sa dodatkom korekcija za self-energije
koje poticu od elektron-fonon interakcije. Dobili smo temperatursku zavisnost procepa za razlicite

velicine kvantne jame. Rezultati pokazuju da je temperaturska zavisnost u kvantnim jamama, za sve
velicine jama koje su uzete u obzir, slicna onoj koja se dobija za balk fazu.

Kljuéne reci: nanostrukture, temperaturska zavisnost, kvantne jame, kep metod.
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Abstract

Halide perovskite materials have been investigated in detail experimentally over the
years due to their exceptional optoelectronic properties. However, many questions
remained open which call for appropriate theoretical research. Theoretical investi-
gations were mainly focused on crystalline perovskite materials and were based on
the application of ab initio methods for calculation of electronic structure of mate-
rials. These methods cannot be applied in practice to nanocrystals which contain a
large number of atoms and hence the calculation cannot be performed in reasonable
timeframe. The methods that enable investigation of electronic states in perovskite
nanocrystals are developed in this thesis.

The first subject of this work is the development of method that uses the re-
sult of ab initio calculation of crystalline material in bulk phase to construct the
symmetry-adapted Hamiltonian. The parameters from such Hamiltonian can be
used to construct a Hamiltonian in the envelope function representation, which can
be applied to nanocrystals. Second, the electronic structure of halide perovskite
materials is investigated in detail, taking into account all relevant effects. This in-
cludes the electron exchange and correlation effects, as well as temperature effects
that stem from electron-phonon interaction. The exchange and correlation is in-
cluded using hybrid PBEO functional modified to meet the Koopmans’ condition
within DFT framework. The temperature effects are obtained using modified Allen-
Heine-Cardona method: transition matrix elements due to phononic perturbation
are obtained using density functional perturbation theory, phonon frequencies are
obtained from self-consistent phonon method that takes anharmonic effects into ac-
count, while broadening and renormalization of the bands is treated simultaneously
using self-consistent procedure based on Migdal approximation. Finally, the tem-
perature dependent electronic states in perovskite nanocrystals are computed for
quantum wells, wires and dots of various sizes.
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Chapter 1

Introduction

Halide perovskite materials, in both inorganic and organic-inorganic forms, have
garnered much attention. Significant advancements have been made in recent years,
with ongoing progress in the field. This introduction provides an overview of solid-
state perovskite materials, their applications, and challenges in theoretical modeling,
focusing on both inorganic and organic-inorganic variants. While the primary focus
of this thesis is on inorganic halide perovskites, many of the concepts discussed here
can be applied, or at least adapted, to organic-inorganic halide perovskites. The
main property addressed in this thesis is the electronic structure, beginning with
the bulk phase and later extending to nanostructures. In the following sections, we
will review some basic facts and applications of halide perovskites, as well as the
open questions that remain relevant in the field.

Before delving into a brief history of halide perovskites, it’s important to first
address why these materials are so significant and why they have become a highly
active area of research.

The ever-growing global population is driving an increasing demand for energy.
This includes powering consumer electronics, as well as food production and indus-
trial expansion. Meeting these demands presents a significant challenge, given that
current energy resources for generation and storage are finite. Traditional energy
sources, such as fossil fuels, are not only limited but also generate pollution and
environmental concerns, including air pollution and greenhouse gas emissions. Nu-
clear energy raises issues with waste disposal, while some renewable sources, such as
hydroelectric plants, can disrupt local ecosystems, including aquatic habitats. Wind
turbines, though less harmful, can affect local wildlife, such as birds and bats.

Solar power presents a promising alternative, with photovoltaic (PV) cells di-
rectly converting solar radiation into electricity, while concentrated solar power
(CSP) uses mirrors to focus sunlight and generate heat for conversion into elec-
tricity. While CSP is effective in regions with abundant sunlight, such as deserts,
it is less commonly used due to its specific geographical requirements and higher
initial installation costs. They can be deployed on rooftops in urban areas without
the need for large, dedicated installations and require minimal maintenance.

Beyond terrestrial applications, PVs are also essential in space, where they are
used to power satellites, the International Space Station, and various lunar and
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Martian exploration missions.

The widespread application of PVs in both terrestrial and space environments
underscores the importance of developing efficient, cost-effective, and sustainable
materials for solar energy devices. One of the most promising materials to meet
these demands are halide perovskites.

In addition to large-scale industrial applications, the benefits of energy efficiency
can be scaled down to the household level. In the 21st century, much of the techno-
logical progress has been driven by advancements in semiconductors, either through
miniaturization or by increasing their performance. For example, what was consid-
ered a cutting-edge desktop computer in 2000 is now outpaced in processing power,
screen resolution, and refresh rate by handheld mid-range consumer devices of 2025,
such as tablets and smartphones.

With this increased processing power, however, comes a trade-off: higher power
consumption. As a result, frequent device charging has become the norm, with many
users recharging their devices daily or multiple times per day. Fortunately, devices
have also become more power-efficient and charge more quickly. This is where inno-
vations like solar-powered charging stations—already found in many public places,
such as parks—become highly beneficial to society.

On an even smaller scale, semiconductor-based wristwatches have evolved far
beyond their initial function of simply telling time. Modern smartwatches now
allow users to make calls, check emails, monitor heart rate, track steps, and even
measure respiration. These devices run operating systems that support a variety
of applications. Some can even replace credit cards and offer navigation features
through sophisticated GPS systems.

As the demand for smaller, more efficient devices grows, design choices have
evolved as well. Most smartwatches now include touch, heat, and light sensors that
automatically adjust screen brightness based on ambient lighting to conserve power.
Furthermore, an increasing number of devices, such as sport watches and cycling
computers, are integrating solar cells to provide solar-assisted charging. This inte-
gration has been shown to significantly extend battery life, with some manufacturers
claiming that solar-assisted charging can boost battery life several times compared
to models without solar charging. While these solar-powered features are typically
found on flagship models, as with most technology, they tend to trickle down to more
affordable models in subsequent generations, or even trickle up to more sophisticated
devices like smartphones and tablets.

This trend highlights the importance of continuing to improve device efficiency,
durability, and cost-effectiveness, as these innovations are crucial for both individual
consumers and society as a whole.

This thesis on perovskite nanostructures is structured as follows. The present
chapter, Chapter 1, serves as an introduction to perovskite materials, their crystal
structure, previously performed computations, and their applications. Chapter 2
provides the theoretical background required to follow the subsequent chapters, as
well as an introduction to notations, abbreviations, and terminology. Readers al-
ready familiar with the subject can skip this chapter and refer back to it for clar-
ification when needed. Chapters 3, 4, and 5 present the results obtained during
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this research. Chapter 3 introduces a streamlined method for deriving a symmetry-
adapted k - p Hamiltonian directly from ab initio DFT calculations, applying this
method to the cases of CdSe and CsPbXj3 (X=ClI, Br, I) halide perovskites. Chap-
ter 4 focuses on obtaining an accurate, temperature-dependent band gap for CsPbXj
(X=Cl, Br, I) in its bulk phase. Chapter 5 combines the methods and results from
Chapters 3 and 4 to derive the electronic structure of CsPbX3 (X=Cl, Br, I) halide
perovskite nanostructures, including quantum wells, wires, and dots. Chapter 6 pro-
vides the conclusion to the thesis. Additionally, supporting information is provided
in the Appendix, which the main text will reference at appropriate points.

1.1 Perovskite crystal structure

The study of perovskite crystal structures dates back to 1839 when the first cal-
cium titanate compounds (CaTiO3) mineral was discovered. This structure was
named ‘perovskite’ in honor of the Russian mineralogist Lev Perovski, and today
it is the designation for materials that share their crystal structure with CaTiOs.
Today, the term ‘perovskite’ is commonly used in the field of optoelectronics as an
umbrella term for any metal halide perovskite. The general formula of metal halide
perovskites is ABX3, where A can either be monovalent organic cation like mety-
lammonium CH3NHJ (MA™) or formamidinium CH3(NHy)5 (FAT), or monovalent
inorganic cation like CsT; B is a divalent metal cation like Pb?*, Sn?T, Ge?*; and
X sites contain a monovalent halide anion like C1~, Br™, or I”. Halide perovskites
CsBXj3 crystallize in orthorhombic, tetragonal, or cubic polymorphs depending on
external pressure and temperature [1]. Figure 1.1 shows all three of these structures
and spatial distortions that differentiate them. In inorganic (and organic) cubic
crystals, B cations and X~ anions form a 3D network of corner sharing octahedra
with X~ positioned at the corners and B?T at the center of the octahedron, and
AT cations centered at the voids between octahedra [as seen in Figure 1.1(a) from
direction that is perpendicular to one of the octahedral planes|. Cubic structure is
the most symmetric of the 3, and its primitive cell contains 5 atoms [dashed pink
square in Figure 1.1(a)]. Tetragonal structure is obtained from cubic by tilting the
octahedra, as the void between them appears to be pinched-in and pinched out
along perpendicular directions with all neighboring voids having the opposite pinch
direction [Figure 1.1(b)]. The resulting structure has lower symmetry than cubic,
and the primitive cell now contains 10 atoms (dashed pink square in [Figure 1.1(b).
Orthorhombic structure is obtained from tetragonal by distorting the A™ sites from
the void centers between octahedra [Figure 1.1(c)]. As the distortion between sites
follows the pinch direction of the voids, no two neighboring distortions are the same.
The resulting orthorhombic structure has the lowest symmetry out of all 3, and its
primitive cell is made from two neighboring tetragonal primitive cells due to A™
distortion and contains 20 atoms in total [dashed pink square in Figure 1.1(c)].

The formation and stability of perovskite structures is evaluated by two param-
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A-cation

tilting | © e i B !“' displacement

(a) Cubic (b) Tetragonal (c) Orthorhombic

Figure 1.1. Cubic (a), tetragonal (b) and orthorhombic phases (c¢) of perovskite
structure with their primitive cells (pink dashed squares) and spatial distortions
that connect them.

eters: the tolerance t and the octahedral u factor:

rA +7TXx B
t \/§(TB + 7”)()7 : rx’ (1L.1)
where r;, I = A, B, X, is the ionic radius of A, B, X ions, respectively. Typically,
when 0.8 < t < 1.0 the crystal shows a 3D perovskite structure, and a value of
0.4 < p < 0.9 favors a stable BXg octahedra [1].

Besides ABX3 formula, halide perovskites can be also formed by partial replacing
atoms on X sites with another halide X' to form AB(XaX{,_,))s, where cis a rational
number, in order to tune the performance. Besides X sites, the same can be done for
B sites with either another B’ atom or B? vacancy. Formula in the case when B site is
substituted is usually written as A;BB’Xg which is sometimes referred to as a double
perovskite or A,BBXg or A3sBB’X, depending on the vacant sites. If there is a plane
where all B sites are replaced with B’ then this structure is sometimes referred as
a layered perovskite structure, and in the case where B? vacancies disconnect the
bonds between layers or unit cells, a non-perovskite dimer phase appears.

1.2 Applications of perovskites

Over the years, halide perovskite materials have demonstrated superior capabilities
suited for optoelectronic devices, which is due to their excellent optical and elec-
tronic capabilities such as: high light harvesting ability, long and balanced carrier
diffusion length, high defect tolerance, high photoluminescence quantum yield and
readily tunable band gap. Production-vise, these materials hove proven to be solu-
tion processible, flexible and contain great cost-effective potential which is ideal for
industrial applications [2]. They emerged in the last decade as revolutionary mate-
rials for applications in solar cells [3, 4, 5, 6], light-emitting diodes (LEDs) [7, 8],
photodetectors [9, 10], lasers [11], detectors of ionizing radiation [12, 13], thermo-
electric [14] and other devices [15]. To understand the characteristics of these devices
and to design improved materials and devices, it is essential to be able to predict
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the electronic structure of the material. Despite a great interest in understanding
the electronic structure of halide perovskites and numerous developments of the
methods for electronic structure calculations and the software for performing such
calculations, it is still rather challenging to obtain accurate electronic structure of
halide perovskites.

The great interest in halide perovskites started in 2009, with the pioneering
work of Miyasaka et al. which synthesized MAPbI3 perovskite solar cell (PSC) and
achieved a power conversion efficiency (PCE) of 3.8% [16] and later with Lee and
Snaith [3] with PCE of 10.9%. The efficiency of PSCs has recently reached 26.0% [17]
, which proves to be stepping stone into commercialization. The idea of perovskite
LEDs goes back at least as far as PSCs, however it wasn’t unit Friend et al. in
2014 prepared MAPbX3 thin-film based LEDs with about 1% external quantum
efficiency (EQE) [18]. Nearly 10 years later, green, red, and near-infrared (NIR)
perovskite LEDs have all surpassed 20% EQE, with green variant reaching up to
28.9%. Thanks to their high color purity and tunability, luminescence efficiencies,
and wide color gamut, perovskites LEDs have the potential to become common
in high quality color displays. Meanwhile, perovskites have also shown promise as
a good choice for photodetectors and imaging array materials, with a very broad
detection region that spans from UV, visible, and NIR to X-ray and ~-ray beams.
Perovskite films can also be prepared with amplified spontaneous emission in mind,
able to produce coherent beam of light making them capable for laser devices with
their performance improving over the years [2].

Another important factor, that can be connected both to the stability and effi-
ciency of the material, is the environmental and health concern. This is an important
issue for devices that may contain toxic materials that can degrade, or need special
disposal methods, which also raises a sustainability concern. Namely, when dealing
with halide perovskites, great performance and stability is achieved with inorganic
and organic variants that unfortunately contain the toxic Pb. Efforts are made
towards Pb-free perovskites, however for now Pb-based perovskites show superior
photovoltaic properties compared to Pb-free ones. The consequences of replacing
Pb atoms on performance of and stability of perovskites can be found in more detail
in a recent review in Refs. [19, 20, 1, 2].

1.2.1 Solar cells

Solar cell devices can be simply considered as a PIN heterojunction, that consists of
P-type and N-type semiconductors with I as an intrinsic layer sandwiched between
them, where P-type serves as hole transport layer (HTL), and N-type as electron
transport layer (HTL). P and N semiconductors generate a built-in electric field
Ey; in I layer. Photocarrier dynamics is realized in the following steps: (1) charge-
generation, (2) charge-separation, (3) transport of charges, (4) recombination and
(5) collection. The intrinsic layer I is where perovskite material would be placed in
PSCs.

First, charges are generated (1) as incident photons enter the I material and
excite hole and electrons together that must dissociate and overcome the exciton
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binding energy (Ep). Perovskites with narrow gaps have an absorption spectrum
that covers a wide range, leading to higher usage of incident photons at lower volt-
age, while having small binding energy FEp that is less than 50 meV [21]. After
exciton dissociation, charges are separated (2) toward N(P) type ETL(HTL), which
is followed by charge extraction and transport (3) by ETL(HTL) to the electrode.
Unfortunately, radiative charge recombination (4) is inevitable which leads to losses.
Further losses can be caused by non-radiative recombination from defects and inter-
face imperfections. Finally, charges (electrons and holes) are collected (5) at their
respective electrodes.

Efficiency and stability of solar cells

The maximum power conversion efficiency (PCE) of solar cells can be estimated
by the Shockley-Queisser (SQ) limit, taking into account that photonic energy of
the Sun can be lost in one absorption layer due to multiple factors, some of which
are thermalization, transmision and recombination losses. Thermalization losses
account for photons that have a higher energy than the band gap of the material
and therefore the excess energy is lost to generating heat. Omn the other hand,
transmission losses account for photons with energy lower than the band gap that
are transmitted through the material. Finally, recombination losses account for
absorbed photons which excited electrons that recombine without generating elec-
tricity. The first result obtained by William Shockley and Hans-Joachim Queisser at
Shockley Semiconductor in 1961, gave a maximum efficiency of 30% at 1.1 eV [22],
while subsequent calculations obtained a value of 33.16% at 1.34 eV [23]. Today,
most solar cells are based on Si which dominates the market with its high PCE
(reaching 26.7%), great stability and mature fabrication technology [1]. However,
the efficiency of Si based solar cells is held back by significant thermal losses due to
the narrow band gap of Si, which cannot be widened because of poor tunability of
the material.

The PCE over SQ limit can be achieved with multi-junction solar cells using band
gap complementary strategy, which can simultaneously absorb more photons and
reduce thermalization losses. This strategy involves stacking layers with decreasing
band gap, starting from the layer that absorbs incident photon, so that subsequent
layers can absorb lower energy photons that were transmitted through the previous
layer with a wider gap. This way, high PCE was obtained from ITII-V semiconductors
using multi-junction solar cells, breaking the SQ limit for single-junction cells [24,
25, 26, 27]. Ideally, these layers can be made from material whose band gap can
easily be tuned for the required purpose. Fortunately, halide perovskites have a very
tunable gap which makes them ideal candidates for this application. For example,
tandem solar cells that have perovskite top layer and Si bottom layer have recently
achieved PCE of 34.6% [28].

This breakthrough in efficiency can be attributed to greater understanding of
the material, precise control of the crystallization process, better device engineering
and fabrication techniques. To go beyond current efficiency, it is necessary to mini-
mize losses that stem from non-radiative recombination in the perovskite layer and
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develop more efficient charge extraction layers while reducing defects and improving
the interface at the contacts with transport layers and electrodes [2].

Besides PCE, another important parameter to take into consideration for solar
cells and other devices is the stability of materials. Degradations can occur after
prolonged exposure to atmospheric conditions (due to moisture or high temperature)
and Sun’s UV radiation. Other issues include mechanical instabilities (like cracking
or delamination due to wind or vibrations), chemical instabilities (like oxidation),
photodegradation (organic molecules can be broken by UV light, reducing the effi-
ciency over time), ion migration (electrical or thermal stress can cause defects in the
material), electrochemical instabilities (unwanted chemical reactions can occur on
contact points with electrodes) and many more. Even though some materials may
show excellent performance and stability, over time they can significantly lose their
efficiency for one or more before mentioned reasons.

Pb-based perovskite solar cells

High optical absorption is very desirable for efficient and low-cost thin-film solar
cells. APbXj exhibits extremely high optical absorption coefficients. The record
efficiency Pb perovskite solar cell has an absorber layer thickness of around 500 nm,
which is much thinner than the absorber layers used in the mainstream inorganic
thin-film solar cell technologies with similar PCEs such as GaAs, Cu(In,Ga)Se,
(CIGS), and CdTe.

First, the excellent performance of Pb-based perovskites is due to the combi-
nation of high symmetry (O, point group) which results in high electronic dimen-
sionality, the band gap made from lone-pair Pb 6s and the inactive Pb 6p orbitals
combined with the strong spin-orbit coupling (SOC) results in small effective masses
of electrons and holes. For organic perovskites there is also the case for arrange-
ment of polar organic cations, and the ionic nature of halides (lone pair Pb 6s and
X halide p orbital have strong antibonding coupling) which leads to superior defect
tolerance. Removing any of these elements can degrade the performance and/or
stability of the solar cell [19].

Starting from the electronic structure, a desirable parameter for any solar cell
are small effective masses for both electrons and holes, which then give higher carrier
mobilities, longer carrier diffusion lengths, and less nonradiative recombination. In
APbXj3, band edge of valence band maximum (VBM) originates from Pb 6s bands,
while conduction band minimum (CBM) comes from Pb 6p electrons. Even though
band edges from p orbitals give larger effective masses than those coming from
more localized s orbitals, APbX3 shows relatively small electron effective masses
since CBM originates from 6p orbital, that shows strong SOC. Indeed, a strong
SOC produces higher band dispersion, large splitting of 6p CBM and lower effective
masses. Thus elements with strong SOC like Pb provide beneficial parameters for
current carriers in perovskite structures[19].

Besides small effective masses, Pb-based perovskites have excellent defect toler-
ance. For solar cells, the formation of shallow (deep)-level point defects is desirable
(undesirable) since they present traps for free carriers (can cause nonradiative recom-
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bination). The most important features that contribute to domination of shallow
over deep defects in APbXs, is the inactive Pb 6p orbital and Pb 6s lone-pair states,
along with strong antibonding coupling between Pb 6s and halide X p orbitals and
their high ionicity, high crystal symmetry and large atomic size [20, 19].

The electronic dimensionality can in many cases be connected with structural
dimensionality. Namely, under electronic dimensionality one defines in how many
directions the atoms that contribute to band edges are spatially connected. For
example, pure ABXj3 perovskite structure has 3D dimensionality since B and X
atoms that make up band edges are connected the same in all 3 directions. How-
ever, some double perovskites A;BB’Xg like CsySrPblg have 3D perovskite structure
but have 0D electronic structure, since Sr-I1 octahedra doesn’t contribute orbitals to
band edges. Other examples are CsoPbl, and Cs3Pbls, which are 3D perovskites,
but have 2D and 1D electric dimesionality, respectively, due to the Pb vacancies in
the structure which break the spatial continuity of Pb-I octahedra that contributes
orbitals to band edges. In the direction that Pb-I octahedra are vacant, the band
edges are almost flat making the effective masses of electrons and holes too heavy
to move in that direction, which is undesirable for current transport, therefore such
localized band edges are not suitable for single-junction photovoltaic applications.
Therefore, in general, as the electronic dimensionality generally decreases, the as-
sociated photovoltaic properties deteriorate. Exception is the case of 2D absorber
materials where the film growth is parallel with the layer that has small effective
electron and hole masses.

Pb-free perovskite solar cells

There are several ways to produce Pb-free perovskites. One is to replace Pb atoms
with another homovalent equivalent like Sn or Ge or heterovalent elements like Bi
and Sb. Another is to use heterovalent atoms either by ordered replacement or
ordered vacancy. This can be done for halide X atoms to obtain perovskites with
formula AB(XXX’(l_X)) 3, in order to tune the gap and improve performance!. Besides
X halides, B sites can be also modified to obtain perovskites with formula A,BB’Xg,
sometimes referred as double perovskite. Besides double perovskites, Pb can be
replaced with tetravalent Sn?™ or trivalent Bi*™ atoms, with modified perovskite
formulas A;SnXg and A3BisXg, respectively, in order to keep charge neutrality.
Homovalent replacement is straightforward, as the structure and formula ABXj3
of the perovskite is preserved. Replacing Pb with Sn has its benefits and drawbacks.
For example MASnI3 shows a reduced band gap and higher absorption coefficients
in the visible light region compared to MAPbI3, which is suitable for single-junction
solar cells, but has proven to be much less stable. Namely, Sn atoms have a higher
energy 5s? states (compared to 6s* Pb states) that make Sn-X bonds less stable
which can lead to Sn vacancies. Furthermore Sn** can easily oxidize to Sn?™, making
the solar cell much more unstable when in contact with air and moisture compared to
its Pb counterpart. Using Ge as a replacement doesn’t produce desired effect either,
since it has a larger band gap compared to Sn (and even some Pb) counterparts,

IThis was done for both Pb-based and Pb-free perovskites.
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even though one would expect the band gap to decrease from Pb to Sn to Ge. One
reason for this anomaly is that Ge has 4s® states that are even deeper than 5s?
states, the hybridization with halide p states is weaker which results in lower VBM
than for Sn analogs. Another reason the small radius of Ge?* atom which leads to
structural distortion of the Ge-Xg octahedra, forming 3 shorter and 3 longer Ge-X
bonds. Combining large band gap with instability and likely oxidation from Ge?*
to Ge**, and poor performance is the reason why Ge is not a good substitute for
Pb.

1.2.2 LEDs

LEDs with their high color purity and narrow light emission wavelengths are ideal
for displays, ambient and signal lighting, consumer electronics and other gadgets.
Compared to traditional incandescent light sources, LEDs are more efficient as they
can be switched on and off with periodicity too fast for the human eye to notice but
this enables less heat losses during operation and have high chromaticity [18].

Perovskite LEDs (PeLEDs) are shown to be a promising candidate as light emit-
ters due to their excellent color purity, spectral tunability, high luminescence effi-
ciencies and low production costs [18]. Despite the rapid advancements in PeLEDs
there are still some performance and stability concerns that prevent them to enter
commercial use. For now, the key focus is on improving device stability, and realiz-
ing high-performance for blue and white color PeLEDs while suppressing efficiency
roll-off and minimizing toxicity in the materials. First report of room-temperature
electroluminescence from halide perovskites was in 2014 and the field has been ad-
vancing ever since. The external quantum efficiency (EQE) of PeLEDs has exceeded
the 20% threshold in 2018, followed by more recent improvement to over 28% [2].
This rapid development is related to advances in material synthesis and device de-
sign. Thanks to the popularity of PSC, early PeLEDs inherited many designs from
them as well as solution processed organic LEDs (OLEDs). PeLEDs show compa-
rable optoelectronic properties of conventional III-V semiconductors while having
much simpler manufacturing process. The performance of PeLEDs can further be
improved by compositional engineering, passivization of defects and improving mor-
phology, control of dimensionality and more. Regardless of the dominant emission
mechanism for particular perovskite material, the main focus is on improving the in-
ternal quantum efficiency (IQE) of electroluminescence towards unity. This is rather
challenging, since radiative emissions need to be enhanced, while at the same time,
non-radiative recombination losses need to be suppressed. While many advance-
ments have been made regarding the efficiency, many challenges still remain, like
the device stability. Even though recently near infra red (NIR) PeLEDs have reached
commercially stable lifetimes, visible light variants are still unsatisfactory. Efficient
blue and white emitters are yet to be produced, with ion migration, efficiency roll-off
and device stability being the biggest concerns.

Using material engineering the optoelectronic properties of PeLEDs can be mod-
ulated. This consists of dimensional engineering and compositional engineering. Di-
mensional engineering can be performed by preparing the material in various forms
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like 3D bulk crystals, 2D/quasi-2D layers or nanosheets, 1D nanowires or 0D quan-
tum dots. Modulation of dimensionality can be effective method in modulating
the perovskite emission color, radiative efficiency, excitonic/non-excitonic nature,
charge/energy transfer routes and anisotropic emission. Like in PCE, compositional
engineering consists of mixing halide anions at X site. Various colors can be pro-
duced: from violet to blue using ABCl3 to AB(Cl1,Br;_, )3, green to red using ABBr;
to AB(Br,I;_,)s, and to NIR using ABI3. Besides X sites, A and B sites can be
modulated as well to improve device stability, crystal quality or reduce Pb toxicity
[2].

Stability concerns for PeLEDs are similar to PSCs as it currently presents the
biggest obstacle towards commercial use. Halide perovskites were considered in-
trinsically unstable under electric fields due to their soft and ionic crystal lattice.
Typical device lifetimes of PeLED are from 1 to 100 hours, which is far from > 10%
hours required for commercial use. Exception are NIR PeLEDs, which EQE of 28%
and ultra long lifespan which are about 1.2 x 10* and 3.3 x 10* hours for 5mA cm 2
and 3.2 mA cm ™2, while lifetimes of about 2.4 x 10® were estimated at lower current
densities. However, similar performance and stability for visible light PeLEDs is yet
to be achieved. The primary factor for poor lifetimes is the ion migration which
occurs under external factors like electric fields, heat and light, due to the low ion
migration activation energies and hybrid electronic-ionic conduction properties of
perovskites. Several strategies like molecular passivation, changing the dimensional-
ity and thermal management have been explored in order to suppress ion migration
to which halide ions mostly contribute [2].

Another concern is the efficiency roll-off, which happens when EQE decreases
with the increase of current density. This is a general issue for PeLEDs, which
prevents the progress of efficient high-brightness devices and lasers. The main con-
tributing process is the dominant Auger recombination at regions with high carrier
density. In general the decay rate of Auger recombination w.r.t. carrier density
can be quadratic or linear, depending on the dimensionality, for 3D and 2D/1D
perovskites, respectively. In general, small 3D and 2D /1D perovskites have greater
confinement of carriers in limited space, which results in higher local carrier density
and greater Auger recombination. One solution is to increase the physical volume
and reduce carrier density in order to suppress the Auger recombination. Another
is to reduce wave-function overlapping in order to minimize the possibility of inter-
and intra-band transitions between states, after which Auger recombination occurs.
Besides the Auger recombination, other factors that contribute to efficiency roll-off
at high density carrier regions are Joule heat generation that degrades the per-
ovskite, ion migration which can encourage phase segregation and defect formation
under high applied voltage, and carrier leakage that stems from imbalance of injected
electrons and holes [2].

1.2.3 Perovskite nanocrystals

Conventional colloidal semiconductor nanostructures are usually made from binary
compounds with simple crystal structure such as zinc-blende (ZnS, ZnSe, CdS, CdSe,
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HgTe, InP, InAs) or wurtzite (ZnS, ZnSe, CdS, CdSe) structure or face-centered
rock-salt-type compounds (PbS, PbSe) [29]. The synthesis of these nanostructures
is performed by costly and elaborate methods that require molecular precursors
that are highly air, moisture, or heat sensitive, or difficult to make, or require
a sophisticated synthesis in a core-shell structure (for example CdSe-CdZnS) in
order to meet the desired performance. These nanostructures also require electronic
surface passivation, are likely to form deep trap states due to their covalent nature
and band edges consisting of bonding orbitals [29]. In contrast, bonding in perovskite
nanocrystals is ionic in nature, which helps them form at room temperature and
standard pressure, using a vast selection of molecular precursors. The antibonding
character of their band edges contribute to the benign shallow state over the deep
trap state defects. The surface defects mostly consist of vacancies due to their
low formation energy, and deep trap defects are almost absent due to high energies
required to displace ions in the perovskite lattice. This excellent defect tolerance that
favors shallow state vacancies removes the need for passivation layers in perovskite
nanostructures [29].

Conventional colloidal semiconductors require core-shell strucure and passivation
of surface layers obtained from costly synthesis methods, in order to achieve high-
photoluminescence (PL) quantum yields (QY') for photoemission devices like LEDs.
The same can be obtained using perovskite nanocrystals, from using homogeneous
nanocrystals without passivation of the surface layer, with synthesis that is per-
formed under ambient conditions and/or without pre-purified chemicals [29].In both
cases, high PL QY of 95-100% with narrow emission lines are observed. However, the
spectral range for conventional core-shell nanostructures is limited to wavelengths
from 510 nm to 650 nm, while thanks to their highly modular composition (and
therefore their band gap), halide perovskite nanocrystals can reproduce the entire
visible spectrum from 400 nm to 700 nm. Unfortunately, this excellent performance
of PeLED nanocrystals is hindered by their instability and low EQEs. While NIR,
red and green PeLEDs have seen improvements in their EQESs, the progress for blue
PeLEDs is still desired [29].

1.3 Theoretical modeling performed on perovski-
te structure

The perovskite electronic structure has been studied extensively using theory with
density functional theory (DFT) [30, 31, 32], frozen phonon (FP) method [33, 34, 35],
Monte Carlo (MC) [36, 37, 38], molecular dynamics (MD) [39, 37, 35, 40] and many
more.

The crystal structure and lattice dynamics have been extensively studied in or-
der to explain: (1) phase diversity, (2) local and average crystal environment, (3)
thermodynamic and kinetic stability, and (4) anharmonic lattice vibration and con-
ductivity [41]. Under (1) phase diversity; ab initio MD calculations have been per-
formed in order to confirm x-ray diffraction (XRD) measurements that follow phase
transitions upon changing the temperature of the perovskite. For (2) local and aver-
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age crystal environment; ab initio MD, neutron scattering [36, 42] and time resolved
infra-red [43] data all indicate a 1-10 ps reorientation process at room tempearture
for organic perovskite variant, which is the result of anharmonic molecular rotation
and large-scale dynamic distortions along imaginary vibration modes which results
in considerable deviation of the local structure. DFPT calculations show that the
acoustic phonon modes become imaginary (w? is negative) as they approach M and
R points in Brillouin zone (see for example Figure 4.2). Within the FP approxi-
mation, potential energy surface along M and R points has a double well with an
energy barrier of kgT at the saddle point [35], while MD simulations show con-
tinuous tilting of the octahedra at room temperature [39, 35]. With decrease in
temperature, this structural instability is reinforced by soft mode at R and cubic
lattice transitions into lower symmetry of the tetragonal, followed by the instability
contributions from the M point and lowers the symmetry again into orthorhombic
phase [35]. Some calculations regarding (3) thermodynamic and kinetic stability
have been performed. Using DFT and ab initio thermodynamics (TD), the total
energy of the system, Gibbs free energy and other thermodynamic derivatives can
be evaluated. For halide perovskites, calorimetric experiments have shown that they
are metastable, and it’s likely that they are formed due to entropic (configurational,
vibrational and rotational) contributions to free energy. Although kinetic factors
can be calculated using ab initio techniques, they are considerably more cumber-
some and computationally expensive than equilibrium bulk thermodynamics and
there have been no rigorous attempts to use them on halide perovskites.Finally, (4)
anharmonic lattice vibrations and thermal conductivity have been calculated using
quasi-harmonic (QH) approximation as well as perturbative many-body expansions
and MD simulations. While QH approximation can calculate anharmonic effects, it
still considers that phonons have infinite lifetimes and do not scatter, so the thermal
conductivity is ill-defined in this case. Thermal conductivity can be calculated from
anharmonic lattice dynamics using perturbation theory that calculates third order
force constants or MD that considers contribution to all orders [41].

The electronic structure of halide perovskites resembles the characteristics of
traditional semiconductors with a well defined electronic structure and band gap,
however some peculiarities have been confirmed over the years, like the strong spin-
orbit coupling (SOC) effects and electron-phonon interaction.

In the case of halide perovskites, non-SOC calculation can provide an accurate
band gap due to cancellation of errors from local and semi-local functionals and non-
SOC treatment. For Pb-based perovskites, the 6s electrons contribute mostly to the
valence band maximum (VBM), so structural properties are not too influenced by
SOC. However, the conduction band minium (CBM) displays mostly Pb 6p char-
acteristics, where SOC treatment can result in gap closure of about 1 eV compared
to no-SOC calculation. Besides DF'T, there were many many-body theory based
calculations for perovskites, like the quasi-particle GW approximation, that shows
that the band dispersion, as well as density of states, optical character and effective
mass, have considerable contributions from electron-electron interaction and SOC.
For inorganic halide perovskites, the SOC effects affect mostly the splitting of Pb
6p band into p;/, and p3/; two and four degenerate states at R point maintaining
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the direct gap. The same happens for organic variants, plus the VBM and CBM
split into two valleys symmetrically around R point in momentum space. This kind
of splitting occurs when crystals lack the center of inversion symmetry which can
generate a local electric field. Inorganic cubic perovskites have center of inversion
while organic do not.

Electron-phonon coupling can perturb the band structure and introduce temper-
ature dependence and couple electronic excitations (quasi-electrons and quasi-holes)
with vibrational excitations (phonon quasi-particles). In semiconductors, charge car-
rier scattering is mostly due to this electron-phonon interaction which can set a limit
on their mobility. Electron-phonon calculations are usually performed for a static
(rigid-ion) structure to the second-order using DFPT. However, electron-phonon
calculations of physical properties can be difficult to converge since the required
integration is over electronic and vibrational reciprocal space while electron-phonon
interaction is rarely a smooth function for real materials [44].

This thesis contributes to better understanding of halide perovskite nanocrystals
by exploring two important points.

First point focuses on developing a reliable way for obtaining accurate electronic
structure in bulk halide perovskites for CsPbX3 (X=Cl, Br, I) at various temper-
atures. This result is presented in this thesis as well as Ref. [45]. Therein, the
electronic structure of inorganic halide perovskites has been calculated using DFT
with hybrid functionals along with anharmonic phonon calculations in order to ob-
tain a temperature dependent self-energy. Using this self-energy, one can calculate
band renormalization and width due to electron-phonon coupling, both statically
and dynamically. Dynamic calculation is performed using Migdal approximation
and a self-consistent procedure was developed. This is one of the main focus of this
thesis and can be found in Chapter 4.

Second point expands on the first point by using the results for bulk in or-
der to produce the electronic structure of nanocrystals. The method that is used
for extracting bulk structure results directly from DFT and performing symmetry-
adaptation when used on Kane model is described in Chapter 3 and published in
Ref. [46]. This method is then tested and applied to nanostructures as well [46, 47],
however instead of Kane model used for bulk, nanostructures require adopting the
Burt-Foreman envelope model that makes use of the same symmetry-adaptation
procedure. Chapter 5 is dedicated to testing Burt-Foreman model against DFT for
CdSe quantum wells [46] and proceeds with obtaining temperature dependent elec-
tronic structure for CsPbXj; (X=Cl, Br, I) nanocrystals in the shape of quantum
wells, wires and dots. The later results, concerning the temperature dependent elec-
tronic structure of CsPbXj3 (X=CI, Br, I) perovskite nanocrystals, presents original
work, published first in this thesis.
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Chapter 2

Theory

2.1 Introduction

This chapter serves as an overview of theoretical methods that were used in ob-
taining the results in subsequent Chapters and will be structured as follows. First,
some general information about crystal structure is given in Sec. 2.2. Next, the
full electron Hamiltonian and approximations that are routinely used like the Born-
Oppenheimer, perfect crystal, mean-field, nearly-free electron, adiabatic and har-
monic approximations are expanded upon in Sec. 2.3. Once these approximations
are set, some general notions and solutions for an electron in periodic potential are
presented in Sec. 2.4 and Sec. 2.5, respectively. Next, the basis of the Kane model,
which is used throughout the thesis, is presented in Sec. 2.6. The rest of the chapter
takes a more general approach, by splitting calculations for electronic and phononic
structure and presenting them in Sections 2.7 and Sec. 2.8, before combining these
two into electron-phonon interaction explained is Sec. 2.9. Finally, the chapter fin-
ishes with Sec. 2.10 where basic elements of Group theory, required to follow basic
concepts present in Chapter 3, are presented.

2.2 Crystal structure

Perfect crystal

Understanding the electronic structure is one of the key components of solid-state
physics and material science both in theoretical and experimental terms. Crystalline
materials consist of atoms that are connected by bonds and form a periodic lattice
in real space. In theory, the perfect crystal approximation is often used. Under this
approximation, the crystal is made up from orderly spaced atoms of the material
without any local impurities, disorder or deformations in the structure. In practice,
this is rarely true, however, the number of impurities and imperfections can be
reduced enough for their effects on the crystal structure to become negligible. Within
the perfect crystal approximation, group theory is a powerful tool which can be
used to deduce many properties of the crystal structure. Symmetry operators of a
crystal form a group, and they commute with the corresponding Hamiltonian, which

15
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means that the symmetry operators and the Hamiltonian have a common basis of
eigenfunctions.

Symmetries that are present in the system define what kind of eigenfunctions
can be used to describe it. For example, a sphere will be symmetric for rotations
by a continuum set of angles around any axis that contains its center symmetry.
In this case there in an infinite number of symmetry operations. However, a cube
will be symmetric only for discrete set of angles around a finite number of axes. In
group theory language it can be said that, a sphere contains full rotation group of
symmetries, while a cube contains finite number of rotations contained in the full
rotation group.

Symmetry operations

Symmetry operation that is simply defined only by an axis, direction and an angle
of rotation is referred to as a proper rotation or just a rotation, where all points
on the axis are fixed. All rotations around one axis belong to the full group of
rotations, which is a continuous group with infinitely many elements. In atom,
there are infinitely many rotations around infinitely many axes that pass through
the center of the nucleus (central axis). Once atoms are brought together, they can
form bonds, and organize into a crystal lattice structure, the number of rotations
and axes that preserve the symmetry is reduced to a finite number. These rotations
also form a group of symmetry operations, which will be a subgroup of the full group
of rotations.

Another symmetry operation is reflection, which is defined by a plane upon the
space is mirrored, where all points on that plane are fixed.

If there exists a symmetry operation that contains a rotation around an axis
and a reflection on a plane perpendicular to that axis, it is referred as an improper
rotation.

If there is at least one shared fixed point for all rotations and reflections in a
system, then all these operations will form a point group.

There are 14 types of point groups: C),, San, Cun, Chv, Dny Dan, Dpa, T, Ty, Th,
O, Oy, Y, Yy, where n is an integer, and they yield 32 crystallographic point groups.

Translations translate all points in crystal space to an equivalent point in that
same space by some vector, and they do not contain any fixed points.

If translations are added to a point group, then such symmetry group is called
a space group.

Symmetry group can also contain a compound symmetry operation that consists
of a translation followed by a rotation. Individually, this translation and rotation
may not even be a symmetry operation of the crystal, but together form a symmetry
in the space group. If the rotation is proper, the direction of translation is called
a screw axis. If the rotation is improper, the corresponding plane of reflection is
called a glide plane. Groups that have only rotations (proper and improper) and
translations, which in themselves can form subgroups of the full symmetry group of
a crystal, are called symmorphic. Groups that contain a screw axis or a glide plane,
are called nonsymmorhpic.
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The symmetry group (point or space) will govern which eigenvalues and eigenvec-
tors can describe the system. For example, any set of eigenvectors of a Hamiltonian
can be transformed by symmetry operations to produce degenerate eigenvalues. The
symmetry of a system and its Hamiltonian, is directly responsible for the degeneracy
of states. The higher the symmetry, the greater is the possible degeneracy of states.

Certain rules, limit the number of possible rotations and screw axes, as well as
reflection and glide planes. It can be mathematically shown (it was first done by
Fedorov and then independently by Schoenfiels [48]), that there is a finite number
of possible space and point groups. There are 230 possible space groups, and only
73 of them are symmorphic. This means that there are 230 ways to form a crystal
structure, however not all 230 ways have been discovered.

More details on symmetry operations can be found in Refs. [48, 49].

Consequences of symmetry in a system

In free hydrogen-like atom, the full group of rotations allows for electrons to have
degenerate levels. Angular orbital momentum [ and spin angular momentum s = 1/2
of an electron, are dictating the degeneracy of each energy level. As an infinite group,
full group of rotations does not limit the number of degeneracy, so the principal
quantum number n, and therefore [ < n —1 can take any number provided that the
atom can have electrons with such quantum number. The degeneracy for each n is
d,, and is equal to d,, = S—o "(20 + 1)(2s + 1) = 2n%. Each degenerate level, will
have d wave functions that correspond to some irreducible representation of the full
rotation group. These wave functions are also called the partners of the irreducible
representation, and any symmetry operation can be expressed in matrix form with
these wave functions as basis functions.

When such atom is placed in a crystal structure, many of these degeneracies
are lifted as a result of lowered symmetry and these levels will split according to
decomposition of irreducible representations between infinite full rotation group and
finite point group of the crystal. Just like for hydrogen-like atom, every energy level
in crystal, degenerate or non-degenerate, corresponds to some irreducible represen-
tation of the crystal point group, where the number of degeneracy d is equal to the
dimension of that irreducible representation [50].

Even though full rotation symmetry is lost in a crystal, another class of sym-
metry operations becomes present as a consequence of the crystal structure. In the
perfect crystal approximation, the crystal is not bounded and its structure spawns
to infinity in space. Rotations and reflections, rotate and reflect all points in crystal
space, respectively, to equivalent points in that space. Translations translate all
points in crystal space to an equivalent point in that same space, and for infinite
crystal approximation, there are infinitely many possible translations. Translational
symmetry allows for a whole crystal structure to be represented by finite volume in
crystal space, called unit cell. Translating a copy of a unit cell in three directions,
infinitely many times, reproduces the crystal structure in perfect crystal approxi-
mation.
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Bravais lattice and unit cells

Translations that form a group of translations in a crystal can be expressed by these
lattice vectors as:
T = nlAl + 7’L2A2 + 7’L5A5 (21)

where ¢ = 1,2, 3, and three non-planar vectors A; are multiplied by integer values
n;. Each translation T points to one point in space and all these points form a
Bravais lattice.

All points on the Bravais lattice are equivalent, and every such point has a finite
number of closest neighbors, which is called the coordination number of the lattice.

The whole space of Bravais lattice can be divided on finite volumes that do not
overlap or leave voids in space between them, and contain only one point of the
Bravais lattice. Such volume is called the primitive cell or primitive unit cell. Space
inside the primitive cell can be determined by vector t as:

t= Tria) + Taas + Tsas, (22)

where ¢ = 1,2, 3, and a set of three non-planar vectors a; are multiplied by x;, which
are real number between 0 and 1. Vectors a; are called vectors of the primitive cell,
or primitive vectors. In general, A; and a; do not have to be parallel to each other,
since the choice for the shape of primitive cell is not unique. However, some choices
for a primitive cell can have a lower symmetry than the underlying Bravais lattice.

In order to keep the symmetry of the Bravais lattice, one can choose to work
with a non-primitive or conventional unit cell (sometimes simply referred to as a
unit cell). The conventional unit cell fills the whole space without overlap or voids
by translation using a subspace of the Bravais lattice vectors T. It is usually bigger
in volume than the primitive cell and can contain more than one lattice point, but
has the same symmetry as the underlying Bravais lattice. Numbers that specify the
size of the (conventional) unit cell are called lattice constants.

Another choice for a unit cell is the Wigner-Seitz unit cell. Wigner-Seitz cell
contains one lattice point and the smallest polyhedron bounded by planes that
bisect and are perpendicular to lines connecting all neighboring points. This way,
the Wigner-Seitz unit cell is also a primitive unit cell: it contains one lattice point
but has the same symmetry as the underlying Bravais lattice.

While Bravais lattice is a mathematical order of points in space, crystal itself can
be viewed as a physical structure that contains physical objects of finite size (like
atoms or molecules) located at points of the Bravais lattice. In order to differentiate
the physical crystal from the Bravais lattice the term crystal structure is used.
Crystal structure consists of a physical unit (made out of atoms or molecules) called
basis, and its copies which are translated by all Bravais lattice vectors. Equivalently,
each point on Bravais lattice contains a copy of the basis, hence sometimes this is
referred as a lattice with a basis. Crystal structure that has only one atom as its
basis is called monoatomic Bravais lattice.

Bravais latices can be divided into seven systems (and their corresponding point
group): triclinic T (group S3), monoclinic M (group Cyy,), orthorhombic O (group
D), thombohedral or trigonal R (group Dsjg), tetragonal or quadratic Q (group
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Dyp,), hexagonal H (group Dgp,) and cubic K (group Oy). Several of these systems
can have be further divided into different types of the same system: monoclinic into
two, orthorhombic into four, tetragonal into two, and cubic into three, to give a
total of 14 types of Bravais lattices.

More detail on Bravais lattices, systems and types, as well as unit cells can be
found in Refs.[48, 49].

Reciprocal lattice and Brillouin zones

Consider a general plane wave e’¥* where r and k are arbitrary vectors in direct
)

and reciprocal space, respectively. In order to express periodicity of a lattice using
plane waves the following must be true:

eTe =1, (2.3)
where T are the Bravais lattice vectors in direct space, and G are lattice vectors
in reciprocal space or reciprocal lattice vectors for that Bravais lattice defined by
vectors T. Reciprocal lattice vectors G can be expressed as:

G = m1B1 + m2B2 + m3B3, (24)

where ¢ = 1, 2,3, B; are three non-planar vectors in reciprocal space and m; is an
integer.

Reciprocal lattice vectors form a Bravais lattice in reciprocal space that inherits
symmetry properties from the direct Bravais lattice however, they do not have to
share the same lattice type (and usually do not). Using the condition A;-B; = 279,
the vectors B;, 7 = 1,2, 3, in reciprocal space are:

A, x A
B, =¢;,,2 P I 2.5
i = €iva ﬂ-Al'(AQXA;g) (2.5)
For arbitrary r and k the periodicity of Bravais lattice will lead to:
eiG-(r+T) _ eiG-r,
(2.6)

oik+G)T _ ik T

Same as unit cell in direct space, the reciprocal space can be filled by primitive
unit cells that contain one lattice point. The Wigner-Seitz primitive cell in reciprocal
space is called the First Brillowin zone (1BZ). If a;, i = 1,2, 3, are primitive vectors
of the unit cell in direct space, then the primitive vectors in reciprocal space b;, j =
1,2, 3, will obey the relation a; - b; = 2md;;. The point at the center of 1BZ is called
the I" point. If one were to construct the Wigner-Seitz cell in reciprocal space around
I’ point, but instead of bisecting the lines that connect the first closest neighbors
with perpendicular planes, repeats the process for second closest neighboring points,
the intersection of these planes would be called the Second Brillouin zone. The same
can be repeated for third or n-th closest neighboring points to construct third or
n-th Brillouin zone.
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Possible lattice formations

Certain rules, limit the number of possible rotations and screw axes, as well as reflec-
tion and glide planes. It can be mathematically shown (Fedorov and Schoenfiels),
that there is a finite number of possible space and point groups. There are 14 types
of point groups, and 32 point groups in total. These 32 point groups are also referred
to as crystallographic point groups. There are 7 systems of Bravais latices and 14
types of Bravais lattices in total. All these combine for 230 possible space groups,
and only 73 of them are symmporphic. This means that there 230 ways for a crystal
structure to form, however not all 230 ways have been discovered.

Further reading

More detailed description of group theory and its application to crystal structure
can be found in Refs. [48, 50] and effective-mass method and k- p can be found
in Refs. [48, 51]. Since knowledge basic of group theory and point groups is essen-
tial when reading this thesis, a short reminder about particular point groups and
irreducible representations used in this thesis will be presented in Sec. 2.10.

2.3 Approximations to the full electronic Hamil-
tonian

In Sec. 2.2, general considerations were made about the crystal structure, possible
symmetry operations and their connection to the group theory, or more precisely
point groups and space groups.

In this section, an introduction to the electronic structure problem is given: what
kind of Hamiltonian describes system of electrons in a crystal and what approxi-
mations can be used to simplify the problem but still maintain a good physical
description of the emerging phenomena?

One can start from the total Hamiltonian HT9T, that considers positions and
momentum of all nuclei and electrons, and Coulomb interaction between them (while
at this point neglecting spin-orbit interactions for simplicity):

HTOT:Z P% —{—ZZIZJ 62
2]\/[[ 47T€0 |R[_RJ’
Z 47r€0 |RI — 1y (2.7)
p; 1 e’
+ - 2me +Z47T€0 |I‘i —I‘j"
7 1>)

where nuclei have mass M;, atomic number Z;, momentum FP;, and position R; and
electrons have mass m., elementary charge e, momentum p;, and position r;. The
first two terms are the kinetic energy of nuclei and Coulomb interaction between
them, the third is the Coulomb interaction between nuclei and electrons, and the
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fourth and the fifth term are the kinetic energy of electrons and the electron-electron

Coulomb interaction. The total Hamiltonian HT°7T is inserted into a Schrodinger
equation:

HTOT\PTOT _ ETOTq]TOT (2 8)
where WTOT  ETOT are the total wave-function and energy of the system accounting

for all electrons and ions. In order to find a solution one first has to simplify the
problem and introduce several approximations.

Born-Oppenheimer approximation

The first one is the Born-Oppenheimer approximation which decouples nuclei kinetic
energy and Coulomb interaction between them from the rest of the terms that
contain some information about electrons. The justification for this is as follows:
the mass of a proton m,, is about 1.8 x 10 times greater than the mass of electron
me (my/me = 1836.15267343). The frequencies at which nucleus moves in a crystal
are around 10 s7!, and if we assume that in typical semiconductors band gap is
around 1 eV, which is the least energy required to excite the electron, that makes
the frequency of electronic motion to be around 10 s~!, which means that response
of electrons to the movement of the nuclei in the atom is instantaneous, or from the
electron’s point of view - nuclei appear to be stationary. This approximation allows
a separation of two problems: ionic movement and Coulomb interactions between
the charges. When decoupled, ionic and electronic part of the Hamiltonian HTOT
can be solved separately and the total wave-function and energy can be decoupled:

T = o({RHT({R}, {r}),
HTOT = Hion + Hel
Hin®({R}) = E*"®({R}),
HaU({R}, {r}) = E“T({R}, {r}),

(2.9)

where ®({R}) and W({R}, {r}) are separated ionic and electronic wave functions,
respectively, with {R}, and {r} as a short-hand notation for collection of all ionic
and electronic coordinates, respectively. This approximation is assumed in Sections
2.7 and 2.8, that deal with the electronic and phononic structure, respectively, as
well as in Sec. 2.9, that considers the electron-phonon interaction.

Perfect crystal approximation

After decoupling nuclear and electronic parts of the Hamiltonian, one is still left with
two many-body problems that describe a crystal system with a very large number
of atoms (at the order of 10?%). The second approximation is the perfect crystal
approximation, mentioned in the previous section when discussing the crystal struc-
ture. In perfect crystal, translational invariance and periodic conditions, allow one
to reduce computations in the irreducible unit cell that generates the whole struc-
ture when translated along 3 axes. For most systems considered here it also assumes
that a crystal has no boundaries (edges) or interfaces with other materials. Such
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approximation is true for large systems, which are referred here as bulk crystals.
Crystal structures that are confined in one, two, or all three dimensions are collec-
tively referred to as nanostructures or nanocrystals. In the case of nanostructures,
periodic conditions are valid only in directions where there is no confinement: the
irreducible cell now has to include all atoms in the confined space and take into
account the boundaries of the crystal in confined directions. Depending on the con-
finement, there are 3 types of nanostructures: quantum wells, quantum wires, and
quantum dots, which correspond to 1- ,2- jand 3- dimensional confinement. The
effects of the confinement on electronic properties when compared to bulk phases
varies over different shapes and sizes of the nanostructure as well as type of material
that is considered.

Even though infinite crystals don’t really exist, in theory this is usually a good
approximation. Since the number of atoms in a real crystal is of the order of 10?3,
the approximation of an infinite crystal structure is good as long as the number of
atoms in the unit cell is much smaller. For bulk crystals this is always the case.
However, in the cases where crystal is confined to a much smaller space, like in a
nanostructure, this approximation is not valid. Instead of boundary conditions, the
infinite crystal approximation and translation symmetry allow for the use of periodic
conditions, since all points in the unit cell have their equivalence in another unit
cell under certain rules, which simplifies many aspects of the calculation for bulk
crystals. These periodic conditions will be the basis for Bloch theorem that solves
the problem of electron in a periodic potential.

Mean-field approximation

With the electronic part decoupled and computational cell reduced, one is still faced
with a fermion many-body problem that is still impossible to solve even with mod-
ern supercomputers. One electron interacts with the collective charge distribution
of all the other electrons and ions, and, they in turn respond and redistribute their
charge to again interact with that electron and so on. Since all electrons are indis-
tinguishable, they should all respond the same.

One way to approximate this behavior is to introduce the mean-field approxi-
mation which replaces Coulomb terms with an averaged potential V'(r) that is the
same for all electrons. This allows one to further reduce the problem from many-
interacting electrons to a one-electron in periodic potential V(r). It is clear that
the many-body interactions make this kind of approximation not so obviously valid,
however, this approximation has proven quite useful. In some cases, it can produce
both qualitatively and quantitatively decent results, and in some it can fail com-
pletely. In many cases however, it produces decent qualitative results, with some
discrepancy from experimental results. If a good quantitative estimate is required
in these cases, mean-field results can be a starting point for a more refined method
that introduces some many-body effects.

For example, Density Functional Theory (DFT), that relies on self-consistent
mean-field VSCF(r) that takes into account the Hartree potential and exchange-
correlation energy that accounts for many-body interactions has proved to be a very
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useful method, whose advantages and disadvantages have been studied intensively.
A more refined method would be the GW method that relies on electronic Green’s
function G to include many-body effects like the electron self-energy, and replaces
the electronic mean-field Coulomb interaction with a screened Coulomb term W.
More details on both the DFT and GW can be found in Sections 2.7.1 and 2.7.5,
respectively.

Nearly-free and tight-binding approximation for electrons

In solids, the bonds between the neighboring atoms are formed from wvalence elec-
trons while all other electrons that occupy the filled orbitals are referred as core
electrons. Since most of the information about the electronic structure of a crystal
can be deduced from valence electrons one can make a convenient (but not nec-
essary) approximation to group nuclei and their respected core electrons together,
into ions. The valence electrons see the effective potential made from core electrons
and the nucleus as a pseudopotential'. However, valence (or all) electrons can be
considered as nearly-free or tightly-bounded to their core atoms.

The nearly-free electron approximation assumes that electrons are not strongly
bounded to their core atoms(ions) and behave similarly to free electrons, which
makes plane waves a convenient basis for nearly-free electrons. A different approach
would be the tight-binding approximation which assumes that electrons are tightly
bounded to their atoms. In this case, convenient basis for bound electrons are atomic
orbitals, so the wave functions are usually represented as a linear combination of
atomic orbitals (LCAO).

Both the plane wave basis and LCAO are routinely used in DFT with and without
the use of pseudopotentials. There are also other ways to solve the electron problem
using a different basis from the ones mentioned but they are outside of the scope of
this work, and will be briefly mentioned in Sec. 2.7.1 that deals with DFT in more
detail. For all DFT results that are presented in Chapters 3, 4, and 5, the plane
wave basis with pseudopotentials is used.

Adiabatic and harmonic approximation

When computing the movement of nuclei, nuclear interactions are neglected and they
are considered as a system of bosons with different masses, that have classical trajec-
tories and interact like point charges. In the Born-Oppenheimer approximation, it is
considered that electrons remain in their ground state as nuclei vibrate. This is also
an adiabatic approximation, which allows for nuclei to only see the timed-average
of electronic potential of all electrons. The sum of all averaged potentials and av-
eraged kinetic energy of electrons in the crystal is called the Born-Oppenheimer
energy EBO. All possible configurations of ions make up the Born-Oppenheimer
energy surface E2°({R}) that depends on collective positional coordinates of nuclei

In practical calculations however, this is not straightforward, since sometimes it’s not clear if
all core electrons should be grouped into ions or should some electrons from filled orbitals also be
considered as 'valence’, therefore careful tests are necessary.
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{R}. The Born-Oppenheimer energy, acts as a potential and causes a restitution
force that nuclei see while moving.

The Born-Oppenheimer energy EB°({R}) can be expanded into a Taylor series,
by displacing atoms from their equilibrium positions up to some order. In the
harmonic approrimation, the atomic displacements are only to second-order. This
way, phononic frequencies are obtained as a solution to the Hessian problem, that
includes second-order derivatives of the Born-Oppenheimer surface with respect to
positions of atoms.

One method that takes advantage of the harmonic approximation is the Density
Functional Perturbation Theory (DFPT) which combines DFT with perturbation
theory and linear response to obtain solutions for the collective nuclear motion: in-
teratomic force constants, vibrational (phonon) frequencies and vibrational (phonon)
modes.

Harmonic approximation is valid in many semiconductors that are stable at both
low and high temperatures. However it fails in some cases where material shows
a phase transition at a high temperature when anharmonic terms are necessary
(e.g. cubic ABXj3 perovskites at high-T', like the CsPbX3 (X=Cl, Br, I), which is
the material investigated in this thesis, and its anharmonic phonon structure was
necessary to obtain the important results in Chapter 4).

For anharmonic vibrations, one of the methods that can be used is the Self-
Consistent Phonon (SCPH) theory. SCPH employs many-body formalism with
phonon Green functions and phonon self-energy.

More details on DFPT and SCPH can be found in Sections 2.8.3 and 2.8.4,
respectively.

2.4 Electron in periodic potential

In order to simplify the problem, one can apply the Born-Oppenheimer, mean-field
and perfect crystal approximations mentioned in Sec. 2.3 and imagine that there
is only one nearly-free electron in the whole crystal. This electron interacts with a
periodic mean-field potential V(r):

T(T)V(r) = V(r+T) = V(r), (2.10)

where T'(T) is an operator that translates r by T: r — r + T, and T is a lattice
vector T = ni Ay + noAs + nzAs.
The equation that describes a one-electron Hamiltonian H ¢ in a crystal:

2

g o) (p) = [Qp + V(r)] pe) = plage)(y), (2.11)
me

where £ is the energy of an electron corresponding to an eigenfunction W€ (r).
Kinetic energy operator p?/(2m.) commutes with T'(T) for any system of indepen-
dent electrons, which means that if V(r) commutes with T(T) then H(® will also
commute with 7(T). From Eq. (2.10), one can see that [V (r), T(T)]¥1)(r) = 0 is
true, therefore [H1¢), T(T)]¥1 ) (r) = 0 must also also true.
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Bloch functions and Bloch theorem

Bloch theorem? states that solution for Schrodinger equation for an electron in a
periodic potential can be expressed as plane waves modulated by periodic functions.
These solutions are expressed using Bloch functions \111((16) (r) as:

U (r) = ™ u(r), (2.12)

where k is a continuous vector in reciprocal space. Periodic functions wy(r) are
sometimes called Bloch factors or modulating factors [48] since they modulate the
plane wave e’®T. The wavefunction in Eq. (2.12) can be interpreted as describing a
free electron described by the plane wave e’**, that is modulated by some periodic
potential described with wy,(r). This makes a clear connection of Bloch theorem
and the nearly-free electron approach, since free electrons can be expressed using
plane waves ek,

Translation symmetry

Translation symmetry introduces a new quantum number k, which is a position
vector in the reciprocal crystal space, and when multiplied by A it is sometimes
called the crystal momentum of an electron. In crystal, energy levels of electron
form bands since they now change with the continuous quantum number k. Full set
of electron energy levels for all k forms a dispersion relation which is also called the
electronic crystal structure. The shape of the unit cell in reciprocal space determines
the the first Brillouin zone, so all points on the reciprocal lattice can be reduced
points inside that cell. When switching from real to reciprocal space of the crystal,
primitive vectors and shape of the unit cell also change, but all symmetry properties
from the real space are conserved. For arbitrary k in the reciprocal space, a point
group Gy can be assigned which is a subgroup of the point group of the whole crystal
symmetry G, where I' corresponds to the origin in reciprocal space kr = 0. Using
decomposition of irreducible representations from Gt to Gy, it is possible to deduce
which degeneracies will be allowed at point k.

If the electronic crystal structure can be obtained at some point k for some or all
bands, then the splitting of these bands can be deduced when moving away from kg
using group theory. Band at ko which corresponds to an irreducible representation
within Gy, can at ko + Ak become either reducible (if the band is degenerate and
the symmetry is lowered) or it can compose a larger irreducible representation with
another band (and increase degeneracy if the symmetry is raised). Even though
group theory provides information about composition and decomposition of the ir-
reducible representations and therefore the composition and decomposition of the
band structure in k-space it cannot predict the order of magnitude at which the en-
ergy of the band is raised, lowered or split. In other words, group theory can provide
possible degeneracies of bands at any k (and their corresponding irreducible repre-
sentations) but not their ordering with respect to the energy. Magnitudes at which

2Discovered by Felix Boch in 1929. In mathematics, this is also known as Floquet’s theorem,
discovered by Gaston Floquet in 1883.
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band structure changes when moving away from a kg point for which band energies
and their wave functions are known, can be obtained with perturbation method
using effective-mass method for a non-degenerate or degenerate band, included in
Sec. 2.5, as well as k- p theory which can include several bands (non-degenerate
and degenerate) at once, included in Sec. 2.6. However, both of these perturbation
methods are usually limited to a small area around k.

2.5 The effective-mass model

From translational properties, Bloch functions \111((1;) were introduced as a general
solution for an electron in periodic potential with two quantum numbers: n - which
refers to the state of an electron, and k which is a continuous vector restricted to the

1BZ. Energy of an electron in a mean-field periodic potential Eﬁ}j), corresponding
to n and k, is the solution to equation:
HIOWED (1) = B0 (x), (2.13)
which can also be expressed as:
v ik (le) ik
[zme + V<r>] g (1) = B g (1), (2.14)
and after acting with operator p = (—ihV) on e**, and then multiplying by e~
from the left one obtains:
1 le
l T (P + 21k - p + BK?) + V(r)} Uien () = B e (1), (2.15)
or simply
HVtgen (r) = Bt (1), (2.16)

where 7—[{(16) is the term in the large bracket on the left-hand side of Eq. (2.15). The

hk in ’Hl({le) , which is a consequence of the periodicity of the crystal, is sometimes
also called the crystal momentum of an electron?.
Bloch functions Wy,, and Bloch factors uy, now obey the following relations:

1
(ol i) = 577 [ e Wi (1)) = B

SC

(2.17)
1
Vie

<ukn |ukm> =

/ dr uy,, (r) Ui (T) = Opm,

3Like the genuine momentum p, whose conservation law is a consequence of continuous invari-
ance of space, the crystal momentum is also conserved, but only up to a translation by a discrete
reciprocal lattice vector G: hk’ = hk + hG, as a consequence of discrete translational symmetry of
the crystal (another reason for confining k to 1BZ). Because the symmetry of the crystal is discrete
and not continuous, conservation of ik cannot be proved using Noether’s theorem. Bloch functions
are not eigenstates of the momentum p = —ihV, since: —ihV\II&e) (r) = e™®T (hk — ihV) ugp (r).
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where V = NV, is the full crystal volume, V. is the volume of the unit cell,
number N — oo is the total number of unit cells in the crystal, and 6, and dx x
are Kronecker delta function, respectively. In the reciprocal space, volume of the
crystal and unit cell (1BZ) are (27)3/V and (27)3/Vj, respectively. The ’(1e)’
label from superscripts is from this point forward, always assumed and dropped for
simplicity.

If Bloch factors |uy,) form a complete set of periodic functions, where n goes
through all possible states: occupied and unoccupied, then the representation of Hy
in |uk,) basis is exact. In the case when n goes to all possible states n € [1,00),
diagonalizing an infinite matrix (U, | Hk |uk,) leads to dispersion relation in the
1BZ. However, in practice, one can only work with a finite subset of |uy,). In case
when n € [1, N|, where N is some finite number, the dispersion relation is not exact
and gives only an approximate solution.

In most III-V and II-VI semiconductors highest valence and lowest conduction
bands are fairly isolated and contain most of the current carriers around small regions
of k that lie at extreme values of these bands where the gap is found, making this
approximation somewhat justified. In the case of a direct gap, one can consider
only one kg for an exact solution and then perform a perturbative expansion around

k — k.

Non-degenerate effective-mass model

If one considers an example of spinless GaAs, which is a III-V semiconductor with
zincblende structure. The direct gap is at kg = I', where Eyq. is the energy of the
non-degenerate lowest conduction state koc. Using the second-order non-degenerate
perturbation theory, one can expand the conduction band energy FEy. around gap
point kg to a small area in k-space:

h2
(k — ko) + B + B (2.18)

Ekc = EkOc + Qme ke

where

h

1

By = (k= ko) - e

E1(<2) _ Z ﬁ_2 |(k — ko) - Per|? (2.19)
¢ retc mg Ek()c - EkoT‘ ’

Por = <\Dkoc‘ p |\Ijkor> )

and the case of GaAs, El((lc) = 0 since pe. = 0. The Eq. (2.18) is the so-called
effective-mass equation and it is limited to a small area around k, and relatively
isolated bands. The derivation of Eq. (2.18) can be done by using time-independent
perturbation theory as seen in A.2 of the Appendix.

Degenerate effective-mass model

For spinless zincblende GaAs, the valence band maximum is a 3-fold degenerate state
with energy Fy,,. Degenerate eigenstate Wy, = >, C;|kov(i)), can be expressed
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using basis |kov(i)) and coefficients C; where i = 1,2,3. When moving away from kg
these 3 states are no longer degenerate. Using the degenerate perturbation theory,
and assuming that |kov(i)) and Fy,, are known, one has to solve for system of 3
equations in order to obtain C; coefficients and energies Fy, away from kg:

> |H 6+ HY + BY| G =BG i =123 (2.20)
J
where:
2

h
0
H = B + 5—(k —ko)’,

e

h
1
;) = ——(k —ko) - Py, (2.21)

e

H® _ Z 5_2 (k — ko) - pirPr - (k — ko)
" r#v mg Ekov - Eko'l‘ .

i and H i(jQ) can conveniently be expressed by a 3x 3 matrix,
which is sometimes referred as Dresselhaus-Kip-Kittel (DKK) model[52].

The derivation of Eq. (2.21) can be done by using time-independent perturbation
theory as seen in A.2 of the Appendix. In practice, one can first obtain the crystal
structure experimentally using X-ray crystallography with great degree of accuracy.
Next step would be to identify the type of lattice and obtain all possible symmetries
present in the crystal. After that, one can attempt to calculate the electronic crystal
structure.

Another method similar to DDK was developed by Luttinger and Kohn[53], and
later Luttinger[54]. This method can determine the analytical form of Hamiltonian
using theory of invariants.

If the semiconductor had a relatively small gap (around 0.5 eV), these methods
would not hold well, and Kane developed a quasi-degenerate theory using a multi-
band model [55, 56, 57] which is used throughout Chapter 3.

Perturbative terms H (1

2.6 Kane model: The k- p equation

Kane’s solution to narrow band semiconductors was to include both the conduction
band and 3-fold degenerate valence band into one k- p model[55, 56, 57]. The
model uses k - p term as a perturbation and includes contribution from the rest of
the bands in the second-order terms using Lowdin’s perturbation method[58]. For
simplicity, the spin-orbit coupling (SOC) was omitted in the previous section, but
here it will be included. Starting equation is the one-electron equation for periodic
potential:

P

2m,

h
Am2c2 (0 x VV)-p| [Vin) = Ekn [Vkn) , (2.22)

€

+V(r)+
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where h(o x VV) - p/(4m2c?) term takes SOC into account and o = (0, 0,,0,) is
a vector whose components are Pauli matrices:

Oy = [g (1)] , oy = [(Z) _OZ] . 0, = [(1) _OJ : (2.23)

With SOC included |¥y,) is now a two-component spinor:

|\Dkn> = zkr ‘ukn> )

(2.24)
|ukn> = ukn |Oé> + uﬁn |B> )
accounting for spin up(|e)) and spin-down(|5)) states:
1 0
ar=o] =] el = sl = (2.25)
Inserting Eq. (2.24) in Eq. (2.22) gives:
h2 2
|: + — k- pSOC:| ’ukn> Ekn ’ukn> )
H = (r) + n (cxVV)-p (2.26)
4m?2c? ’
=p+ n (0 x VV)
pSOC - p 4 2 o

€

For any k, Bloch factors |uy,) form a complete set (n = 1,...N) . Assuming that
for some kg, all Bloch factors |uy,n) can be obtained and energies Fi,,, can be
computed, Bloch factors for any vector k and band a can be expressed in the basis
of kg as:

e = 57 B ftem). (2.27)
Inserting Eq. (2.27) in Eq. (2.26) and multiplying by (ux,,| from the left remember-
ing that (uk,n|tkgm) = Onm, the k - p problem is reduced to:

h2
Z {Ekom + 5 (k* — kg)] Spm B

(2.28)
+z{ (K 0) - G el B = BB

which can be written as a matrix eigenvalue problem Y H,.,,(k)B% = E“ B
Eq. (2.28) is expressed in the basis of Bloch factors, so reverting back to basis of
Bloch functions |Wy,) is straightforward using the relation that connects matrix
elements of pg,. between the two:

Pnm = <\Ilk0n’ Psoc |\Ilk0m> = hkoénm + <ukon‘ Psoc |ukom> ) (229)
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so that Eq. (2.28) can be also written as:

h? u
> [Ekom o (k — ko)Q] Oy BLY

" (2.30)
+2 {E (k — ko) - pnm} BY = BB,

The Eq. (2.30) is the first-order k - p equation for Kane model.

The size of the square matrix H,,,, depends on how many bands are included. If
infinite amount of bands were included in the H,,,, this problem would be exactly
solved, for any k in the 1BZ, to an accuracy of obtained |uy,,) and Ey,,,. However,
this would obviously not be computationally feasible, so the size of H,,, has to
be finite. To include contributions from other bands which are not contained in
the first-order of H,,,, Kane used Lowdin’s perturbation method which produces
second-order terms HTS%,)L:

@ _ ~x~k—ko)i ,  hk—ko);
HY) = ZJ o P ==
(Ekon + Ekom)/2 - Eko?“’

(2.31)

an,ij: )] =%,Y,z ,

r#lm.n)

where bands labeled r are called remote bands in order to distinguish them from the
main bands, labeled with n and m, that enter the Hamiltonian through the zeroth
(Ex,m) and the first-order perturbation (p,m,)*. The second-order k - p equation in
Kane model for bulk crystal is:

2

h
Z {Ekom + 2m

m

(k — ko)ﬂ Spm B

. (2.32)
3 LR PR

m

The set of parameters which must be obtained before solving for Ey, in Eq. (2.32)
can be distinguished as ones of the: zeroth order Ey,,,, first-order p,,,, and second-
order P, ;; in terms of perturbation, and will be referred as the k - p parameters
for H,,,. However, Kane model doesn’t provide any method of obtaining these
parameters and they have to be obtained by some other means.

Obtaining k - p parameters using fitting methods

One way to obtain k - p parameters of H,,, is to perform a fit using experimentally
obtained energy levels Ey, for some k points in 1BZ. Using only this method how-
ever, it is impossible to know how many independent parameters there should be,

4Originally, Lowdin’s perturbation method would contain E,, instead of (Ey,n + Fik,m)/2 in
the denominator of Eq. (2.31), which would require a self-consistent method of solution. Kane
opted for this geometric average in his method [57]
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since when fitting the data there isn’t a unique way to do it. It would be most useful
to know how many independent parameters there should be just by considering the
symmetries of the crystal structure.

This was solved by Luttinger [53, 54] and later generalized by Pikus and cowork-
ers [48], by using the theory of invariants to obtain the number of k - p parameters by
taking advantage of the group theory and symmetry of the crystal. The advantage of
this method is that it produces the exact (and the least) number of parameters that
are required according to the crystal symmetry. However, the disadvantage is that
it can not determine the numerical values of these parameters and that some input
from experimental results is required. This way, k - p parameters can be uniquely
fitted to experimental results.

Obtaining k - p parameters using ab initio methods

Another way to obtain k - p parameters of H,,, is to perform an ab initio calculation
using DF'T or some other available method to obtain numerical values for Ey,,, and
|Wk,n) in order to calculate py,, and P,,, ;. This method produces all numerical pa-
rameters without the need for any experimental results however, it does not initially
give the same analytical form like the theory of invariants does and can appear to
have more parameters than the crystal symmetry would suggest.

This shortcoming can be overcome by finding a unitary transformation that
transforms initial ’symmetry non-adapted’ analytical form into the ’'symmetry-
adapted’ form that theory of invariants produces, thus reducing the initial number
of parameters to the one that is required by the crystal symmetry. Even though the
exact number of parameters is unique to the crystal symmetry and size of H,,,, the
analytical forms are not unique.

Using unitary transform to adapt parameters from one analytical form to another
is called symmetry-adaptation of the k - p Hamiltonian. Procedure which performs
this symmetry-adaptation relying only on ab initio methods was developed for the
purpose of this thesis. The whole procedure that starts with obtaining initial k - p
parameters from DFT, then obtaining the unitary transformation that rotates the
basis to a symmetry-adapted form as published in Ref. [46], and described in Chap-
ter 3.

5This analytical from actually has all symmetry properties that are required by the crystal
symmetry however, it is not that obvious until some unitary transformation is performed.
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2.7 Electronic structure

This section is dedicated to computational techniques for obtaining the electronic
structure, namely the density functional theory (DFT) and the many-body GW
method. In all subsequent subsections, the Born-Oppenheimer approximation is as-
sumed and the calculations are considering only the electronic subsystem neglecting
all influence of the ionic vibrations. The ionic movement in the crystal is studied in
Sec. 2.8, while Sec. 2.9 studies the influence of this ionic movement on the electronic
structure.

Both DFT and GW are considered ab initio methods, in a sense that they do
not require any experimental parameters as inputs. In practical calculations, one
can consider the lattice structure itself as an experimental input, to some degree.
Atomic positions can be declared in coordinates that are relative to the lattice
constant, which can be determined by minimization of the total energy of the unit
cell. Modern DFT codes can also start from an approximate lattice structure and
relax both atomic positions and lattice constant until forces on all atoms vanish.

DFT has proven to be a very powerful and universal tool. In practice, it relies
on the ansatz that the electronic density of an interacting system can be determined
by an electronic density of an auxiliary non-interacting system that is easier to solve
mathematically. In DFT, the total energy of the ground state of a system is a
functional of the ground state electron density only. This density is obtained self-
consistently through an auxiliary problem described by the Kohn-Sham equations.
These equations provide one-electron energies and wave functions of this auxiliary
Kohn-Sham system, which can be used to estimate the electronic structure. In
some cases, the Kohn-Sham electronic structure gives a very good estimate, while in
others it fails to reproduce even the most basic features like the electronic gap. This
problem has several solutions and one of them is to explicitly include many-body
effects using Hedin’s equations and the appropriate GW approximation in order to
make the computation feasible.

Although GW provides a more accurate picture of the electronic structure as
a more refined, many-body model ¢, it still relies on DFT to provide that initial
step to obtain the starting electronic density, energies and wave functions. Using
DFT states as an input, GW computes self-consistently the electronic self-energy
using interacting or non-interacting Green function G' and the screened Coulomb
interaction W. This way, the electronic properties obtained from the Kohn-Sham
equation can be improved to better resemble experimental results.

Interested readers can find more information about DFT, GW and other tech-
niques in obtaining electronic structure across the literature, for example in Ref. [59,
60, 61].

60ne can recognize that a similar many-body treatment which dealt with electron-electron
many-body interactions is applied for electron-phonon interactions in Sec. 2.9.
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2.7.1 Density Functional Theory - DFT

One of the many challenges of the problem of many interacting electrons is that the
solution for H,, inherits dependence on the position r for all N electrons described
by the many-body function ¥(ry,rs,...ry). Hohenberg and Kohn [62] approached
the problem for systems with many electrons with the idea to simplify the search
for its solution by suggesting that all properties of such systems can be determined
by the electronic density n(r) of the ground state, which is a scalar function that
depends on one vector coordinate r only:

n(r) = /drg...rN|\Il(r,r2,...rN)|2. (2.33)

The result was an exact theory for many-body electron systems.
The Hamiltonian operator H of such many-body system can be expressed as:

H = T4+ Va—e + Vexts (2.34)

where T, and Vg _q, are the kinetic energy operator and operator for electron-
electron interaction, respectively, accounting for all electrons in the system. The
external potential operator Vo (r) contains all electron-ion interaction in the system
and the background potential created by all ions. Ions are considered static by the
BA approximation.

Hohenberg-Kohn theorems

Hohenberg and Kohn provided and proved two theorems which are the basis of the
density functional theory (DFT):

e Theorem 1: For any system of interacting particles in an external potential

Vext (), the potential Vi (r) is determined uniquely, up to a constant, by the
ground state particle density ng(r).
Corollary: Since the Hamiltonian is fully determined, except to a constant
shift of the energy, it follows that the many-body wave functions for all states
(ground and excited) are determined. Therefore all the properties of the sys-
tem are completely determined by the ground state density ng(r).

e Theorem 2: A universal functional F[n] for the energy E[n| in terms of the
density n(r) can be defined, valid for any potential Vi (r). For any particular
Vext (1), the exact ground state energy of the system is the global minimum
value of this functional, and the density n(r) that minimizes this functional is
the exact ground state density ng(r).

Corollary: The functional E[n| alone is sufficient to determine the exact
ground state energy and density. In general, the excited sates of the electrons
must be determined by other means.
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The functional F[n] is universal in a sense that it doesn’t depend on Vi (r). In
other words, the mathematical form of F'[n] will be the same for any kind of system:
semiconductor, metal, superconductor, molecule etc.”

Theorem 1 can be easily proved by reductio ad apsurdum as shown in Ref. [62].
Assume that two external potentials for the same system, that differ more than just
by a constant V « and V « and lead to two dlfferent Hamiltonians H® and H®,
respectively. Assume that both th and th produce the same electron den81ty
no(r). This density ng, should return two different ground states UM and ¥, for
Hamiltonians H" and H®| respectively, with energies EM[n] and E®[n], respec—
tively:

EOn] = (v 7O |v®) =12 (2.35)
Because BV = (¢ | HO [wM) is not a ground state of ¥, then:
1) <\I/(1)‘ HDY |\I/(1)> < <\1;(2)‘ HY ’\1;(2)% (2.36)
so adding and subtracting H® from the right-hand side leads to:
D - <\p(2)‘ HO + g@ _ g@ |\IJ(2)>,

(2.37)
B0 < 54 [ ar [V - V)] o).
The same argument from Eq. (2.36) can used in the case for £® and ¥®) with
manipulation from Eq. (2.37) to obtain:

E® < BV 4 [ ar [V - V)] o). (239
Together, Eq. (2.37) and Eq. (2.38), produce a contradiction:
EW 4+ E® <« F® 4 O, (2.39)

The strict inequality in Eq. (2.39) is due to assumption that the ground state is not
degenerate. This leads to a conclusion of uniqueness of ground state density ng(r)
which can be attributed to only one possible external potential V.

Theorem 2 is sometimes split into two points. The first point implies is that
for any potential Vi some functional F'[n] can be defined with a density n(r). This
defines a set of all possible densities n(r) that V., can produce. The second point,
is that not every such density n(r) in the space of densities that Vi defines, can
be the density of the ground state mo(r) for that particular V. In degenerate
case, ground state densities will be a subset of all possible densities, while in non-
degenerate case, only one density will return a ground state, and any other That
means, that only densities that return a ground state for some V., can be, in reverse,
obtained from that same V.. These unique densities are called "V-representable’

TOf course, this functional will differ in terms of the number of electrons and ions, ionic masses
and distance between ions etc. but the mathematical form is conserved.
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densities. This limits the number of possible densities that are possible within DFT.
These densities are usually limited to smooth potentials without delta functions or
singularities. Ome can write the energy functional Fyk[n| as a sum of individual
functionals of density:

Enk[n] = F[n] + /dr Vet (T)10(T)
— Tuln] + Ba_aln] + / A Vg (0)(r) + Bonion (2.40)
— Fuln] + / dr Vo (0)1(r) + Eronsons

where Ty[n| and Fq_q are functionals of many-body kinetic and potential energy of
electrons, respectively. The classical potential energy between ions FEiy,_jon doesn’t
depend on electron density, and it is the before mentioned constant part extracted
from the external potential. The functional Fyk|[n| is the universal functional that
contains all internal energies (kinetic and potential) for the system of interacting
electrons:

FHK [n] = Tel[n] + Eel_el[n]. (241)

Functional Fyk[n| does not depend on V. and is mathematically universal for all
systems. The label "HK’ is used here to emphasize that it refers to Hohenberg-Kohn
formulation of F'[n], which is limited to non-degenerate ground states.

Consider a system with a ground state density n)(r) is produced by V., and
corresponds to a non-degenerate state ¥ with energy E():

EL — EHK[n(l)] _ <q;(1)‘ H |q;(1)>' (2.42)

Consider another density n(®(r) that corresponds to a state U@ which is not a
ground sate but a possible density for V.y, with energy E®):

B = Budn®] = (02| B [9). 249

If n™ is the density obtained from the ground state (1) then any other density n(?
obtained from state W(? will have higher energy than E0):

(VO H|wW) < (v | H|w®). (2.44)

This means that if the exact functional Fyk[n] is known, then one can search for
the ground state by trial densities n until the minium of Egk[n] is found. Once
the minimum of Eyk[n] is obtained by varying the density, the ground state density
is also obtained. Note that this functional Fpx can be used to find the ground
state only and for any other excited state of the system with the same V. has to
be determined in another way. In other words, if one knew a density n’ of some
excited state ¥/, then Eyk[n'] doesn’t have to be the energy of that excited state.
Excited states can in a way be connected to some local minimum or a saddle point
of some functional, but Hohenberg-Kohn theorem is explicitly restricted to a global
minimum, which corresponds to the ground state.
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One issue with this formulation of DFT by Hohenberg and Kohn is that it does
not provide any insight on how to construct the functional Fyk, it just states that
it should exist. The other is that it is limited to "V-representable’ densities, cases
where the ground state is non-degenerate, and does not consider the case when
different states ¥ produce the same density n(r).

Universal functional F'[n| can also be expressed in another formulation of by Lieb
and Levy Fpp[n] to extend Hohengerg-Kohn theorems to degenerate cases. One such
example for a case of degenerate ground state density is the homogeneous electron
gas: wave functions are plane waves which all correspond to the same uniform
density however, the ground state is determined by the lowest kinetic energy in the
case of non-interacting electrons. In the case of interacting electrons, the density is
also uniform, however the wave functions are correlated and cannot be expressed by
a simple determinant. The same logic can be applied for inhomogeneous cases.

Levy-Lieb formulation of F[n]

Formulation of DFT by Levy[63] and Lieb[64] extends the range of the definition of
the energy functional giving it a more physical meaning, provides some insight on
how the functional should be constructed, and leads to the same ground state density
as Hohenberg-Kohn formulation, but also applies for degenerate ground states. The
idea is to define a functional Eyy[n] and perform minimization in two steps. In the
first step of minimization, the purely electron part of Hamiltonian is minimized by
varying W over all variables to define functional Fyp[n]:

ELL [n] = qu_r)}:lr(lr) <\If‘ Tel =+ V;)],e] ’\IJ> + /dI‘ Vext(r)n(r)

(2.45)
= FLL[TL] + /dI‘ %Xt(r)n<r)>

where Fpp[n] is the universal functional minimized for a set of ¥ that produce the
same density n(r):
Fiplnl = min (V| Ty + Vag—a |V) . (2.46)
W —n(r)

The difference between Fyx and Fij can be demonstrated on the homogeneous
electron gas of non-interacting electrons. In such case, the many-body wavefunction
is constructed from a Slater determinant where individual electrons are represented
as plane waves. All states correspond to one uniform density which is generated
uniquely by a uniform V.. Since there is no interactions between the electrons,
only the functional of the kinetic energy is present. In Fyx formulation, there is no
use to vary over density to obtain the ground state however, in Fy, formulation, the
ground state is defined by minimizing the kinetic energy over different ¥ to obtain
the lowest value and therefore the ground state.

The formulation of Fip, in Eq. (2.46) provides a practical meaning for the func-
tional as the minimum of the sum of kinetic and potential parts for all possible
many-electron wave functions ¥ that have the given density n(r).
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In the second step of the minimization, same as for Eyk[n], the functional Fyp[n]
is minimized by varying over the density n(r). In order for density n(r) to be 'N-
representable’ it needs to be positive for all r and integrate to N electrons present in
the system, there is no requirement to be a ground state density of any potential V',
If a density isn’t 'N-representable’, automatically it will not be "V-representable’,
therefore it cannot minimize Eyy[n]. This way Levy-Lieb formulation provides some
insight of possible trial densities in the minimizing procedure.

In order for a trial density to describe the exact ground state for some external po-
tential V. and be "V-representable’ it must be checked first if it is "N-representable’.
In other words, all "V-representable’ densities from Hohenberg-Kohn formulation
are also 'N-representable”. Because the condition for minimization of the functional
E[n] by varying over density is fulfilled in both Hohenberg-Kohn Fyx and Levy-Lieb
Ey, formulations, they must lead to the same ground state density.

In summary, in Hohenberg-Kohn formulation, functional Fyk is defined only
for densities that can be generated by some external potential V. which minimize
Fuk(i.e. the 'V-representable’ densities that lead to ground state). In Levy-Lieb
formulation the functional Fyp[n] can be defined for any density n(r) that is formed
from many-body electron wavefunction Wy, with the condition that it integrates to
finite number of N electrons over the whole space [drn(r) = [drU3¥y = N.
Densities that minimize Fyx[n| for some Wy are called 'N-representable’ densities.
If they can also be obtained from some V., they are 'V-representable’ and they
must lead to the same ground state in Eyk[n] and Epp[n].

2.7.2 Kohn-Sham scheme

Until this point, all discussion was on the exact DFT, that is, on the assumption
that the functional F'[n] can be exactly defined, ground state density obtained by
minimizing £n| and determining the many body Hamiltonian for all states (ground
and excited) V. Unfortunately, to this day, no one knows how F[n] should look
like. This problem is further complicated by the fact that one is dealing with many-
body functions ¥ and some simplification has to be performed in order to make this
problem solvable.

One such, simplification is the Kohn-Sham scheme which asserts the following:
For any interacting system, there is a local single-particle potential Vig(r) which
corresponds to an auxiliary non-interacting system, and this auxiliary system pro-
duces the ground state density nkg(r) which is equal to the ground state density of
that interacting system ng(r).

This also asserts that "V-representable’ densities of an interacting system for can
also be "V-representable’ densities of the auxiliary non-interacting system.

This way, the electrons density is still connected to an interacting system but
the kinetic part acts on individual electrons the same as in the non-interacting
case. Unlike in the case of homogeneous gas of non-interacting electrons, where all
electron-electron interactions are omitted, here the electrons are only independent
in a sense that one electron interacts with the Coulomb field generated of all the
other electrons, which is described by the Hartree energy, and all many body effects
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are described by the exchange-correlation energy. This allows one to write a system
of one-electron Schrodinger equations, called Kohn-Sham equations, whose solutions
are eigenstates of the auxiliary system, called the Kohn-Sham states.

The idea is to start from the energy functional E[n| and add and subtract the
kinetic energy operator of non-interacting electrons 7i[n] and Hartree energy Ejy:

E[n] = Fn] + Ti[n| — Ti[n] + Eu[n] — Euln] + /dr Vet (r)n(1), (2.47)
and rewrite the energy functional E[n| as:

Eln] = T[] + Enfn] + / dr Vi ()n(r) + By, (2.48)

where FE,. is the so-called exchange-correlation energy which contains all many-
body effects of exchange (due to Pauli principle) and correlation (from many-body
effects) in F[n] (either in HK or LL formulation) reduced by the kinetic energy of
non-interacting electrons and Hartree energy:

Ee = Fln] — Tyn] — Exln). (2.49)

To emphasize that the Kohn-Sham scheme was applied, the energy functional
E[n| can simply be renamed to Exs[n| and written as:

Exsln] = Fsln] + / dr Ve (1) (x) + P, (2.50)

where the Kohn-Sham functional Fkg[n] is:
Fxs[n] = Ti[n] + Euln]. (2.51)

The kinetic energy of non-interacting electrons Ty[n] is explicitly:

B L (—ihV)?
— zi:/drwi 2—me¢,-, (2.52)

while Hartree energy Fy is:

/ dr / dr’ 4molr_r,)’ (2.53)

The Kohn-Sham approach asserts that the exact ground state density of the
auxiliary system and the ground state density of the many body system are the
same. This means that the same ground state density no(r) can be expressed either
by many-body functions ¥ or a sum of wave functions of the auxiliary system:

N

n(r) = /er...rN U (r, 10, on) P =D a(r) (2.54)

i
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where N is the number of electrons is the system and v;(r) are wave functions of
the independent electrons of the auxiliary system that are also orthonormal:

(Wilo) = dij. (2.55)
From Theorem 2 of Hohenberg and Kohn, varying over density will produce the
ground state of functional Fxg[n| and the chain rule:

5EKS 5EKS 5EKS on . (SEKSwZ N 6EKS

Sn &Y dn SYF on Sr 0 (256)
This minimization procedure can be solved by using Lagrange optimization which
states that extreme values for some function f(x) can be obtained by differentiating
the Lagrange function £(z,\) = f(z) — Ag(x), under the condition that g(z) = 0,
where ) is the Lagrange multiplier. In this case, f(x) — Exs and g(z) — (¢i|1;) —
d;j. The Lagrange function is:

L = Fxsn| — Z Aij [(iliby) — 6451 - (2.57)
5]
Varying £ over all ¢}:
oL B 0 Fkg B o
one arrives at:
h2v?
— o, + Vks(r) [ ¢i(r) = ;)\iﬂpj(r)a (2.59)

where Vikg(r) is the Kohn-Sham effective potential obtained after Lagrange opti-
mization:

Vis(r) = Vexe(r) + Vir(r) + Vie(r), (2.60)
Vu is related to the Hartree potential:
2 /
- / dr' U (2.61)

0By
Vi(r) = —2| =

u(r) o | drreglr — 1|’

and V. is related to exchange-correlation:

0.
Vielr) = on

. (2.62)

n(r)

Potential V,. is in this simplest (pedagogical) case a local function of r however,
that isn’t always true. Because the terms on the left of Eq. (2.59) are hermitian,
the Lagrange multipliers \;; will also be hermitian and there should always exist a
unitary transformation U that transforms basis functions ¢ to %5 which make \;;
diagonal, while retaining orthonormal relations and keeping the density same:

P =Uy = UNUT = 6,555

iJe5

<¢1KSWJKS> =05, = n(r)= Z |WES(r)|2. (2.63)
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In the new basis, Eq. 2.59 becomes:

h*v?
[_ 2m.

+va<r>} PES(r) = KOS (), (2.64)

Finally, one can see that the Kohn-Sham eigenvalues are just unitary transform
of Lagrange multipliers from Eq. (2.59) which raises the ambiguity of their physical
meaning.

Density of the auxiliary system n(r) = S°N [¢/K5(r)|? that appears in the Hartree
part of Vks must be the same one that minimizes Fkg[n] and the same as a ground
state density for a many body system. The Kohn-Sham equation must be solved
self-consistently until the input density n,(r) obtained from the previous step® and
and the one constructed in the current step ngu (r) = S0 [ES(r)|? are numerically

same up to an arbitrary small parameter e:
[nin(r) — nout(r)| <&, VrelV. (2.66)
Other conditions for self-consistency can also include the total energy:
|E*PH[n] — E*P[n]| <ep, VreV, (2.67)
the Kohn-Sham effective potential:
‘Vlztsepﬂ(r) - Iztsep(r)’ <ey, Vrev, (2.68)
or Kohn-Sham wave functions:

(3 (2

wKS step+1(r) _ wKS Step<r)’ < &y, Vrel. (269)

Because it is used in self-consistent calculations, the Kohn-Sham effective potential
Vs is sometimes also referred to as the self-consistent field potential®.

Once Kohn-Sham eigenvalues X5 and ground state density ng(r) are found, the
kinetic energy functional T[n| can be determined as:

Ti[n] = Zs?s — /dr Vks(r)n(r), (2.70)

8In practice, the input density for the next step is usually constructed as a mixture of input

and output density of the current step:
nisrtlep—&-l = (1 - O‘mix)nisrtlep + amixn(s)tuetp’ (2.65)

where q, is the mixing parameter. The input density for the first step can be guessed in many
different ways, one example is to start with a density of isolated atoms. The mixing parameter
0 < ay, < 1 should be chosen to speed up the convergence however, if it’s too large, then there is
the risk of oscillations in total energy and the charge density in each step which makes convergence
impossible, if it is too small then the convergence can be very slow w.r.t. number of cycles required
for self-consistency.

9 Although, this is a broader term and could be applied to cases other than Kohn-Sham DFT,
like the Hartree-Fock method for example.
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and from Eq. (2.61), the Hartree energy Fy is:

B =~ / dr Via(r)mo (). (2.71)

2
Using Eq. (2.50) (or Eq. (2.48) ) with Eq. (2.70) and Eq. (2.71) the energy
functional Exg[n] for ground state density becomes:

Exslno] = Tufno) + Bulno] + / dr Vi (1)1 (x) + Exelno)
=3 ] - / e Vis(r)nofr) + 5 / dr Via(r)mo(x) + Exclma] (5,79

= 3 g - % / dr Vig(r)no (r) — / dr Vi (£)no(r) + Bxe[ng).

With Eq. (2.72), the DFT cycle in Kohn-Sham formulation is complete - the total
energy of the ground state is a functional of the ground state density Exgs[ng|, which
is represented as a sum of:

e Kohn-Sham energies for N electrons X5 obtained from an auxiliary system
which was used to obtain the ground state density ng(r), minus two terms
which are a byproduct of using functional derivatives § Eyy/on and 6 Ey./dn in
Lagrange optimization procedure, but also a functional of the same ground
state density ny,

e Exchange-correlation energy as a functional of the ground state density Fy.[no],
and

Energy of Coulomb interaction between the ions'® Eiy,_ion which is a constant term
in the BA approximation is included in the external potential V. A more detailed
discussion about formulation of DFT can be found in paper by Hohenberg and
Kohn[62] and many DFT related literature like Refs. [65, 59, 61] and more.

2.7.3 Kohn-Sham scheme in practice

The Kohn-Sham scheme is a straightforward procedure that generates electronic
density of the ground state of an interacting electronic system using an auxiliary
system of non-interacting electrons. The process is repeated until the input and
output density produced using Kohn-Sham states differ less than a preset arbitrary
value as in Eq. (2.66), and/or if some of the other self-consistency conditions are
met, like for example from Eq. (2.67), Eq. (2.68), or Eq. (2.69).

In practical implementations, there are several ways the scheme can be imple-
mented. Namely, Kohn-Sham states 1X5(r) can be represented in several ways

10Why they are more often referred as ions rather than nuclei will be clear in on of the subsequent
paragraphs.
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considering basis functions (like plane waves or molecular orbitals). Because the
exact form of the exchange-correlation functional V. is still unknown, there are
several ways this functional can be approximated.

Besides the choice of basis and exchange-correlation approximation, there is also
a choice of working with all electron calculations or employing the pseudopotential
method to reduce calculations to valence electrons only.

Pseudopotentials and plane wave basis

In order to solve Eq. (2.64) to obtain the electron density n(r), one must solve a sys-
tem of N equations, where NN is the number of all electrons - both core and valence.
Without going into much detail, one can justify that in order to model electronic
structure of solids and molecules, only valence atoms are of interest, since it is the
valence atoms that form chemical bonds and are responsible for many chemical prop-
erties of the material. Solving for just valence electrons rather than for all electrons
would significantly reduce the computational burden. Core electrons are localized
close to the nucleus and do not participate in forming chemical bonds, they can be
considered as a fixed cloud of negative charge around the nucleus. Valence electrons
on the other hand, localize much further from the nucleus, so it is possible to treat
them separately, as if they are interacting with a positive ion consisting of nucleus
and the cloud of core electrons. This is the basic idea of pseudopotentials. Pseu-
dopotentials are constructed by first performing an all electron atomic calculation
and then designing a (pseudo)potential that would replicate the same properties by
acting only on valence electrons.

The pseudopotentials have been implemented for several basis functions for ¥X5.
Depending on the system that is in question, each implementation has its own
strengths and weaknesses. One of the more popular choices is the plane wave method
where 55 are represented as regular plane waves. This is a very common method
for crystals. In most codes that use this method, the number of plane waves is
controlled by the kinetic energy cutoff E... Plane waves with increasing energy are
added to the basis until their energy exceeds F..;. There are two most popular types
of plane wave pseudopotential implementations: norm-conserving and ultra-soft.

The norm-conserving (NC) pseudopotentials [66, 67], ensure that the integral
over squared electron wave functions is conserved when compared to the all electron
calculation:

/drlwg(Spseudonc<r)|2 _ /drlszSaHelec.(r)'Q. (273)

They are able to model various systems with quite formidable accuracy, and the
easiest to implement which is reason why most DFT codes develop bleeding edge
capabilities for NC and plane waves first. However, they can require a large basis
which in turn requires more computational resources.

Ultra soft (US) pseudopotentials [68], which are able to better produce states
closer to the core using a smaller basis thus requiring less computational resources
than NC pseudopotentials however, they are more difficult to construct and depend-
ing on the system their accuracy is not always consistent.
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Another popular implementation is the projector augmented wave (PAW) [69].
PAW combines plane waves for the valence regions to ensure computational effi-
ciency and localized projectors for core regions in order to improve accuracy and
reproduce the all electron states in the core and valence region. This way PAW
produces more detailed and accurate results than the simpler plane wave method,
while using approximately the same computational resources. However, PAW pseu-
dopotentials are much more difficult to construct and implement, resulting in a
much more complex code. For this reason, they are usually the last method to be
implemented for bleeding edge capabilities in most DFT codes.

All electron calculation

The all electron calculation can be implemented using plane waves and Gaussian
basis. Other popular implementations include some form of modified plane waves
in order to increase accuracy of the description for electronic states near nuclei.
Most notable ones that are worth mentioning are: augmented plane waves (APW)
which combine atomic functions with plane waves, linearized augmented plane waves
(LAPW) which are an extension of APW that linearize the energy dependence of
atomic spheres to increase accuracy.

Exchange-correlation functionals

As mentioned, the exchange-correlation part of the self-consistent potential V., is
still unknown. Whether using pseudopotentials or all electron models, there are sev-
eral ways to model them in regards on whether it is expressed as a local VEPA[n(r)],
semi-local V.S%A[n(r), Vn(r)], or non-local potential Vion_1oc-

The simplest one is the local density approzimation (LDA) [70, 71, 72] which
approximates V. at r with the exchange-correlation energy that a homogeneous
electron gas E°8[n(r)] with density n(r) would have at point r. The total exchange-
correlation energy of LDA is then an integral sum over whole volume:

BN = [ ar VP wn(e) = [ v Bsln(o)ote) (2.74)

LDA relies on the assumption that electron density of an inhomogeneous system
n(r) is an overall smooth function over r and that the change of density V,n(r)
doesn’t affect the exchange-correlation energy.

Semi-local potential Viaa[n, Vn| makes use of a generalized gradient approzima-
tion (GGA) in order to make V,. dependent on density n(r) and the gradient of the
density V,n(r). The total exchange-correlation energy ESCA is obtained as:

ESCA = /dr VEGA (r, Von)n(r). (2.75)

Most popular GGA functionals are the ones by PBE Perdew-Burke-Ernzerhof (PBE)
[73] and Becke-Lee-Yang-Parr (BLYP) [74, 75]. For solids, a modified PBE func-
tional called PBEsol is usually preferred over regular PBE since it is optimized to
produce more accurate lattice constants [76].
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In order to increase accuracy, dependence on the second derivative of the density,
which is supposed to improve description for densities that vary rapidly, and kinetic
energy density 7(r) which is supposed to improve description of correlation effects
can be included:

Ereta=GGA / dr V2eta=GCA (r 7 n, V2n, 7(r))n(r). (2.76)

These functionals are called Meta generalized gradient approximation (meta-GGA),
and one example is Tao-Perdew-Staroverov-Scuseria (TPSS) [77].

When it comes non-local potentials, most famous are the class of hybrid poten-
tials. In general, they are usually constructed as a mixture of exchange-correlation
in local or semi-local functional and the exact exchange energy from Hartree-Fock
theory EIF in some ratio a:

EMP = (1 - a)EP + aEMF (2.77)

XC )

where [ is a type of functional (e.g. LDA, PBE, etc.) and 0 < o < 1 is the mixing
parameter, although there can be multiple «; parameters. The exact Hartree-Fock
(HF) exchange energy:

B — Z //dr1r2 P (0 )PES* (12) 1] (1) S (1) (2.78)

[t — 1y ’

i>j
is obviously non-local since it accounts for exchange of two electrons at ry and rs,

respectively. One popular choice is the mixture of PBE functional with HF exchange
known as PBEO [78]:

ERPR = aEMT 4+ (1 — ) ELPP 4+ EFPP, (2.79)

where EPBE and EPBE are separate exchange and correlation parts from PBE func-
tional, repsectively. The mixing parameter is usually o = 0.25 however, for certain
purposes this parameter can be determined in order to meet certain conditions in
order to increase the accuracy of the calculation as seen in Ref. [79].

Using periodic conditions, Eq. (2.64) is solved for states i — kn, where k is a
point on the grid in reciprocal space and n is the Kohn-Sham state at k. In order
to have a converged self-consistent calculation one should check the convergence
parameters for E., (in plane wave basis) and the size of the k-grid. Specially, for
hybrid functionals, the non-local nature of HF exchange requires additional Fourier
transform for the other electron, which introduces another grid in reciprocal space,
called g-grid. This is one of the reasons why hybrid functionals are not as practical
since their computational resources increase as square compared to local or semi-
local counterparts.

Non-self-consistent calculation

After the self-consistent calculation is completed, and ground state density is ob-
tained ng(r) one can perform a non-self-consistent calculation which can interpo-
late Kohn-Sham states on a more dense k-grid or for higher states n. Specially if
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the dispersion relation of Kohn-Sham states is desired, one can perform a non-self-
consistent calculation on a k-path in reciprocal space. One of the ways interpolation
is routinely done in DFT is by k - p perturbation theory, which is explained in detail
in Sec. 2.6.

DFT with many-body techniques

The only observable that DFT can provide exact information on are the total energy
of the ground state and the ground state density. Therefore, the Kohn-Sham band
structure can be considered just an approximation, without the full many-body
treatment, to the real electronic band structure. However, this has proved to be a
good approximation, the main reason lies in the fact that Kohn-Sham equation relies
on ground state density that is considered exact in DFT. In most cases Kohn-Sham
electronic structure provides decent results when compared to experiment. While
the simpler LDA can predict some small gap insulators as metals (like for e.g. Ge),
most functionals based on GGA correct these mistakes [60]. The main downside is
that many-body effects which lead to broadening of the bands are neglected. In the
absence of a more reliable and computationally cheaper method, this is the best first
estimate for the electronic structure for most metals, insulators and semiconductors.

Around the same time that Kohn-Sham DFT was formulated, in 1965, Hedin
[80] developed a full many-body theory for obtaining ground and excited states in
electron systems. This theory accounts for all many-body effects using self-energy
of the Dyson equation, which can be solved self-consistently. Unfortunately, this
requires computational resources not available even to modern computer clusters.
Using many approximations, and keeping only the simplest diagrams of self energy,
Hedin equations reduce to computationally solvable GW equations [80, 81],where G
stands for Green’s function and W for the screened Coulomb interaction. The GW
is routinely used with Kohn-Sham states as a starting point for Green’s function,
which after self-consistent calculations leads to many-body corrections to Kohn-
Sham energies for band structure and band gap. However, since screened potential
is non-local, the computational resources needed for GW greatly surpass the ones
for DFT, so it is limited to systems with fewer electrons. The GW method is further
explained in Sec. 2.7.5.

2.7.4 Band gap in electronic structure

In electronic structure, the difference between the extremum of energy levels of the
highest occupied valence band and the lowest occupied conduction band is called
the electronic band gap or just band gap of the material. It is an essential property
of materials that determines their electrical conductivity. Based on the width of the
gap, and the possible conductivity of current, materials can be classified as metals
(in the case when there is no band gap, i.e. conduction and valence bands overlap),
insulators (in the case of wide band gaps) and semiconductors (in the case of small
or moderate band gap).

In spectroscopic experiments, these band gaps are usually determined by pho-
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toemission. In these experiments an electron is either ejected out of, or, added into
the material sample, by direct and inverse photoemission, respectively.

In absorption experiments, where an incident photon excites an electron to an-
other state but doesn’t eject it out of the material, a different type of band gap is
observed. This is the so-called optical gap. In this process an excited electron is still
bound to the material and in its place a hole is created. In theory, this process is
very difficult to compute numerically. Because excited electron and hole form a pair,
all theoretical aspects must consider them together, which means that two-particle
Green’s functions must be involved which leads to significant numerical burden.

Unlike the optical gap, electrical band gap can be theoretically obtained much
easier. There are several ways, some of which are: using DFT Kohn-Sham states,
using Hartree-Fock, or using A SCF method, which are explained below in this
section. An improvement to DF'T Kohn-Sham gap, can be obtained using the GW
method, to which Sec. 2.7.5 is dedicated.

Electronic gap: photoemission experiments

Direct photoemission uses ultraviolet of X-ray photons to eject electron from a
neutral sample. Incidental photon with energy hv ejects an electron from its initial
valence state s, which is below and separated from the Fermi level Fgem; by energy
E, to the surface of the material. The electron then hits the detector with kinetic
energy Ey,. The ionization potential E' for state s, is defined as energy required
to remove the bound electron from the state s:

ELIgP = _Es =hv — Ekin - Fworka Es < EFermia (280)

where Fyo is the work function, or rather, energy distance from the Fermi level to
vacuum (surface of the material). Using direct photoemission valence states can be
probed. Ionization potential E¥ is a positive number.

Inverse photoemission is used to probe conduction and valence states. In inverse
photoemission incidental electron of kinetic energy Fy;, is scattered into the sample
and it goes into radiative transmission to conduction state s, which is above and
separated from the Fermi level Ege,; by energy Eg, emitting a photon of energy hv
in the process. The electron affinity EF* for state s, is defined as:

_EEA = Es - Ekin — hv + Fwork7 Es > EFermi- (281)

Electron affinity Ega is positive when s is a valence state and negative when s is
conduction state.

Theoretically, the band gap can be determined using several methods, some of
which are described below.

DFT Kohn-Sham gap

The electron density n(r) is made from N electrons, which in the ground state ac-
count for all occupied states in the case of insulators and semiconductors. However,
Kohn-Sham equations Eq. (2.59) and Eq. (2.64) do not impose any kind of limit
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on the number of states. This means that one could solve for arbitrary number of
Kohn-Sham states Nkxg > N and thus obtain Kohn-Sham energies for unoccupied
states. The difference between the highest occupied and lowest unoccupied states is
the Kohn-Sham band gap E?a% in insulators and semiconductors:
EfS =enii —en. (2.82)
If Exg[no] were simply equal to just the sum of Kohn-Sham states S7'<S kS
(plus constant Eiy,_ion), then Kohn-Sham energies would represent the energies of
adding or removing an electron at state ¢ from the system, thus the Kohn-Sham
band gap would represent the DFT gap in semiconductors and insulators. However,
since there is no way to obtain any excited states in DFT using Eq. (2.72), and the
simplest estimate about the band gap is the one obtained from Kohn-Sham states,
the DFT band gap usually refers to the simple Kohn-Sham band gap.

Hartree-Fock

In the Hartree-Fock method, the many-electron function ®yp is represented as a
Slater determinant. This determinant is filled with single particle electron orbitals
¢i(r;), where 7 and j represent the indices for columns and rows, respectively:

¢1(r1)  ¢i(ra) ... ¢i(ry)
L Pa(r1)  Pa(rz) ... @afrn)
VN! : : : '

¢N(I‘1) ¢N(I‘2) e ¢N(I‘N)

(I)HF(rly Iro,.. ) = (283)

where N is the number of electrons in the system and the only condition for ®yp is
to be antisymmetric when two electrons are exchanged, as per Fermi-Dirac statistics.

This property can account for the exchange effects due to Pauli principle, however
the correlation is not included since this determinant produces a simple sum of all
possible exchanges of products of wave functions of individual electron orbitals ¢;(r;)
so the operator V7, simply commutes with all ¢;(r;) for which k& # j, thus making
individual electron orbitals uncorrelated to one another in terms of their individual
kinetic energy.

The expectation value of Hamiltonian H returns the total energy of the system
in HF approximation E%¥. For spinless system EMF is:

Y RV?
B = (el H ) = Y [ aroiw) |-

+ Vi (r) | (1)

£3° [ard 6w et - 1o me,() (28

>7

=30 [ 61005 (n — 10,006, (5)

1>7
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where v.(r) = 1/(4meg|r|) is the Coulomb potential.

Following a similar procedure to the one used to derive the Kohn-Sham equations,
from Eq. (2.56) to Eq. (2.64), one arrives at Hartree-Fock equations for electron
orbitals:

RV

2me

+ Vext(r) + VH(r)} it (r) + /dr’Vx(rJ’)l/)?F(r') ="y (r), (2.85)

where ¥F and /¥ are obtained after unitary transform similar to Eq. (2.63), Vi(r)
and Vx(r) are Hartree and exchange terms, respectively:

Vi) = 3 [ @'} @) Punte - ),
7 (2.86)
Vi) == 3 [ ol @)t - ) o)

Unlike for Kohn-Sham wave functions and energies 9X5 and X5, for which it was
established previously that they posses no physical meaning, in the Hartree-Fock
case I and el have a physical meaning, they represent eigenfunction and eigen-
value of ¢-th orbital, respectively. This interpretation is stated using Koopmans’
theorem™ [59].

Koopmans’ theorem: The eigenvalue of the filled (empty) orbital !’ is equal
to the change in the total energy from Eq. (2.84), if an electron is subtracted from
(added to) the system i.e. decreasing (increasing) the size of the determinant by
omitting (adding) a row and a column in Eq. (2.83) involving a particular orbital
¢;(r;), keeping all the other orbitals same.

This means that the first ionization energy is equal to Ej, = EF, — ERF = —£IF
and first energy of electron affinity is E., = EYY — ENY, = —eif;. Using this
interpretation, the band gap in Hartree-Fock approximation can be computed by
performing one calculation with N electrons, and using N + n, n > 1, orbitals and
simply subtracting the energies of ei',; and el orbitals as Eg;; =ehi —en. In
Eq. (2.85), the eigenvalue of occupied orbitals eI is lowered by the exchange part V4,
which reduces the self-interaction of Hartree term Vjy by some degree. However, for
empty orbitals, this is not the case since V4 this term is omitted in Eq. (2.85). This
the reason why Hartree-Fock approximation overestimates band gaps in most cases.
Significant improvements can be made by allowing orbitals to relax and taking into
account the exchange of an added electron with all the others, which is routinely
done for finite systems and knows as A SCF approximation [59].

1 Besides that density must be constructed from N occupied states only, Kohn-Sham equations
pose no limit on the number of states Nxg > N that are calculated or requires any antisymmetric
condition on the total wavefunction, the Koopmans’ theorem doesn’t apply in their case. Koop-
mans’ theorem can be reinstated for DFT, in a sense that highest occupied Kohn-Sham state would
correspond to ionization energy if the exact effective potential was known.
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A SCF

In experiments, removing or adding an electron to the system corresponds to direct
and inverse photoemission, after which the system, with changed number of elec-
trons, has to relax to its ground state. One should also consider these relaxation
effects. For finite systems like isolated atoms and small molecules, the so-called
A SCF’ approximation is reasonably successful [82, 61] and consists of calculating
ground state densities and energies for three systems: cation - with one electron
removed Ey_; (direct photoemission), neutral - with all electrons present Ey, and
anion - with one electron added Ex; (inverse photoemission), to produce the quasi-
particle gap Exyqp:

EXscr = (Eny1— En) — (En — En—1). (2.87)

When A SCF’ is applied with Hartree-Fock it can improve results when compared
to Egai that doesn’t allow for orbitals to relax, which usually leads to overestimation
of ionization and excitation energies. By performing 3 separate self-consistent cal-
culations for Ey, En_1, and Eny1, with N, N —1 and N + 1 electrons, respectively,
orbitals are relaxed in each, and some correlation effects are included.

Unfortunately, for infinite systems like solids where the number of electrons is
at the order of 10?3, A SCF approximation does not hold because the removal or
addition of one electron is negligible on the total density. Furthermore, the exact
exchange-correlation energy and potential is not known, and most approximations
rely on assumption that it is a smooth function of density, so removal or addition
of one electron wouldn’t introduce a discontinuity in the density and exchange-
correlation energy. Without such discontinuity, the quasi-particle gap of Eq. (2.87)
reduces to Kohn-Sham gap since:

no+An~ng, = Vi[ng+ An] >~ Vicne. (2.88)

Optical gap: absorption experiments

As previously mentioned, besides electronic band gap, materials also have an optical
gap. Experimentally, optical gaps occur in the process of absorption, where electron
is excited to a conduction state by the absorbed photon, but unlike in the process
of emission, the electron doesn’t leave the system. For photoemission the system
relaxes to a static ground state, whereas in absorption the system is in a dynamic
excited state, thus it cannot be described by any direct DFT approach. Another
problem with optical gaps, is that excited electron creates a hole, which interacts
with that excited electron. Therefore any such excitation must consider excited
electron and hole as a pair or an exciton. This makes it impossible to impose any
local approximation.

This is a very complex many body problem which has to capture non-locality and
dynamics. In order to do so, it has to take into account some higher order interaction
terms, which are usually solved by the Bethe-Salpeter equation [83].Solving this
equation is rather complex and requires significant computational resources that far
surpass any DF'T method.
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These are just several most relevant aspects of the DFT band gap problem, which
is explored in great detail in literature [84], and is out of scope of this work.

2.7.5 GW method

Kohn-Sham formulation of DFT assumes that the mean field, with which one elec-
tron interacts, and consists of external potential generated by ions, the Hartree
potential of all other electrons and the exchange-correlation potential is static. All
Coulomb-like interactions are considered long range.Being only able to describe the
ground state energy and density, DF'T itself is unable to give any information about
excited states or band structure. In absence of such information of the electronic
structure, Kohn-Sham energies and wave functions are often considered as DFT
electronic structure. Even though Kohn-Sham eigenvalues and eigenstates are just
solutions for an auxiliary problem that leads to the same density as the ground
state of the system, they have proven to be an excellent starting point in more
sophisticated calculations.

Precisely, the GW approximation, which relies on one electron Green function
G and the dynamical screened Coulomb interaction W is one such example where
Kohn-Sham solutions can be used as components for many-body approach. Using
Dyson’s equation, any Green function G can be expressed in series of Feynman dia-
grams of simpler bare Green functions G°. Collection of all diagrams is represented
as the self-energy > which is analogous to exchange-correlation energy in DFT.

This section serves as an overview of the main concepts of GW method, and keen
readers can find more insightful information in Refs. [80, 85, 86, 81, 87, 82, 88].

From Hedin’s equations to GW approximation

Using functional derivatives, in 1965, Hedin [80] derived a system of equations that
describe all many-body physics of an electron system!?:

¥*(1,2) = iG(1,4)W(1+,3)[(4,2;3) (2.89)
G(1,2) = G°(1,2)+G°(1,3)x*(3,4)G(4,2) (2.90)
o 0%5e(1,2) | w o e o o

I(1,2:3) = 5(1,2)5(1,3)+me@,ﬁ)a(?,mr(ﬁ,?,s) (2.91)
X(1,2) = —iG(1,3)G(4,1)(3,4;2) (2.92)
W(L,2) = v.(1,2) +v(1,3)%(3,HW(4,2) (2.93)

where integer numbers 1,2,3...7 are used instead of space, time and spin coor-
dinates, e.g. ry,t;,01 — 1, and integration over these coordinates is noted by an
overline, e.g. [dr; [ dt; — 1. The exchange-correlation is expressed through self-
energy .., W and v, are screened and bare Coulomb interaction, respectively, GG
and G are dressed and bare Green’s function (or dressed and bare propagator),
respectively. Irreducible polarization x represents a response of electron density to

12Presented equations are taken directly from Ref[60].
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an external potential, I' is a irreducible version of a three point vertex I' which
represents a response of inverse dressed propagator to perturbation potential w:

6G71(1,2)

['(1,2;3) = 5a(3)

(2.94)
Perturbation potential u is introduced as a probing potential when deriving Hedins
equations using functional derivatives. The total effective potential that electrons
Vegr See is their internal Hartree potential vy plus the perturbation potential u :
Vet = vy + u. Finally, 63,./0G is a four-point kernel. These equations are rather
involved and impossible to solve even for simplest systems.

First approximation is to neglect three point vertex corrections I' and T, i.e. to
assume that these vertices are diagonal in space and time coordinates:

I'(1,2,3) =T(1,2;3) = 6(1,2)d(1,3), (2.95)
which makes the polarization y:
X(1,2) = —iG(1,2)G(2,17) (2.96)

where Y is the polarization in the so-called bubble approximation, because it corre-
sponds to a closed bubble diagram formed from electron and hole pair: G(1,2) and
G(2,1%), respectively. Another name for bubble approximation is the random-phase
approzimation (RPA), which originates from calculations on homogeneous electron
gas, where wave functions are plane waves so the response function y would con-
tain sums of exponents with dominant phases entering the sum, and 'random-phase’
terms would average to zero. The self-energy .. becomes:

Yeo(1,2) = iG(1,2)W (17, 2). (2.97)
The new system of equations is now:

) = iG(L,HW(1T,2) (2.98

) = G°1,2) + G°(1,3)x2*(3,4)G(4,2) (2.99
I'(1,2;3) = 6(1,2)0(1,3)

) = —iG(1,2)G(2,17)

) —

ve(1,2) + ve(1,3)x(3,4)W (4, 2)

GW using Kohn-Sham states

The basic components of many-body perturbative approach is the reference non-
interacting system which can be represented using solution from DFT Kohn-Sham
equations[87]. In order to construct bare Green functions Gj,,, one would usually
start using single particle Kohn-Sham states |kn) with energy e,:

fkn 1— fkn

Gl (w) = 2.104
kn () w—gkn—in+w—€kn+i7y ( )
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where fy,, are electron occupation numbers (1 or 0 for semiconductors and insulators
at zero temperature) and n — 07 is a positive real infinitesimal which shifts poles
above and below the real axis for occupied and empty states, respectively. The
dressed Green functions Gy, (w) obey the Dyson equation:

[Grn(@)] ™" = [Gra()]

The static term VX¢ is subtracted from the dynamic self-energy ¥i.(w) to avoid
double counting since the static exchange-correlation is included in Kohn-Sham
eigenvalues cy,,.

Self-energy Y. (w) can be separated into static exchange and dynamic correlation
as 53¢ (w) = X5, + 25, (w). The static exchange part X, is simply the Fock term
from Hartree-Fock self-energy:

-1

— [Ee (w) — Vi (2.105)

= <kn[ Zx(rl, I'Q) |kn>

occ

N 0 - ) (2.106)
= Z/BZl (q+G)|pnm(kaq7 G)| fk—qm'

where the sum goes over occupied bands m only. The dynamic correlation part >f |
is:
kn(w) = (kn| X°(ry, 1y, w) [kn)

all

Z/Bm i >_v(a+ Goum(k a6, Gk a, &) (g 07

GG’

< [ 4l G gl — ey (@)

The sum in Eq. (2.107) goes over both occupied and unoccupied bands, q,G and
G’ are vectors in reciprocal space, v(q+ G) = 47 /|q + G/|? is the Fourier transform
of ve, and pum(k, g, G) 12 is expressed as:

pam(k, 8, G) = (kn| 9T [k — qm) Z/drwkn( )e Ty (r)  (2.108)

The inverse dielectric function ealG,(q, w') is connected to reducible polarization
X as:
cae (A w) = daa +v(q+ G)xae (q,w), (2.109)

and reducible polarization x is connected to irreducible polarization y by a Dyson
equation:
(1,2) = X(1,2) + (1,303, D)x (3, 2), (2.110)

13Tn Yambo code documentation and Ref. [87], pnm(k, g, G) is referred as ’oscillator’. This
quantity and its Fourier transform appear frequently so within Yambo there are procedures that
take advantage of symmetry operations to reduce the number of calculations for k and k — q pairs,
and fast Fourier transform numerical techniques to speed up the computations.
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which leads to a practical expression:
xea (9, w) = [bgar — v(q+ G")Xcar(q, W)]il Xera (g, w). (2.111)

Irreducible polarization is often approximated with bare polarization y° = —iG°G°
that is constructed from bare Green functions G° :

Yoo (9, w) = Yea (q.w)

_ dg ,
=23 / i@ G (@ G a1~ i)

1 1

X — — - .
|:w — €k—qn — Ekn/ + W — Ex—qn’ — €kn — 7]

Once the diagonal terms for state |kn) of static exchange >* and dynamic cor-
relation 3°(w) parts of self-energy are obtained they are inserted into Eq. (2.105).
The GW quasi-particle energy wl?f are poles of Gy, (w) or obtained by solving for
w:

W— €kn — Sy (W) + Vir =0 (2.113)

Another way of obtaining quasi-particle energies is by plotting the imaginary part
of the dressed Green function on a dense w grid, i.e. the spectral function Ay, (w) =
—1/7| Im Gyep(w)| which should produce a quasi-particle peak at Rew = E2
which is a value relatively close to ¢y, and perhaps some satellites. The half-width
of that peak is the imaginary part of the solution Im wl?qf which is closely related to
the lifetime of that state. In practice however, calculating ¥*°(w) on a dense set of

w is often avoided if the spectral function Ay, (w) is not required.

GW calculation in practice

Most codes perform a DFT calculation first and then GW on top of those results.
Even though DFT calculation can converge for a set of numerical parameters like
the k-grid density, number of bands in KS equation m, or the kinetic energy cutoff
determined by the number of G vectors, often GW calculations require careful study
of convergence for every value separate. In that case it is often a good strategy for
starting DF'T calculation to have more ingredients than the convergence requires in
order to insure a good convergence in GW as well.

Because 2§, from Eq. (2.106), is static and doesn’t require much computational
resources it is calculated first to check the convergence and determine if starting DF'T
calculation provides enough ingredients. The convergence is checked for density of
k-grid where integration over q becomes a sum over all k. If DFT is converged, a
non-self-consistent calculation can be performed to increase the density of the k grid.
The number of G vectors Ng in the sum is controlled by kinetic energy cutoff which
cannot be increased by a non-self-consistent calculation and a new starting DFT
calculation has to be performed. These convergence parameters should give a decent
estimate on where one can look for convergence when calculating the dynamical part

X6 (w).
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The dynamical part of self-energy 3 (w) is the most involved part and requires
careful study of convergence. The number of G vectors Ng determines the size of the
inverse dielectric square matrix e !(q,w). At the same time calculations of ¥ which
make up €~ ! must contain enough empty bands for sums over n and n’ in Eq. (2.112)
to converge. If DFT calculation is well converged a non-self consistent calculation
can be performed to obtain more empty KS states. There is also an integral over q
which turns into a sum over the whole k-grid from the DFT calculations. If DFT
is well converged, a non-self consistent calculation can be used to obtain results for
a denser k/qg-grid. Convergence over the number of G, n, and q must be checked
carefully and independently of each other.

Simplifying the dielectric function eélc;,: RPA and PPA

The most involved term of the dynamic correlation part ¥f in Eq. (2.107) is the
inverse dielectric function egg, (q,w). Within RPA, when polarization contains only
bubble diagrams, and even when irreducible polarization is approximated with bare
polarization Yaa/(q,w) ~ Yaq (q,w), dielectric function egg,(q,w) and therefore
X&o (q,w) will require a very dense set of w values. In Eq. (2.111), in order
to obtain reducible polarization yga/(q,w), one has to find an inverse matrix of
[baqr +v(q+ G")Xaar(q,w)], which is a Ngx Ng sized matrix, where Ng is the
number of G vectors.

The number Ng is often huge, and finding an inverse to such large matrices is,
by itself a significant computational burden making the calculation of Y&q (q,w) a
bottleneck of the whole computational procedure. Things become more cumbersome
if this has to repeated for every w and q, which means that N, x Ng such matrices
have to be inverted, where N, and Ng are the number of w and q points, respec-
tively. Such approach requires many computationally demanding (time consuming
and often memory intensive) calculations that one wishes to avoid.

In order to avoid the inversion of NV, x Ngq matrices of size Ng X Ng, one can use
the plasmon-pole approximation (PPA) and determine egq, (q,w) directly as:

e (A w) ~ ega (9, w)ppa
= dae (2.114)

+ Rea(q) [(w — Qaa (@) + i)' — (w— Qaer(q) —in) '],

where Rga/(q) and Qga/(q) are parameters which are determined by fitting each
component. Fitting is performed using the PPA condition which states that non-
PPA egw(q,w) from Eq. (2.109) and from PPA Eq. (2.114) must give the same
result for frequencies w = 0 and w = iFppp, where Eppy is an input parameter.
This way, for non-PPA egq, (q,w) from Eq. (2.109), the polarization ¥4 (q,w) is
calculated only twice, namely for w = 0 and w = 1Eppa, instead for a dense grid of
w. Although the inversion of NgxNg matrices is avoided, there are still N,xNg
matrices, which is often a very large number.

The number of calculations for different q points can also be reduced by deducing
which points are equivalent due to symmetry rules to avoid repeated calculations.
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Secant method and quasi-particle approximation (QPA) can reduce the number of
w points for which 3§ (w) has to be calculated.

Avoiding calculation for a dense w set: Secant method

To avoid N, calculations over dense set of w, one can look for a solution for
Eq. (2.113) by some method of optimization like the Secant method. In Secant
method, 3§ (w) is calculated for initial guess of w (for e.g. w = €y,) and then in
subsequent steps in search of the solution of Eq. (2.113) for w.

Further reducing calculations over w: QPA

Besides the Secant method, another useful approximation is the linear or quasi-
particle approximation (QPA), which assumes that 35 can be approximated by a
smooth linear function i.e. a linear Taylor series around ey,. In QPA, the energies
are:

BN = e + Zien [538 (21n) — Vi | (2.115)
where B
0X*(w)
Iin = |1 = ——= 2.116
- [ aw w:Ekn] ( )

is sometimes also called the quasi-particle strength or renormalization factor, it is
usually 0.6 < Z < 1. The dressed Green function Gy, (w) from Eq. (2.105) in QPA
becomes:

fkn B ]-_fkn
w—El?fA—in w—E&DA—I—in

Gien (W) = G (W) = Zin (2.117)

One-shot method: GyW,

Performing the GW loop only once using the RPA approximation y ~ y° = —iG°G?
produces W ~ W° = v, + v.x°W? is often called the one-shot or GoW, approxi-
mation. To go further, one would calculate the polarization x again with dressed
G or GO and continue the loop until self-consistency is achieved. Even though
calculations that go beyond GoWj are possible, they are much more computation-
ally demanding. All mention of GW results in this work will refer to the GoWj
calculations.

Band gaps obtained within GoWj correspond to energies of adding or removing
an electron like the ones measured using inverse and direct photoemission spec-
troscopy. Optical gaps, where electron is excited to an empty state by a photon,
which is measured by absorption spectroscopy methods, cannot be obtained by any
GW approximation. The reason for this is that absorbed photon creates an elec-
tron and hole pair, which in turn interact with the system, and such pair cannot
be described when 3 and 4 point vertices are neglected (I'(1,2;3) = 6(1,2)4(1, 3)
and 6¥*¢(1,2)/6G(4,5) = 0 in Eq. (2.91), respectively) like in the case of GW ap-
proximation. One has to return to Hedin’s equations and include them to form a
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Bethe-Salpeter equation [83] which solves the problem for electron-hole pair and
produces absorption spectra. Such calculations are only mentioned here in passing,
since they are not related to any results obtained in this thesis.

2.8 Phononic structure

In Sec. 2.3, the problem of total Hamiltonian HT°T was separated on electronic

He. and ionic parts Hio,. using the Born-Oppenheimer approximation. Section 2.7
contained theoretical discussion and described computational methods for obtaining
the electronic structure in crystals by solving for the electronic part He. of HTOT.

This section is dedicated to the ionic part Hion. of the total Hamiltonian #HTOT.
In solids, ions move around their equilibrium positions producing quanta of vibra-
tion called phonons. Ionic movement directly depends on the ground state electronic
structure, which is the reason why computation of the electronic structure was ex-
plained first, in the previous chapter, and is essential for following the computational
techniques explained in the present chapter.

The section starts with a general theoretical discussion about ionic vibration
assuming the harmonic approximation. Even though BO approximation separated
the electronic and ionic problem, in practice the ionic problem is closely related to
the atomic configuration and the ground state energy of the electronic system, so
these two problems become again, in a way, non separable. Atomic configuration
affects the electronic ground state and electronic ground state in turn affects the
vibration of ions.

Similar to electronic structure, one is interested in the dispersion relation of
phononic energies in the 1BZ, called the phononic structure. Periodic ionic move-
ment can be described using phononic frequencies wq, (energies hwg,) which are
distinguished by phonon bands v (N, = 3 X N,.), and their reciprocal vector q
(crystal momentum Aq) in the 1BZ!*. Naturally, all symmetry operations that were
valid in the electronic case, hold here as well and can be used to reduce the number
of calculations in same aspects.

When ionic vibrations are small and harmonic, they can be computed by dis-
torting one-by-one atom from its equilibrium position, to obtain forces on the atoms
and then interatomic force constants which lead to phonon frequencies. Interatomic
force constants can then be Fourier transformed to reciprocal space and sorted to
their respectable q vectors. This method is called the frozen phonon method. The
phonon related to reciprocal vector q is calculated by moving atoms from separate
unit cells that are connected by a lattice vector T from Sec. 2.4, which requires the
usage of large supercells. Calculations can become untractable as T becomes larger
in order for q to become smaller, i.e. in the case of q — 0. Another downside of
this method is the fact that a chosen supercell defines the g-grid: if one wishes use
a new, denser ¢'-grid, the whole procedure must be repeated, even for points that

14To distinguish electron- and phonon- related indices, the vectors for the crystal momentum for
phonons (electrons) will be labeled q (k) and phonon (electron) bands will be labeled with Greek
letters v, v/ (Latin letters n, n’, m, etc.)
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q- and qg-grid share. General theoretic discussion and basis of the frozen phonon
method is presented in Sec. 2.8.1

To overcome this problem, a perturbation theory can be implemented directly
into DFT, called the density functional perturbation theory (DFPT) which reduces
all calculations to one unit cell and the 1BZ. Within DFPT, linear responses to elec-
tronic density, Kohn-Sham states, and self-consistent potential are obtained which
are then used to generate interatomic force constants and phonon frequencies. DFPT
method is explained in greater detail in Sec. 2.8.3

Finally, in the case when ionic movement is not harmonic, the self-consistent
phonon (SCPH) method can be used to obtain phononic frequencies for anharmonic
vibrations using many body Green’s function theory. SCPH method is expanded in
Sec. 2.8.4.

2.8.1 Ionic vibrations

When possible lattice structures were discussed in Sec. 2.2 and for the purpose
of translational invariance within the lattice in Sec. 2.4, atoms were considered
to have a fixed position in space. Even though atoms in the sense of a crystal
structure are considered to be static, they are actually periodically moving around
their equilibrium positions, and their crystal structure is then considered to be a
time average of their individual positions. This movement however, is rather slow
compared to the frequency of electrons since the mass of a proton is about 1.8x103
greater than the mass of an electron which means that for typical semiconductors
with a band gap around 1 eV the frequency of the electrons will be around 103 times
greater than the frequency of the ions. In other words, ions seem stationary from
the electron’s point of view and from ionic point of view, the movement of electrons
is instantaneous i.e. ions can’t excite electrons enough and they stay in their ground
state while ions are moving. This is the basis of the adiabatic Born-Oppenheimer
(BO) approximation first mentioned in Sec. 2.3.

In such adiabatic approximation, the total Hamiltonian can be decoupled
into kinetic part of the ions T},, and the total BO Hamiltonian that contains kinetic
energy of all electrons T;; and Coulomb interaction between electrons and ions V_ion,
electrons and electrons V,_q and between ions Vioy_ion:

HTOT

_ TOT BO
Hel.Jrions =H = 7ﬂion +H )

2.118
HBO = Tel + V;onfion + V:alfion + V:elfel- ( )

Suppose that it is possible to obtain a wavefunction W({R}, {r}) which solves for
HBO where {R} and {r} are the collective coordinates af all ions and electrons,
respectively. This solution results in the BO energy surface EB?({R}) which is
defined on a manyfold of all possible positions of ions in the crystal {R}. The
configuration of ionic positions which produces the minimal value for E2° on the
manyfold of possible ion configuration {R} is called the equilibrium configuration

{Re1}:
o ey, _ - (WURD| Hyo({R}) [W({R))
ERURY =i = RN (RY) (2.119)
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In BO approximation, where EB© is solved separately, the Schrodinger equation
for ionic vibrational energy EYI® is

P2 O ib
(Z 5 Mp + EB ({R})> ®(R) = B ®(R), (2.120)

K7p
where K = 1,..., Ny is used to distinguish individual atoms, out of N, atoms
contained in one unit cell, and p is used to distinguish individual unit cells in the
crystal.

In order to make sum over p finite, a set of connected but not overlaping primitive
unit cells is constructed in order to form a supercell. This supercell conmensurates
with the underlying Bravais lattice [49].

The position of one unit cell from the origin is determined by a lattice vector
T,, where p marks the index or a particular unit cell.

The position of individual ions can be determined relative to their unit cell
R., = T, + R,, where  is the index of an atom found in the unit cell p'®

Since the movement of the atoms is much smaller than the distance between
them, one can assume that the ionic configuration will change only in a small area
around the minima of the BO energy surface E2°, thus allowing one to expand it
using Taylor series:

EPO({R}) =E"°({R}) + Z

PERO((R))
aRK SOR

OE°({R})

AR,
R, »

R=Red
(2.121)
AR, , AR + ...

R=Re4

where AR,, = Ry — R,i,p. The zero-th term EBY({R®}) can be normalized to
zero. The first term, linear in AR, represents a force acting on ion x in cell p:

_ OE"°({R})
mp OR,,

where all forces on ions is zero for R = R since it is a derivative at the minima of the
energy surface. The second term, quadratic in AR, describes harmonic oscillations
around {R®?}. These harmonic terms are also called interatomic force constants

C“Olyp .

F (2.122)

B! EBO
crvr, = , 2.123
r'a'p aRH’a’,p’aRma,p ( )
and they provide information on how the force on ion k, p along the direction « is af-
fected by the movement of ion £/, p’ along the direction o and vice versa since deriva-

tives in this case are symmetric w.r.t. exchange of indices (ka, p) <> (k'a/,p’). In the

15The terms ’atom’ and ’ion’ are used interchangeably in most of this chapter. When atomic
cores (with or without their core electrons) are approximated as point charges, with net positive
charge, as in this case, the term ion is more accurate. It should be emphasized that these ions
originate from atoms. However, there are cases where these ions originate from molecules, but that
is out of the scope of this work.
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harmonic approximation all terms of AR that are beyond quadratic in Eq. (2.121)
are neglected.

In the harmonic and adiabatic BO approximation, the equation for ionic vibra-
tions is:

P? 1 .
D Ka,p __ pwib
; 3 ;Cﬁ,a,m,ARm,pARﬁ,a,’p, ®(R) = E"PO(R). (2.124)
7p /’p/
One can use Fourier transform on the interatomic force constants C:f;’/’j L, to
obtain the dynamical matriz D7 ,(q):
1 efiq-Tp eiq-Tp/
K _ RO,D
”/o;,(q) - Nye Z M1/2 Cn’a’p’ M1/2
ppt W (2.125)
— ka0 iq-T
AT R
p/

The dynamical matrix can be made to depend only on the distance between unit
cells (T}, —T,/), and since the interatomic constants are symmetric when exchanging
indices p <> p’ (as well as k <> £’ and « <> ), one unit cell can be chosen as the
origin to reduce the summation over p since ) €4 = Ny in Eq. (2.125).

Conmensurable and inconmensurable perturbations

One can take a brief moment, to analyze the meaning of Eq. (2.125) for different
values of q. For phonons, same as for electrons, all reciprocal vectors q can be
reduced to one unit cell in the reciprocal space, i.e. to the 1BZ.

If one were to imagine a 1 dimensional chain of unit cells with primitive vectors
of real and reciprocal lattice a and b, respectively, then the lattice vectors can be
expressed as T, = a x p, p € Z and generators of translations q = (27/a)b x s,
seR,anda-b=1.

For s € Z, the exponent in Eq. (2.125) is ¢'as*® = 270" — 1 and the
dynamical matrix

Di(q) = Y (M My) 2O (2.126)

Kol pl
/

p

describes a phonon for which displacement is periodic over all unit cells p’ and

Dre,(q) are purely real. This case is equivalent to q = 0 = T, also known as the

long-wavelength limit!®.

In the case where s = 1/m, m € Z/{0,£1}, the exponent in Eq. (2.125) is
- 27 /

21 / 1 / 1 D . .
ela X’ = gi2msxp’ — 20 the dynamical matrix

Din(q) = (McMy) PO e, (2.127)

Kk ol p’
/

p

16In the case of molecules, where there is no translational invariance, calculation for I' point only
is sufficient.
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describes a phonon for which displacement is periodic at every m-th cell and D% ,(q)
are complex numbers. This case is equivalent to q # 0. For solids where translational
invariance holds, calculation on g-grid is required. Denser qg-grids require larger
supercells as small q corresponds to an interatomic constant for large a distance
between unit cells T, in the BvK cell.

When s € Z/{0} and s = 1/m, m € Z/{0,+1} it is said that these perturbations
are conmensurable with the BvK cell, since a 1-to-1 correspondence between lattice
vectors T}, and q grid can be established.

However, when s = 1/m, but m € R/Q (e.g. s = 1/v/2,1/v/7), a 1-to-1 corre-
spondence between q and T, is impossible. In this case the perturbation described
by q is inconmensurable with the BvK cell'”.

In practice, only conmensurable perturbations can be calculated using methods
that obtain dynamical matrices directly from BvK supercells like for e.g. the frozen
phonon method. Inconmensurable (as well ass conmensurable) perturbations in
harmonic approximation can be directly computed using DFPT (Sec. 2.8.3).

Properties of dynamical matrices

Even though interatomic force constants are real, the dynamical matrix will be
purely real only when q = 0 = I. Exchanging p < p/ in Eq. (2.125) in interatomic
force constant is equivalent to exchanging q <+ —q, and which is equivalent to
complex conjugation of dynamical matrices D2 ,(—q) = (D"*,)*(q), which leads to
relations:

w?ll/ = w%ql/ ? gna,u(_q) = f:a,l/(q>7 (2128)

where &,,,,(—q) are eigenvectors that diagonalize dynamical matrices and wg, are
their eigenvalues:

> " DEY (@) bvarn(@) = Wy Exan(@). (2.129)

e

The size of the dynamical matrix is 3x N4, where N,; is the number of atoms in
one unit cell. The number of possible solutions v for each q will be 3x N;.

Eigenvectors £, ,(q) are orthogonal and normalized to unity:

Z 5:’(1’,1/((:1)6504,1/((‘1) = 0w/ Oaar'

(2.130)
Z 5;201,1/’ (q)fma,u(q) = 51/1/’7

17As a remainder: Z and Q represent a set of integers and rational numbers, both of which are
subsets or the set of real numbers R.
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Phonons in the classical treatment

The solutions for ionic displacements can also be obtained by following the classical
route. The ionic Hamiltonian Hion in the BO approximation from Eq. (2.124) is

Hion - Z

K,p

ol p rap AR o - (2.131)

One can write down the equatlons of motion using the Hamiltonian equations:

8 ion.

PP%S = _a—ms =5 Z C:O;I; ARNaypdpﬁ’(sva/(ssp/ + ARﬁ’a’,p/épndvaésp)
Rp»y 1on Z na p(s 5 5
Ppys
M,AR,,, = — Z Cg;*g’ARm,,,
Ka,p

(2.132)

The solution in the harmonic approximation can be represented using plane waves
that travel parallel to vector q:

ARuap =MD " Qpua(q)e el Tr), (2.133)
q

where Q..(q) contains the polarization and the amplitude of the wave. Inserting
Eq. (2.133) into equation of motion Eq. (2 132):

ZaﬂQF”Y et = ZZ 1/20535 1/2Qm()“1TP, (2.134)

q nap

and multlplymg both sides by N ' >~ e~"@Ts where N, is the number of unit cells
in BvK cell:

Zw2Qm Z Z Z 32 Crap ]\;;2 Qrala) -
= Z Z Dy (@) Qua(a),
leads to:
2|22 D (@)Qua(a) — wgQpul(a) | = 0. (2.136)

q Ko

Since all q terms are independent to each other, the last equation will be zero when
all terms in the sum over q are zero, which essentially leads to Eq. (2.129):

D (av)Qrav(a) — wiqu%V<Q> = 0. (2.137)

The polarization Q.. (q) is equivalent to eigenvectors of ,.,,.(q), and they obey
the same relations. Because of this, vectors e, ,(q) = >, {sa€a are also called
polarization vectors of phonon mode q, v or just phonon polarization vectors.
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Acoustic and optical phonon modes

If the unit cell would contain only one atom, all three frequencies should linearly
approach zero in the long wavelength limit, i.e. when |q| — 0. Classically speaking,
this case corresponds to whole unit cells with their center of mass moving together,
the group velocity of this wave is non-zero, like a runaway wave. Since it resembles
the acoustic sound waves, these 3 modes are called the acoustic modes. When q = 0
the relative distance between unit cells (atoms) doesn’t change, so the whole lattice
is moving in phase (unison) so the restitution force acting on the atoms is zero, and
the frequency is also zero: wfw =0.

The translational invariance in the crystal, ensures that when all atoms are
displaced by some constant vector 5, all physical observables and their derivatives
stay the same:

OE™({R} +6) _ IE"°({R})

BO A\ _ BO
EPO({R} +0) = B({R}), T T

. (2.138)

This displacement can also be expanded using Taylor series:

O’EPO({R})

OEPO({R} +0)  OEPO({R})
- “ R ORrcap

8R/§a,p aRROL,p * Z g

Kk'a’,p

+ 0(6%), (2.139)

with the second term on the right-hand side vanishing:

O?EBO({R})
E 5a’ =Y, 5(1’ R7
’ Il aR’i,a,apléR’i‘%p ! V ©

& P

K

(2.140)

E"°({R})
= crrb = 0.
K p aRN/alyp/aRﬂavp Z rep

/

’
K,p

This is called the acoustic sum rule. Since all interatomic force constants are eval-
uated for the equilibrium configuration R = R4, this means that the force acting
in the direction « on the ion x, p is unaffected by the sum of movement of all other
atoms £/, p" in all directions o'. Since collective displacements of atoms correspond
to q = I' = 0, the same will be true for the dynamical matrix:

il-0 il T,

€ ra,0 € - Ko .
Z MN C’Q/a/’p/M—n, — Z DK)/O/<]‘—‘> — O (2141)

It
H7p

If the unit cell contains two or more atoms of the same type, the rest of the modes
(Np.at. — 1) x 3 should approach non-zero values as |q| — 0. In classical terms, there
is movement of atoms within the unit cell and the center of mass within that unit
cell is also moving. At |q| = 0 the unit cells are not moving in unison but rather like
a standing wave with zero group velocity. However since there is a restitution force
acting on the atoms in the unit cell they are vibrating with a non-zero frequency.
This behavior is similar to optical waves, therefore these modes are called the optical
modes.
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When |q| = 0 it is impossible to distinguish transversal and longitudinal direc-
tions of motion for optical modes. However, when q is still small but non-zero,
there will be two transversal components in the plane perpendicular to q and one
longitudinal parallel to q. If there are at least two atoms with a different charge
(and mass), an electric field between them is also generated. This macroscopic elec-
tric field Vg = €eE - r is not invariant after translation and therefore incompatible
with Born von-Karman periodic conditions. The range of dipole-dipole Coulomb
interaction between the moving ions is much greater than the boundaries of the unit
cell.

Such electric field will result in lifting the degeneracy around |q| = 0 but not
exactly at |q| = 0. For any direction of q there will always be one longitudinal
component (that lies along the direction of q) and two transversal components
(that lie in the plane perpendicular to q). The frequency of the non-degenerate
longitudinal optical component w(Llo will be slightly higher than the 2-fold degenerate
transversal optical components w:fo. This phenomena is often referred to as LO-TO
splitting. When observing plots that show a phonon dispersion in 1BZ, this splitting
is often ’present’ at I" point as well, due to the scale of the plot and being 'zoomed
out’, but it should be noted that they are degenerate only at exactly I' and nowhere
else. The magnitude of the splitting greatly depends on the direction when moving
away from T

Imaginary phonon frequencies: saddle points and anharmonic behavior

In the harmonic approximation, the interatomic force constants C7707, can be writ-
ten as a Hessian matrix that consists of second derivatives of EB®. Since they are
evaluated at equilibrium position of atoms, where the energy surface EB° exhibits
a minimum, this matrix is positive definite, meaning that all its eigenvalues wéy are
positive. Since those eigenvalues physically represent the harmonic frequencies of

ionic movement, only the positive values of /w2, should be taken.

If however, all values of wéy are negative, this means that the atomic configura-
tion in EBC is extremal, but it is the maximal value instead of minimal. This would
be a case of unstable equilibrium configuration. In the third case, where some wgy
are positive and some are negative means that the chosen ionic configuration for
EPO is a saddle point. The frequencies for which wéy is negative are called silent or
imaginary frequencies.

The discussion in this section assumed that there are no temperature effects i.e.
that the crystal is at "= 0 K. In practice, temperature effects can vary depending
on the material. In some materials it has minimal effects on the configuration of ions
at equilibrium and the only difference between T'= 0 K and the room temperature
is a small effect of thermal expansion. In other materials, temperature effects can
lead to phase transitions where the configuration of ions is changed beyond simple
temperature expansion. In the later case, the harmonic approximation usually fails
when considering their configurations at temperatures other than 7'= 0 K.
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Phonons in the second quantization

The Hamiltonian for ionic vibration can also be written in the second quantization

using the well known ladder operators aq, and dill,, which destroy and create a

qr-phonon respectively. The ionic displacements AR, , are then expressed as:

iq-T
12N €Y k(@) < .t )
ARna,p - Nuc Z (2anqy/h)1/2 aqy _'_ a’—ql/ . (2142)

qv

This transforms the phonon Hamiltonian Hpy:

P, 1 o
D] (TRE S S AV S ) R e
Kou,p n’a’,p’
to:
L 1
th = Z hwqu ((ILVCLqV + 5) . (2144)
qv

Since wgq, appears in the denominator for the expression of ionic displacements
AR,n, in Eq. (2.142), the summation over acoustic modes at I' point (|q| = 0,
wqr = wra = 0) is skipped i.e. it is assumed that they contain zero amplitudes.

2.8.2 Frozen phonon method

In the harmonic approximation there are several ways to compute the dynamical
matrix (interatomic force constants). The simplest and earliest one is the frozen
phonon method which uses finite, periodic displacements of atoms from their equi-
librium configuration and was performed as early as in the 1980s [89, 90, 91]. In
the first step, the equilibrium configuration of ions is obtained, using either ab initio
methods like DF'T, or using empirical lattice parameters. In most DFT codes, forces
are calculated on all atoms and all directions, so second derivatives are obtained di-
rectly from calculating forces on a system when one atom is displaced without the
need to displace atoms in pairs.

Procedure for frozen phonon calculation using DFT is as follows. One should
perform a calculation for displacing one atom k, along one direction « in unit cell
p for ZAR amount. After DFT calculation is complete, forces on all the rest &', p/
atoms along o/ directions are stored as F,o ,(ARyq,p) and process is repeated for all
displacements £AR,,, , until all F. o ,(ARy.p) are obtained'®. Interatomic force
constants C’:,aof » are then calculated using these displacements with the central finite
difference formula :
~ OPE"O({R}) Foop(FARcap) = Frarp (—ARkay)

_ . (2145
ORyer O Ry 2AR (2.145)

[p1e%
C 7p/:

kol p

Since DFT can only produce the ground state, the displaced atoms are said to be
static and in their ground state or ’frozen in time’, therefore the name - frozen

18This process can be significantly reduced by skipping calculations for elements that are equiv-
alent due to symmetry rules.
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phonons. One can reduce the number of these calculations by using symmetry
properties of the crystal and determine how many interatomic force constants will
be unique and obtain the rest using the group theory. The simplicity of this method
is in its implementation, since it doesn’t require anything more than a standard
DFT. However, for a chosen grid of q vectors the Born von-Karman cell has to
contain at least the same number of unit cells. Moreover, the calculations for one
q grid are all coupled in a sense that if one desires to perform calculations on a
denser grid, the whole procedure has to be repeated on a supercell that corresponds
to that grid. The scaling of computational workload is very unfavorable when linear
dimensions of the supercell are increased as they scale as 3x NJ¢ x Rz where Ripc
is the range of the interatomic force constants and scales as Ripq oc No© where N5C
is the number of atoms in the supercell [92].This poor scaling of computational
resources becomes a problem especially when matrices in the long wavelength limit
(la| — 0) are required.

2.8.3 Density functional perturbation theory - DFPT

The density functional perturbation theory (DFPT) avoids the computational bur-
den of supercells, and is able to perform all the calculation using only the atoms in
the unit cell. This method can be formulated either using the linear response theory
formulated by Baroni et at. [93, 94, 95, 92] as implemented in Quantum Espresso
code by Giannozzi et al [96, 97] or the variational method formulated by Gonze et
al. [98, 99, 100, 101, 102] as implemented in Abinit code [103, 104]. Both meth-
ods give the same result within the error of numerical accuracy. Since it doesn’t
require supercells, besides the reduced computational load, the DFPT computation
can be performed for arbitrary q, since calculations for each q are now decoupled
from any kind of predetermined grid. This means that unlike the frozen-phonon,
which computes interatomic forces in real space, and then obtains dynamical matri-
ces by Fourier transform to reciprocal space, the DFPT obtains dynamical matrices
directly. Because phonon dispersion is usually a rather smooth function of q, dy-
namical matrices can be easily interpolated for a denser q grid. The interpolation is
done by Fourier transform of dynamical matrices from reciprocal to real space which
will return the interatomic constants for a supercell. These interatomic constants
can be used to determine the dynamical matrices (and then the phonon frequencies)
for any q point that was not on the original grid. In the long wavelength limit, the
dynamical matrices are separated into analytic and non analytic part. The analytic
part for which the macroscopic electric field is zero is easily obtained. To obtain
the non analytic part, which contains the effects of macroscopic electric field, the
required macroscopic dielectric constant €., and Born effective charges Z* can be
easily obtained with DFPT [93, 94, 95, 98, 99, 100, 101, 102, 92]. The non-analytic
part is essential to properly produce the LO-TO splitting in the phonon structure.
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Hellman-Feynman theorem

One can begin with the BO Hamiltonian HB°, which is

HP?({R}) = Ta({r}) + Va_ion({R}, 1) + Va_a(r, ')
+ ‘/Eonfion<{R})7

A%
Ta({r)) =3 =5 2,

P e

el 10n({R} {I‘} Z Z 6 Ve r'Lp Rn,p); (2146)

Kyi,p>p’

Vaca({th {r'}) = D Pvelriy —1ip),

1>7,p>p’
1on ion {R} Z Z,{,pZHQp/GQ’UC(RH,p — R,{/’p/%

k>kK ,p>p’

where indices i, j and k, k' take into account all electrons and ions, in one unit cell,
p,p’ go over all unit cells, v. is the Coulomb potential v, = (47eg)*|r|™!, and {r}
and {R} are collective coordinates of all electrons and ions, respectively.

In the ground state, the BO energy can be expressed as a functional of electron
density:

EBO = Tel [TL} + /dr nR(r)‘/el—ion + /dr nR(r)‘/el—el + ‘/Eon—iona (2147)

where ngr(r) = V*({R},r)¥({R},r) is the electron charge density in the ground
state for ionic configuration {R} and Vio,_ion depends only on ionic coordinates and
not on the electron density.

Hellman-Feynman theorem [105] states that the first derivative of the eigenvalues
of the Hamiltonian H,, which depends on a parameter A is given by the expectation
value of the derivative of the Hamiltonian:

OF)

N <‘I’A| |‘I’A> (2.148)

when H\V, = F,V,. In the BO approximation, and in the case for ionic vibrations,
this parameter A can be replaced with the ionic positions {R}. This means that the
force acting on one ion from Eq. (2.122) can also be obtained as:

_ OE®O({R}) OHBO
Foo=""R., = (PR} R, [W{R})) (2.149)

Inserting Eq. (2.147) into Eq. (2.149), the force on one ion in BO approximation is

obtained:
a‘/;)l ion a‘/Eon ion

F.,=—/d — — — 2.1
K,p / rnr 3R,@p 8R,.€7p ( 50)
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Interatomic force constants are then obtained by differentiating forces in Eq. (2.150):

crep PEPC  OFay
i aRH’a’,p’ﬁRna,p 8RK/O/,]),

8nR a‘/el—ion 82%1—ion
_ [4q d 9151
F DRy Ry / "R Ry OR s (2.151)
82 1011 IOH

aRn ‘ol p! 8Rna P

This result was first given by De Cicco and Johnson (1969) [106] and by Pick, Cohen,
and Martin (1970) [107] and it shows that in the BO approximation, the interatomic
force constants depend not only on electron charge density in the ground state but
also on its linear response to ionic movement dng/0Ra,p-

The electron-ion potential V"~ i just a sum over individual Coulomb poten-
tials of ions so its second derivatives are disconnected from the electron density. The
potential V¢~1°" is local in r when R, are fixed parameters, so the computation of
its first and second derivatives over R, , is straightforward.

The most involved part of the procedure is obtaining the derivative of elec-

GnR

tronic density 5z . The Kohn-Sham scheme in DFT claims that the ground

state density of an mteracting system is the same as the ground state density of a
corresponding non-interacting auxiliary system. Using the Kohn-Sham scheme one

can obtain 81%‘9% by perturbing the Kohn-Sham Hamiltonian which describes this

auxiliary non—lnteractmg system.
Perturbations of Kohn-Sham Hamiltonian: The Sternheimer equation

Within density functional theory, the electronic density of the system is obtained
from the Kohn-Sham Hamiltonian HS:

2
HSSW,,, = % FVES (e (R | Tion = c1on Tiom,s (2.152)

where Vikg is the effective Kohn-Sham potential from Eq. (2.60) in Sec. 2.7.2 that
describes local potential acting on the auxiliary system of non-interacting electrons.
Contributions to Vkg include: the external potential V., Hartree electronic screen-
ing Vg and the exchange-correlation potential V,:

VE = Vo + Vit + Vi,
Vext:—ZZe%cr—R ~T,),

{R}) (2.153)
47T60 Z/ |r —r' =T,

JE*[n]
on

‘/xc:

n(r,{R})
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The electron density n(r) in this case is expressed using a sum of Kohn-Sham states,
where index R compared to one found in Eq. (2.147), Eq. (2.149), Eq. (2.150) and
Eq. (2.151) is dropped since the equilibrium configuration {Req} is assumed:

n(r) =Y Ui Wien = > Ui iiom, (2.154)
km km

where m goes over occupied states only. One can define a differential operator A*
that acts on function F) that depends on some set of parameters A = {A, Ao, ...}
as:

AFy =) 0\ Fro; (2.155)

and replace \; with ionic positions Ry, , to expand the Kohn-Sham Hamilotnian,
wave-function, energy and electronic density to linear order around the equilibrium
configuration {Req}:

HKS — H(I](S + ARvKS’
\Ijkm - \Ijﬁm + AR\I[kma

2.156
Cxm = €9+ ARep, ( )
n(r) = n°(r) + ARn(r),
which transforms the Kohn-Sham equation Eq. (2.152) to:
(HES — epn) |AR Ui ) = —(ARVES — ARg ) (00, (2.157)

The Eq. (2.157) is also known in atomic physics as the Sternheimer equation, named
after Sternheimer who used it in 1954 to calculate atomic polarizabilities [108].
Self-consistent version of this equation was introduced by Mahan in 1980 [109] to
calculate atomic polarizabilities within DFT using linear density approximation.

Using first-order perturbation theory, the linear response to AR for ey,,, V5,
n(r), and Wy, can be obtained as:

ARy, = (UL, | ARVES [0 ),

QAR /
ARVKS _ ARVext Jr/dr/ € n(r’) dVie[n] ARn(r)’
« Amelr — 1| dn |
ARn(r) =Y [(ARU TR, + T (AR, )]

occ.

=2Re Y Uy ARUL

km
WY, | ARVKS g0
AR\I’km _ Z \IIO,m/ < k/m | | km> ‘

0 _ -0
k'm’#£km 6\kﬂ’L gk’m’



2.8. PHONONIC STRUCTURE 69

Projection on unoccupied states only

The linear response to ionic movement of electron density ARn(r) in Eq. (2.158)
has one sum over occupied states and another over both occupied and unoccupied:

occ. \IJO, , ARVKS o
ARn(r)=2Red Y xlfﬂjnwﬁ,m,< kmi > Vi) (2.159)
km k'm’/#km Cxm ~ Cxm

If one separates the sum over all states for ARn(r) as a sum of occupied and
: occ. unocc. . :
ungc(é§up(1)sg states: Y 1/, Skm = 2k'mitkm T > i Sk the terms which contain

kem 2t zkm Would cancel each other since the expectation values in their nu-
merators are the same:

(Wi | ABVES W) = (W, | ARVES |00 (2.160)
and their denominators have the opposite signs: € —¢?,  and &), ,—el  respec-
tively.

The linear response to electron density ABn(r) has only contributions from ma-
trix elements that connect occupied to unoccupied states:

occ. unocc. \I{?{/m/| ARVKS |\I/gm>

ARn(r) =2Re) V;,, Y xpklm/< (2.161)
km k/m/

0 0
gkm - 8k’m’

In other words, the electron-density linear response ARn(r), does not respond to
any perturbations that connect occupied states only. One can define an operators
P, and P, that project to occupied and unoccupied states:

Po=> ) (i)

unocc.

P=3 ‘\I/SC),> <qf§fj, , (2.162)
P,P.=PFP.P,=0
P, + P =1,
and express ARn(r) as:
ARn(r) =2Re) V;, (P.ARY,) . (2.163)
kv

Since it has been shown that only P.ARW,, is required for ARn(r), one can apply
projection P, from the left on the Sternheimer equation (2.157):

(HE® — el P |ARWY ) = —P.ARVES [0 (2.164)

where [HXS P] = [ARey,, P.] = 0 and P, \111(2))> = 0. Even though Eq. (2.164)
doesn’t connect occupied states, one can ensure to avoid singularities by adding
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aP, in parenthesis on the left-hand-side, since P.P, = 0, where « is a small but
non-zero parameter. This transforms Eq. (2.164) to:

P |ARYY ) = G (e PLARVES [ WD) |
1 (2.165)
Gio(w) = [H§<S +aP, — sﬂv} -

In semiconductors and insulators, where the electronic ground state has a well
defined number of occupied states and a reasonably wide band gap, one can make
a clear separation in sums in Eq. (2.161) and Eq. (2.163). In metals however, even
infinitesimal perturbations such as ionic movement can change the orbital occupation
number of electrons which can influence the Fermi level which separates occupied
and occupied states. This case has been discussed by de Gironcoli in 1995 [110] in
detail. Popular approach is to apply broadening the Kohn-Sham energy levels using
some smearing function: Gaussian, Lorentzian, Fermi-Dirac distribution, which has
a direct influence on electronic density and any derivative of it. The rest of this
chapter is limited only to the case of insulators and semiconductors when there is a
well defined gap in the electronic structure.

Projection on one unit cell: decoupling of individual g-points

One of the main advantages of DFPT over the frozen phonon method is the ability
to decouple perturbations of different q, making calculation for any q independent
of all other q' and avoid the use of large super cells. One can introduce projectors
P¥*4 which project onto k + q manyfold of states, and by translational invariance
commute with H%S. Projectors P*t9 also commute with projectors P, /e and their

product is PXT9P, . = Pj{/tq. Projecting Eq. (2.164) over k + q manifold results in:

PISS(HS o — o)) |ARNR, ) = ~PRARVSS [u) (2.166)

where ‘AR\IIk+qv> = pkta ‘AR‘Q[lkv>, and v signifies an occupied state. If one were
to take the Fourier transform of ARVES ag:

ARVES = 3 " efar A4y K8 (2.167)
q

S

where v® is a lattice-periodic function, the Eq. (2.166) transforms into:

(Hfffq 0> i) (s — ) ETAM) g 1

_ _ pk+t KS
= —PTIAYW S |ug)
where uy, are lattice-periodic functions, Hyp, = e "¢FTOT RS tilktalr and projec-

tion operator PX*4 can also be written as:

occ.

pkta — 1 _ pkta_q _ Z s qur) (Uit qur | - (2.169)

,v/
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Fourier g-components for electron-density A9ng(r) response and unit-cell potential
response A5 (r) are:

Ang(r) = 2Re Z Uney (1) Atige g (1)

kv
e2An,(r') . /
A (r) = A% + / dr’ ?(:Q,ﬂ)e_zq(r_r) (2.170)
d XC
4 &0 ATl

Eq. (2.168) and Eq. (2.170) form a set of self-consistent equations which are used
to obtain linear responses for:

e electron density A9ng(r),
o wave functions A%y q, (),
e and Kohn-Sham effective potential ARvES(r),

to a perturbation of ionic displacement connected to vector q.

Since these equations are solved in terms of lattice periodic functions only, there
is no need to use supercells. Equivalently, this means that all q perturbations are
decoupled from each other. This is convenient, since calculations for any q (or a
grid of g-s) can be done independently from any other q' (or a grid of different
g-s). This makes DFPT much more flexible than the frozen phonon method, where
calculations on one g-grid are predetermined by the size of the supercell, and if a
different q’-grid is chosen (with a different supercell) calculations must be repeated
even for the points that appear on both grids.

Interpolation of Dynamic matrices: Fourier transform of Interatomic
force constants

The Fourier transform of interatomic force constants C%%,(q) will be:

Catla) = (o) YD e Ot oty
pp’

5 §BO (2.171)

- aRn’a’ <_q)aRmx<q)

where 0/0Rc(q) = >, ¢4 T70/0Rya,. Using Eq. (2.151) one can separate the
contributions to €%, (q) from electron-ion potential Ve=ion ;

) on(r) Ve _ion
Crits (@elion = / dr
(e ORwe (—q) OR o (q)

82‘/el—ion
+/drn(r)ﬁRﬂra/(—q)aRm(Q)’

(2.172)




72 CHAPTER 2. THEORY

and ion-ion potential V/ionion:

82 Vionfion
K o (_q> aR/{a (q) ‘

The derivative On(r)/0R. o (—q) is obtained from the DFPT loop as individual
components of Angy(r). The derivatives V=" /OR, , 4 are already obtained as
components of Aqvgl_ion in Eq. (2.170) and the second derivative is simply obtained
as components of the double variation A~9A%%g " The ion-ion potential Vior=ion
does not depend on electronic structure so it does not appear in the DFPT self-
consistent equations. This term, as well as its derivatives can be computed separately
from the electronic terms. The procedure is straightforward and it includes obtaining
the Ewald term Fg, which already obtained in most codes during DF'T procedure,
and computing its second derivatives to obtain é,’j%/(q)ion,ion is done once without
the need for self-consistency.
The dynamic matrix is then obtained as:

C" ) (Q)ion—ion = / dr - (2.173)

D:?;’ (Q) = (MHMR/)_1/2 é:’?;’ (Q)el—ion + é:%/ (Q)ion—ion . (2174)

Finally, eigenvectors £.,.,(q) and eigenvalues wq, of D%, (q) give phonon polariza-
tion vectors and phonon frequencies for ionic perturbation corresponding to vector
q, respectively.

Interatomic force constants in real space can be obtained by inverse Fourier
transform of dynamical matrices, considering that dynamical matrices were obtained
for a dense grid of g-vectors to ensure the convergence. Since the phonon dispersion
is a rather smooth function for q, interpolation to a denser g-grid can be done by
an inverse Fourier transform from real space interatomic force constants. Dense q
grid of Dynamical matrices is then used to produce phonon density of states and
dispersion relation.

The DFPT equations Eq. (2.168) and Eq. (2.170) are solved self-consistently,
using ground state calculations for a grid of k and k + q vectors, hence the com-
putational load is the same as the one for a ground state calculation. One should
always converge a DFT calculation first, before proceeding to DFPT procedure.

Convergence of DFPT calculations

One way to converge DFPT calculations, is to take a look at the acoustic sum rule,
which stems from the translational invariance, and states that for zone center q = I
perturbations, acoustic modes should have zero frequency or:

> D () =0. (2.175)

K/,

This was established in Eq. (2.140) and Eq. (2.141) when total energy in BO ap-
proximation EBC was obtained by minimizing the BO energy surface using wave
functions that describe all electrons ¥({r},{R}). Since DFPT relies on DFT, for
all terms in the effective Kohn-Sham potential a collective translation of the ions
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is possible except for the exchange-correlation potential, which uses a fixed grid in
real space in the DFT implementation. Using a denser k-grid and/or larger kinetic
energy cutoff (more plane waves in the wavefunction expansion for plane wave basis
codes) will help acoustic modes approach zero but it will never land there exactly.
One simple fix for this is to modify the dynamical matrices:

D (D)new = Dy (L) = 6,00 > DS(T). (2.176)
P

This will modify the phonon frequencies at I' only. If one wishes to obtain them at
q — 0, other dynamical matrices for q # 0 should also be corrected. Since phonon
frequencies only approach zero at I' one should check the convergence for different
k grids and kinetic energy cutoffs, and try to obtain a reasonably small values for
acoustic modes at I". Once the correction in Eq. (2.176) is small enough, one should
continue for rest q point using the same k-grid and kinetic energy cutoff.

The second sum rule that could be used for convergence is the charge neutrality
for Born effective charges and it states that the sum of Born effective charges in the
unit cell must be zero:

> Ziw =0, (2.177)

where Born effective charges tensor Z, , is defined as proportionality coefficient to
the linear order that relates the polarization per unit cell created along direction o’
and the displacement of ion k. The charge neutrality sum rule in Eq. (2.177) will
be violated because numerical calculations have finite basis for Kohn-Sham wave
functions (they take finite number of plane waves in plane wave implementations), or
because of the discretization of the real space integrals used for exchange-correlation
potentials. This can be fixed by either redistributing excess charges evenly among
atoms:

N et = Dir = Nat D Do (2.178)

K

or developing a weighing strategy to redistribute the charges to each atom in pro-
portion to their mean electronic charge. However, numerical results for sum of Born
effective charges in Eq. (2.177), should converge to a reasonably small value when
basis for Kohn-Sham functions and number of k-points in the electronic calculations
is sufficiently large.

2.8.4 Self-constistent phonon method - SCPH

Since the standard approach based on the use of harmonic approximation and DFPT
is not sufficient to describe phonons in some materials, a more sophisticated approach
is needed. One can therefore use the self-consistent phonon method (SCPH) follow-
ing the methodology and the implementation of Ref. [111]. This section, serves as
a brief overview of the main ideas of SCPH and its implementation.

In the BO approximation, the dynamics of lattice ions is described by the Hamil-
tonian H =T + U, where T' is their kinetic energy, while U is the potential energy
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which is a function of the displacements from the equilibrium position. The poten-
tial energy can be expanded as U = Uy + Us + Us + Uy + ..., where the term U,
is of n—th order with respect to atomic displacements and the term U; is missing
because it contains forces which are zero in equilibrium. Keeping the terms U, and
Us only is the standard harmonic approximation. In this case, phonon frequencies
are obtained from diagonalization of the corresponding dynamical matrix.

To obtain the phonon frequencies in general case when the terms beyond U, are
included, one can make use of many body Green’s function theory. The Hamiltonian
is divided into H = Hy + H; where Hy =T + Uy + U, is the harmonic part of the
Hamiltonian whose solution is known, while the anharmonic terms H; = Us+U4+. ..
constitute the interaction part. The phonon Green’s function G for the Hamiltonian
Hy is known, while the Dyson equation relates Gy, the phonon Green’s function
G of the Hamiltonian H and the self-energy . The Dyson equation has to be
complemented with the equation for self-energy. The self-energy is in principle given
by a diagrammatic expansion involving an infinite number of Feynman diagrams.
In practice one selects only the most relevant diagrams for the problem at hand.
To obtain the renormalized phonon frequencies, it turns out that the most relevant
diagram is the loop diagram originating from the quartic term U, (shown in Fig.
1(a) in Ref. [111]). The Green’s function and the self-energy can then be found self-
consistently and the renormalized phonon frequency is determined from the pole of
the Green’s function.

To perform the calculation within the SCPH method, one also has to obtain
all relevant force constants that appear in the U, terms in the expansion of U.
The second-order force constants are obtained from a supercell density functional
theory calculations and the finite displacement method. While the finite displace-
ment method can in principle be used to obtain higher order force constants, a
different strategy yields more stable results for the force constants. Namely, finite-
temperature ab initio molecular dynamics calculation is performed to obtain various
atomic configurations and the corresponding total energy and forces in these config-
urations. The force constants that appear in anharmonic terms in U are then fitted
to the data obtained, where great care has to be taken to avoid overfitting the data.

Details of the full calculation protocol for CsPbX; (X=Cl, Br, I), are reported
in Sec. 4.3.4.
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2.9 Electron-phonon interaction

A detailed review on electron-phonon interactions from first principles was done
recently by Giustino [44]. In that review, there are two approaches: one using
an approximation that electronic system can be described by sharp quasiparticle
excitations, and another, more involved using field-theoretic approach that doesn’t
rely on such approximation and was intensively covered by Marini in Ref. [112].
This section borrows some elements from that review in the sharp quasiparticle
approximation in order to derive the practical approach for calculation of electron-
phonon effects on electron energy levels first used used by Allen and Heine [113] and
Alen and Cardona [114, 115] called Allen-Heine-Cardona theory.

The total Hamiltonian can be rewritten using the second quantization as:
HTOT = Hel. + Hion. + Helfiona (2179)

where H. , Hi,, are Hamiltonians that describe the ionic and electronic systems,
and He_ijon 18 the Hamiltonian that describes the electron-ion interaction.

The ionic Hamiltonian H;,, can be written in the second quantization as in
Eq. (2.144):

Hyp, =Y hwg, (agyaqy + %) (2.180)
qv
where dill, (Gqy) is the creation(annihilation) operator for a phonon in the state qv,
and hwg, is the energy of that photon in the BO and harmonic approximation,
obtained by solving the Eq. (2.129), where dynamical matrices D% (q) have the
form of a Hessian.
The electronic Hamiltonian in sharp quasiparticle approximation H, can be ap-
proximated using the Kohn-Sham Hamiltonian H¥S in the first quantization:

2
Ha, = HS = — 92 4 vSS(r, (R, (2.181)

and in the second quantization, when diagonalized by Kohn-Sham one electron
functions |Wy,,):

Ho = Y (Wi HSS [Wpe) e bi = D el ChenCicn- (2.182)
kn,k'n’ kn

where & (én) is the creation(annihilation) operator for an electron in state kn,
and 53 is the Kohn-Sham energy of state kn. The electronic wave functions Wy, (r)
are normalized to the volume of a supercell that contains N, unit cells of volume
Ve, and can be written using Bloch waves and Bloch factors:

\Dkn<r) = (Nuc‘/uc)_l/2eik‘rukn(r); (2183)
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where wuy,, are unit cell periodic functions normalized to the volume of a unit cell:

dr "
(Wien (1) [ Wrer (1)) = Nog' | et () (£)e

Z/ e M I (1 4+ Ty g (x4 Ty e )
uc uc

, d /
Z eil(k k') Tp / V_r i(k—k )-ruin<r)uk/n/(r>

dI‘ . ’
= 5k,k/ (kn|k’n’)uc = 5k,k’5nn’;
(2.184)

where N ' 37 e” T = Gy 1er, Upen (T + T,) = Ui (1) is a consequence of transla-
tional invariance and V. is the volume of the unit cell.

In order to obtain the electron-ion part of the Hamiltonian, one can perturb the
electronic potential VXS from the electronic Hamiltonian Hy , with respect to ionic
displacements around equilibrium configuration {R®}. The Kohn-Sham effective
potential VXS can be expanded in terms of ionic displacement ARyap = Ruap—RiL,
in Taylor series:

VES(r {R}) = VISURY) + ) 0rapV AR,

ROo,D

+ % Z Z a””amaﬁ'a'm'VKSARna,pARH’a’,p’ —+ ...

KOL,D H’O/,p’

(2.185)

The expansion in Eq. (2.185) is similar to the Taylor expansion for E2° in Eq. (2.121)
in Sec. 2.8.1 about phononic structure. In that section, E®° was a result of a
minimizing procedure for Hamiltonian HB® that contained all ionic and potential
energies of the interacting system. This minima let to the equilibrium configuration
of ions, which then led to vanishing of the first derivative of EB® with respect to
displacement from that equilibrium position. In Eq. (2.185), one is interested in
change of the local Kohn-Sham potential VX5 when ions are displaced from their
equilibrium position. The first derivatives of 9,V "5 do not vanish in this case,
since they doesn’t represent a force acting on ions.

Derivatives can be transformed by expanding AR, , using the ladder operators
from Eq. (2.142):

qup
3 0 VR, = Y, 105 N U )
KOL,D RQ,p (2186)

= N1:c1/2 Z elq.rqu/UKS (dqu + CAlT—qu) ’

qv
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where:

Z é-lial/ qu ) UKS
QMK qu/h 1/2 Ko,q ;

2.187
aﬁmqv _ Z efzq- (r—Tp) aﬁa7vaS’ ( )

and new label v¥° is used instead of VXS in order to emphasize that all partial
derivatives are over 0/0R,,(q) instead of 0/0Ry. . Eq. (2.187) can be also seen as
a Fourier transform, that replaces sums over (ka) — v (since N, x N, = N,)) and
p — q (since Nye = N, = Ng), and introduces second-quantization operators dq,
and dT_qV. The electron-phonon Hamiltonian in the second quantization Hej_p, will
be the perturbation of VX from the equilibrium configuration of ions:

Hopn= 3 (W VSS(RY) — VES(RY) [ W) el (2189)

kn,k/n’

From Eq. (2.185) one can see that electron-phonon interaction in Eq. (2.188) will
contain terms from a Taylor expansion of VXS with respect to ionic displacements.
From Eq. (2.186) one can see that first-order terms will introduce sum over one
set of qu corresponding to coupling to phonon operators (Gq, + a_qy) Using the
normalization relations, the first-order term in brackets will transform as:

Z <\Ijk ’ N—1/2 Z 6iq~rA UKS |\I/k’n’> _

kn k’/n’
> 2 Na Z ey
kn,k'n’ qu
d : ,
> / V_refz(qufk )-ruanl;l/ZAquKSuk/n/ —
e —1/2 KS 1,7,/ <2'189)
Z Z (5k7q,k/ <kn| Nuc ACIVU ’k n >uc =
kn,k'n’ qv
SO (k| N 280" [k — '), =
knn’ qv
Z Z <k + qn’ Nl;:l/QAqV’UKS ‘kn/>uc
knn’ qv

Similarly, for the second-order, there will be two sums over qv and '/ that couple
to a product of operators (aq, + diqy)(dq/w + diq,y,). The second-order term in
brackets will transform in an similar manner as the first term:

% Z <\Ilkn| N&l Z Z eiq’.rAq/V,eiq.rAquKS |\Ijk’n’> _

kn ,k'n’ qv q'v’

1 _
5 Z Z Z 5k—q—q’,k’ (kn| NuclAq/l,/Aql/UKS |k'n/>uc = (2190)

knk'n’ qu q'v’

LS e e e,

knn’ qv q'v’
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By including the terms up to second-order with respect to atomic displacements,
electron-phonon Hamiltonian He_p, takes the form

Hel—ph - 1/2 Z Z gfnavfblu k q Ck+qmckn( T—ql/ + a )

kmn qv

Z Z G (K q’)éL+q+q,mékn>< (2.191)

kmn qq’vv/’

X( *ql/—{_a‘ )( ’+aqy’)>

where gr2* (k,q) and g.V, . (k,q,q’) are first-order Fan and second-order Debye-
Waller (DW) matrix elements of electron-phonon interaction given as:

Ik, @) = (k + am| A, 0™ [kn),

Eran(a) " (2.192)
= : k — |k
2 sy U G gy e

and

gmn 1274 (k q7 ) <k + q + q m‘ A Aq V'UKS |kn>uc

:l Z ENCM’V( ) fl{/a/’y/(q,)
2 L= (2Mwa /I)? (2M W JB)?
aQ,UKS

aRﬁ’a’ (q/) aRna (q)

(2.193)

X (k+q -+ q'ml kn)

uc ’?

Fan

respectively. Matrix elements g, (k, q) and gmn W . (k,q,q’) have the physical di-
mension of energy, and measure the probability of an electron transitioning from one
state to another due to interaction with a phonon. Fan term gTFna;l,(k, q) measures
the probability of interacting with one phonon qv and DW term of interacting with
two phonons qv and q'v/

The first-order matrix elements g}iﬁty(k, q) can be obtained in harmonic approx-
imation using DFPT, as derivatives 0.4.quX® are already obtained at the end of the
self-consistent procedure that solves Sternheimer equation Eq. (2.168) in search for
density response A9n(r). This is described in approaches by both Baroni et al.
(93, 94, 95, 92] and Gonze et al. [98, 99, 100, 101, 102].In order to save on memory
and space, O,.qv"> are not saved by default of DFPT procedure in most codes (like
for e.g. Quantum Espresso [97], and Abinit [104]), however there is usually an op-
tion to change this. The end result of DFPT, which are wq, and ..., (q) are always
saved by default, and when combined with 8m’quS, the computation of gia;l,(k, q)
is straightforward using Eq. (2.192).

The second-order terms in Eq. (2.193) would require solving the second-order
Sternheimer equation, like the one in Eq. (A.11) in A.3 of the Appendix, which is
much more involved and usually avoided in the literature. However, Allen and Heine
[113] and Allen and Cardona [114, 115] used rigid-ion approximation and translation
invariance to obtain second-order DW term, diagonal in kn. This approach became
known as the Allen-Heine-Cardona theory.
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2.9.1 Allen-Heine-Cardona theory

This section provides a brief overview of the Allen-Heine-Cardona (AHC) theory that
is used to describe the phonon-induced band gap renormalization in semiconductor
materials. Using the AHC formulation, a procedure for self-consistent calculation
of phonon-induced renormalizations of band energies and their broadening will be
presented in Chapter 4.

In the work of Allen, Heine and Cardona[113, 114, 115] the ionic displacements
were treated as perturbation within the Reyleigh-Schrodinger perturbation theory
(RSPT) for the Kohn-Sham Hamiltonian. Within RSPT, only terms diagonal in kn
are considered, which constrains the DW terms to q+q’ = 0 case. This simplification
along with rigid-ion approximation is the basis of the Allen-Heine-Cardona (AHC)

formulation for temperature dependent renormalization of Kohn-Sham energy levels
AEAHC:

1 1
Aﬂf%ﬂ=EVE&Wﬂ+—VEWav

2Ny
Z ;wq,,/h

Sna,u(_q) Sn’a’,u(q)
X { Z (MH)I/Q (MH,)I/Q

(Ukn| 55— |uk+ n) (Uit qrn| f’ukm 2.194
< 2 Re Z BR q’ a'n’'| R (2.194)
n'#n €kn — Ektqn’ T i0
. Z gna,u(_Q)gna’,u(q) + gn’a,l/(_q)gn’a’,u(q)
e e’ 2MH 2MHI
8 KS a,UKS
ukn‘ ‘ukn’> <ukn” f‘ukn>
x 2R 37 A D] 7, @00 |
rrsd €kn — Ekn’ + 10

where 70 is a small parameter, introduced to avoid numerical divergence if the de-
nominator becomes too small, while parameter A — 1 that originates from RSPT is
kept in order to emphasize that one is dealing with second-order terms. Derivation
of Eq. (2.194) can be obtained by following A.3, A.4, and A.5 of the Appendix, re-
spectively. Eq. (2.194) is also called adiabatic AHC formula because phonon energies
hwq, were neglected in the denominator:

€kn — Ek+aqn’ + hwa, N €kn — €k+qn’- (2.195)

Adiabatic formula has been first used with semiempirical calculations [113, 114, 115]
and more recently using DFT with pseudopotentials [116, 117]. The same equation
as Eq. (2.194) can be obtained using more sophisticated approach using many-body
formalism and field-theory, using the same approximations[112, 44].
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2.9.2 Fan term in the non-adiabatic case

Following the many-body perturbation theory procedure, energy renormalization of
electronic levels due to ionic movement in solids can be obtained following procedures
in Refs. [112, 44]. In many-body language, renormalization %)\QEI(;) (T') which is
purely real, is replaced by electron-phonon self-energy ¥, (7") which is a complex
number. Up to the second order this self-energy will contain two terms, Fan 3{2"(T')
and Debye-Weller XPW (7). In present discussion, the Debye-Weller term is identical
to A2EV(T), however the Fan terms requires some attention.

Following Mahan 2000 [Chapter 3.4, Eq. (3.212)] [118], one can perform a similar
procedure for one-phonon self-energy to obtain:

SFan (o, T) = 5N Z |G (k, Q)| ZDqV zw])Gl({lqm(zw —iw;),  (2.196)

m,qv J

where 8 = (kgT) !, kg is the Boltzman constant, T is the temperature, N, is the
number of g-points in the sum, and Gl((oiqm(zw — iwj) and DY) (iw;) are electronic

and phononic Green’s functions at finite temperatures, respectively:

1
W — W = €y qn T EF
©)(; 1 1
qu(ZOJj) == -

. )
Wi — Wqy  Wj + Wqy

G(O)

k+qm(iw - iwj) -

(2.197)

where ep is the Fermi energy, iw; are Matsubara frequencies and i = 1 for simplic-
ity. Again, following Mahan 2000 [Chapter 3.5 Eq. (3.216)] [118] one can use the
summation over all Matsubara frequencies:

5 Z D(O) (iw;) chiqm(@w —iwj) =

an(T) +1 = fitqm i N (T) + futqm
W — Ektqm — Wqv 1w — Ek+qm + Wqv

(2.198)

)

where ng, (T) and fy,, are Bose-Einstein and Fermi-Dirac occupation numbers for
qv-phonon and kme-electron, respectively. At this point, one can perform analytic
continuation for iw by simply performing a rotation to the real axis as iw — w + 19,
where 4 is some arbitrary small real parameter. This transforms X1**(T) to:

EFan Z |gnmu k q X

* mav (2.199)
% |: nql’ (T> + 1 - fk+qm + nqu(T) + fk+qm

W— Ektqm — Wqv T 10 W — Ektqm + Wqy + 10

ZDW

knm

Diagonal terms for Debye-Waller part of self-energy PV = OpnmOq,—q/ O CAL
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be obtained from rigid-ion approximation and rewritten from Eq. (2.191) as

EE = __Zg;lfnu (k,q) [2nq,(T) + 1],
4 mqu
ria _ fna,l/(_q)fna’,u(Q) fm/a,V’(_q>'£n’a',u(Q)
gnm V(k7 q) - Z |: QM,{U)qV/h + 2M,§/wqy/h (2200)

kK aa!

(Uicn| kam) (wiem] m|ukn>
(S

€kn — €km +Z§

X

Sometimes YPW and Y terms are referred as static and dynamic terms, respec-
tively, based on their dependence on w.

2.9.3 Solving the AHC equation

Fan renormalization term has adiabatic and static $A\2E{2"(T") and non-adiabatic
and dynamic Y (w,T) form presented Eq. (2.194) (also Eq. (A.45) in the Ap-
pendix) and Eq. (2.199), respectively. In the adiabatic and static case, the renor-
malization neglects phononic energies in the denominator, but the calculation is
straightforward, if all ingredients of Eq. (A.56) are known. For the non-adiabatic
case, there are a few methods of solution.

Optimization method - direct solution

In the non-adiabatic case, the energy renormalization is expressed as a solution for
optimization equation, provided that non-diagonal terms in band indices Xy, (w, T)
can be neglected:

W= Exn + TE(w, T) + Z2V(T), (2.201)

where w is a complex number whore real part represents the renormalized energy
level Rew = FEy,(T). Since one is considering electrons that interact with ionic
vibrations, one can expect that there will be some uncertainty or smearing of their
energy levels. The imaginary part of w will represent the half-width of that smearing
centered around w. Because Y2W is not dependent on w, and purely real, the main
focus will be on the ¥f*"(w, T') term, which is dependent on w, and complex.

Spectral function method

Besides direct solving for w from Eq. (2.201), one can search for a peak in the
spectral function Ay, (w,T):

1

Agn(w, T) = —;| Im Gy, (w, T)|
_ 1 1
T m W — €xn — Skn(w, T) (2.202)
1 Im Yy, (w, T)

7 [w — exn — Re Zin (w, T)]? + [Im Xy (w, T)]?’
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where Yy, = S5 + NPW. This spectral function should produce a well defined
peak near €y, and perhaps a small satellite. In practice, one performs a numerical
calculation for a mesh of w points. In order to check if the range of w-mesh is
sufficient one can check if the spectral function integrates to unity:

/ dw A (w0, T) = 1. (2.203)

Linear QP approximation

Similarly to the quasi-particle (QP) approximation in GW method for electron-
electron self-energy, explained in Sec. 2.7.5, one can make a similar approximation
in the case of electron-phonon self-energy. Eq. (2.201) can be split for real and
imaginary parts of w. The Fan term can approximated by Taylor expansion for w
around €y,,:

Oy fan
Oow

S (w, T) = SP (g, T) + (W = &) + - (2.204)

W=Ekn

Keeping only the first derivative in Taylor expansion of X{*" and inserting it into
Eq. (2.201), one obtains the linear quasi-particle equation for energy renormalization
WPl = ES; b iTkn (T). The real part of w? is the renormalized energy level:

EXMT) = e + Zien [Re SE (61, T) + Re SRV (T)]

Fan 2205
- (an O X" ) T (2:205)
W=Ekn

ow

where

ZFan
i (1 — aRe—kn
Oow

—1
) , (2.206)
W=Ekn

while the imaginary part represents smearing I'y,,:
Cin(T) = Zien T S5 (64, T)

O Tm Xfen

Oow

(2.207)

+ Zkn (B = fun)-

W=EKkn

Equations (2.205) and (2.207) are decoupled only in the case when 9 Im 25" /0w is
zero or negligible around w = €y,,. Decoupled linear QP equations are:

EZPMT) = exn + Zien [Re S5 (640, T) + Re SV (T)]

" (2.208)
Fkn (T) = an Im Ekin (Ekn, T)

Besides neglecting 9 Im ¥} /0w at w = €y, there are a few more checks to be

performed in order to use the linear QP approximation. This involves checking if

renormalization factor is Zy,, < 1. For constant EEZ“ around €y,,, the renormalization
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factor Zy, = 1, which corresponds to on-the-mass-shell (OTMS) approximation
for the real part. When X" is smooth and decreasing with w around ey, then
OReXf /0w will be negative and Zy,, < 1. If £ is smooth and increasing with
w around &y, then d Re Zf* /0w will be positive and Zy, > 1, which points to
a breakdown of linear QP approximation. The case where dRe Xf*" /0w rapidly
changes sign around ey, usually points to an underconverged calculation for 3},
Besides Zy,, < 1, one should also check if the spectral function Ay, has any satel-
lites and if the peak is symmetric. If both are true, then the spectral function A,
can also be simplified using linear QP approximation, where it becomes a symmetric

Lorentzian centered around ng L' with half-width Tk

AQPL(W T) = _l Zien I Xy (Excn, 1)
k. 2 T [w — €xn — Zin Re X (Exn, T)]? + [Zien Im Eiep (€xcn, T)]? 9909
1 anFkn ( ' )

T (w - ESEL)Q + FIQ{n’

OTMS approximation

For the simplest solution for Eq. (2.201), is to approximate the solution to real axis
by simply inserting the bare value ey, into 1*: and obtain renormalization in the
so-called on-the-mass-shell (OTMS) approximation:

B (T) = exn + Re 5P (e1en, T) + Re DR (7). (2.210)

Eq. (2.210) assumes that one is dealing with sharp excitations and that there is no
smearing, so one can imagine that possible energies form an infinitely thin shell in
kn space for fixed T

AHC equation in practice

The sum over electronic states in Eq. (2.194), Eq. (2.199), and Eq. (2.200) contains
both occupied and unoccupied states and one should perform a convergence test
w.r.t. number of unoccupied bands that are included in that sum. One can use the
Sternheimer equation, Eq. (2.168), Sec. 2.8.3, from the DFPT procedure to calculate
contribution to unoccupied states from PXT9|A9uy,,) and PXT9AES |y, ), which
was first demonstrated by Gonze et al. 2011 [119]. However, since one is using
DFPT equation which is adiabatic and static, these terms can only have the same
form as the ones for $AEx,(T) from Eq. (2.194) (Eq. (A.45) in the Appendix A.3).
Although non-adiabatic Fan term would require a proper summation for all bands,
one can approximate that the contribution which stems from highly occupied states
is much smaller so that static and adiabatic treatment is justified for them. The
convergence test in this case is performed to check which unoccupied states give
significant contribution and which can be treated as static and adiabatic.

The convergence of AFy,(T) w.r.t. the number of q’-points in practice has
proven to be very slow [120], which makes these kind of calculations demanding and
in some cases not tractable. At present, there are several schemes used to interpolate
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ggfl?ﬂ/ (k, —q') in order to increase the g-grid density at reduced computational cost.

Interpolation of {4, (q) and wg, is routinely performed and available in most DFPT
codes. It involves Fourier transform of dynamical matrices D’ ,(q) and then directly
solving for .., (q) and wq, at interpolated q points, which is described in more
detail in Sec. 2.8.3 Significantly more involved part of interpolation are transition
matrix elements (uy, | OV%® /OR0(—q') |triqm). Several strategies for this have
been developed with much success, however this topic exceeds the reach of this
work and more information can be found in Ref. [121, 122].

Finally, one should address the numerical parameter 70 in the numerator of
Eq. (2.194) and Eq. (2.199). This parameter is expected to be small, and standard
value of 0 was set to 100 meV in works from Refs. [123, 117]. However, Ponce et
al 2015 [120], showed that this parameter has to also be included in convergence
tests. At T — 0 the parameter should indeed be arbitrary small, however, given
the connection of the imaginary part of 1" to the broadening parameter il'y,, the
choice for § in the case of finite temperatures should be carefully discussed. Indeed,
Green’s functions Gf{olqm and D((l(,),) used in Eq. (2.196) have their 'bare’ forms.

Using 'dressed’ Green’s function instead of ’bare’ ones is one of the results of this
thesis, as it removes some ambiguity since id is then replaced by Im Xy, (or ['y,),

Fan

so real and imaginary parts of ¥,2*(w,T’) are solved self-consistently. More detail
on this procedure is presented Sec. 4.2.

2.10 Elements of Group theory

This section serves as a brief introduction to the language and notation of point
groups used in the thesis (Oy, Ty, Double groups). The notation in this section
follows Refs. [124, 50].

2.10.1 Basic definitions

Definition of a group: A set of elements and a binary composition called a
product, will form a group G when these four conditions are fulfilled:

Product of any two elements of the group is also an element of that group
(closure):

(VA,BEG): AB€G.

Associative law is valid for all members of group G:

VA, B,C € G: (AB)C = A(BO).

e A unique unit or identity element F exists, so that product with any A gives
A:
(FE€G)(VAeG): AE=FEA=A.

For every A € G there is a unique inverse element A™!, so the product AA™!
gives unit or identity element E:
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(VA)(FA™Y): AA1=A"1A=F,
specially E=FE~': FEE'=FE'E=FE.

In general, products do not commute but if they do the group is called Abelian
group: if V(A,B € G): AB = BA, then G is Abelian.

Depending on the number of elements, groups can be infinite or finite. The
number of elements in the group G is the order of the group, often labeled as |G|. If
collection of elements g in a group G also forms a group, then g is a subgroup of G.
Order of group g must be a divisor of the order of group G, i.e. |G|/|g| = d, where
d is an integer.

One example of an infinite group is the full group of rotations. Sphere can be
rotated by any angle around any axis that contains the center of the sphere. Finite
group example would be a group of all permutations of three numbers (123), or a
group of rotations that rotate a square back to it’s original position.

For finite groups, if any element X is multiplied by itself n times, the identity

element F is recovered: X" = FE. This will be true also for 2n,3n,4n, ..., so the
smallest integer n is the order of element X.
Rearrangement theorem: If F, Ay, Ay, ..., Ay..., Ay are elements of group G

then for any A, € G, an assembly of elements Ay E, Ay A1, ApAs, ... ALA ..., ALA,
contains each element of the group once and only once.

A set of elements that can reproduce the whole group by multiplication are called
group generators which can be used to construct multiplication tables. By rearrange-
ment theorem, every row and column of the multiplication table will contain each
element once and only once.

Conjugation and class

Definition of conjugation: Two elements A, B € G are said to be conjugate if
there exists an element X € G for which A = XBX~!. Theorem: If A is conjugate
to B and B is conjugate to C, then A is also conjugate to C:
A=XBX'AB=YCY': A=XYCX 'Y~ = (XY)C(XY)™L

Theorem: Elements of group G can be split into conjugation classes C,Cs, ..., C,,
where 7 is the number of conjugate classes, with the following properties:

e Every element of G is in some class once and only once: G = C1+Co+...4+C,,

e All elements of a class are mutually conjugate and consequently have the same
element order,

e An element that commutes with all elements of the group is in a class by
itself and is called a self-conjugate element (in non-Abelian group identity E
is always self-conjugate and in a class by itself, but in Abelian group every
element is self-conjugate and in a class by itself).

e the number of elements in a class |C;| is a divisor of the order of the group

G,
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o C,C; = >0 hijxCy where h;;j, = hjp are called the class multiplication
coefficients which can be either a positive integer or zero.

Cosets

Definition: If g is a subgroup of GG, and X is an element of G, then gX is a right
coset of g, while Xg is a left coset of g, and X is called a coset representative. A
coset isn’t necessarily a subgroup, but it will be if X € g by the rearrangement
theorem. Two cosets of the same subgroup will have exactly the same elements or
no elements in common.

The concept of cosets becomes more clear if one imagines a space group that
contains a point group and a group of translations. Applying a translation to a
subgroup of rotations is a coset of that subgroup of rotations. If the symmetry
group contains only pure translations and rotations they are called symmorphic,
otherwise if it contains at least one symmetry operation that involves a translation
followed by a rotation they are called non-symmorphic.

2.10.2 Representation
Homomorphism and Isomorphism

Definition: Two groups GG; and G5, can have a mapping f which maps elements
from G onto G, f : G1 — G5 while preserving multiplication f(g1)f(g92) = f(9192),
where g; and g, are elements of (G; and (5, respectively. If there is a 1-to-1 corre-
spondence (|G1| = |Ga|), they are isomorphic. Otherwise, if there is many-to-one
correspondence, they are homomorphic.

The mapping f can be seen as a mathematical representation of group elements
and multiplication (e.g. matrix representation of elements and their multiplication).
If representations are isomorphic they are called faithful, if they are homomorphic
they are called unfaithful.

In quantum mechanics, faithful representations of groups are important because
one wants to establish a 1-to-1 correspondence in order to faithfully apply symmetry
operations on operators and wave functions.

Matrix group

Definition: Matrix group I' is a group of non-singular matrices (non-singular ma-
trices have an inverse). If all matrices are unitary (inverse matrix is the adjoint of
the same matrix), then it is called a unitary matriz group.

Two matrices My, My are said to be conjugate if there exists a non-singular
matrix S such that My = SM; S~

Two matrix groups I'y, 'y are equivalent if there exists a non-singular matrix S
for which I'y = ST'\S~!. If follows from this that I'; and I'; must also be isomorphic.
However, if two matrix groups are isomorphic, they don’t have to be equivalent: they
can be isomorphic and have different dimensions, and in turn, not equivalent.
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Theorem : Every matrix group is equivalent to a unitary matrix group.

In other words, any matrix group I' can be transformed into an equivalent unitary
matrix group I'yy. Non-singular matrices S that transform matrices from one unitary
group to another, equivalent, and also unitary group, will also be unitary matrices
St =gt

Definition: Trace of a matrix M is a sum of it’s diagonal elements, written as
tr{M}. Character of a matrix group I' is a function x defined for all elements as
M eTl as: x(M) =tr{M}.

Theorem: If I' is a matrix group with identity F then x(E) = tr{ £} = dim £, and
if My and M, are in the same conjugation class in I', then x(M;) = x(Ms).
Theorem: Two matrix groups are isomorphic and have the same character group
if and only if they are equivalent.

Reducible and irreducible representations

Definition: If all the matrices in the representation can be transformed by some
non-singular matrix to equivalent representation in which, all the matrices have
the same block form, then that representation is called reducible. Otherwise it is
irreducible. The blocks in the reducible representation will themselves form a repre-
sentation. Irreducible representation cannot be expressed in terms of representations
of lower dimensionality. Any reducible representation I'p can be expressed in block
forms of some irreducible representations I';, i =1,2,3,...:

ry o o
oIy, O ...
=10 o0 1y .| (2.211)
Or in shorthand notation:

Schur’s lemma Let two irreducible representations I' and I of group G have the
property: I'(g)S = ST”(g) for all elements g € G, then either S is a zero matrix or
S is a non-singular matrix so I' and I are equivalent.

Theorem: Representation is irreducible if and only if the only matrices that com-
mute with all matrices of the representation are scalar multiples of the unit matrix.
Theorem: For any group G of order |G| with elements g1, go, . . . g|¢|, the represen-
tation I'(G) will be irreducible if and only if:

|G|

7 2 ()l =1 2:213)

where x(g;) is the character of matrix I'(g;).
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Theorem The number of irreducible representations is the same as the number of
classes r and

> & =1a|, (2.214)
=1

where d; = dimI';(G) and I';(G) are irreducible representations of G.

Definition: Character table of a group G is an r X r square array whose entries
are x'(Cy), where Cy is a class of elements of G and i,t = 1,2,...,r. Examples of
character tables for point groups Ty and O, can be found in Appendix C and in
Figure 2.1.

Basis of a representation

Definition: Representation of a group G is defined by a homomorphism ~ which
maps G to a group T(G) of non-singular linear operators acting on a finite dimen-
sional vector space V over the complex field. This is represented as vg = T'(g) for
all g € G.

If v is a representation it follows:

e T(g1)[T(g2)x] = T(g192)x for all x € V and g1, ¢> € G,
o T(E)x =x for all x € V, ie. Tg is the identity operator,
o [T(g) 'x=T(g)x forall x € V and g € G,

and specially if v is isomorphism, then T'(G) is a faithful representation.
Suppose that there is a basis of linearly independent vectors x1, Xs, . .., X, span-
ning over some vector space V, and define matrices I'x(g) as:

d

T(g)xi = Z[Fx(g)]z‘jxja (2.215)

J=1

where I'x(g) is the matrix representation of element g in the basis x of V obtained by
the mapping ~. Set of all distinct non-singular matrices I'y(g) for all g € G form a
unitary matrix group as a consequence of the homomorphic mapping 7 : vg = Tx(9g),
Vg € G.

Orthogonality relations

Assume that for some group G, of order |G|, and number of classes r, there are r
irreducible representations I'y,I's, ..., ', with dimensionality dy, ds, ..., d,, respec-
tively. These irreducible representations can be mapped onto matrices D' (9) s
where ¢ is the element in G and pu, v are indices of the matrix.

Theorem: The orthogonality relation for matrix elements is

6] .

1 , o §i

al > " DY (9)u D" (g = R (2.216)
g
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where 0¥ is 1 for equivalent representations I';,I'; and 0 for non equivalent. If the
matrix group is unitary, then

c )
1 _ A 5t

] > DR (@)D" (@)l = =GB, (2.217)
g (2

where T makes the matrix adjoint: [D"(g),./]" = D% (g)%, , e
Theorem: The orthogonality relation for characters is (summation over group ele-
ments)

@l ZX g ) =69, (2.218)

and if the matrix representation is unitary:

= 6, 2.21
€] ZX (2.219)

Since all elements g of class C} have the same character, the orthogonality
theorem can be also expressed by visualizing the character table where classes and
irreducible representations form a square table as seen in Figure 2.1.

When visualizing the character table, one can imagine a ruler that multiplies
two characters from the same column with their class order |Cy| but different (or
same ) rows and moves horizontally through the whole table, or equivalently using
the following theorem:

Theorem: The orthogonality relation for characters is (summation goes over all
classes Ck, k = 1,...,r, where |Cy| is the order of Cy):

k
1 | o
[E] D X" (g)xX " (g I Ckl = 67, (2.220)

and if the matrix representation is unitary:

!G\ZX (g96)X" (g)*|Ck| = 6. (2.221)

Similarly, one can image the same ruler multiplying two characters from the same
row, but different (or same) column with square roots their respectable class orders
V|Ck| and /|Cy/| and moves vertically through the whole table, or equivalently
using the following theorem:

Theorem: The orthogonality relation for characters is (summation over irreducible
representations I'; for elements gy in class C}, of order |Cy|)

1 < ' o
il > VICIX (90X (9 )V1Cw] = b, (2.222)
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and if the matrix representation is unitary:
1 « _ _ .
@ Z VICkIX  (96)x  (91)" VO] = S (2.223)

Using the above orthogonality relations of character combined with Eq. (2.214),
one can deduce whether some representation is irreducible or not. If the repre-
sentation is reducible, it will not obey the character orthogonal theorem. If the
representation is indeed irreducible, obtained characters can be inserted into the
character table and aid in finding the remaining irreducible representations.

&1 21 VICIX " (96)X" (91)*/|Chr| = Gy
irrep. basis function (Il E||3Cs || 6S4] 604 ||8C3
[y (Ay) | 2% + 9y + 22 wll]?!1 1 1 1 l
Iy (As) | xyz 1] 1 -1 || -1 1
T3 (B) |[(@®—¢%32—r)[2[[2 ] 0 [ 0 [ 1
T () [ Goy)  —» (3] T[] T 0
L5 (Th) | (zy,yz, 2x) 3([-1] 1 ]-11/0

)x"

T @ (@) Gl =89 =0

Figure 2.1. Visual example for using character orthogonality rules on Ty point
group.

Character table and orthogonality relations

Figure 2.1 illustrates a character table of point group Ty and how to use character
orthogonality rules with it. First two columns show names of irreducible representa-
tions and their respectable basis functions. Rest of the columns show the values of
characters of their respective class in each representation. Classes are labeled using
Schoenflies notation where E is the identity element, C,, is rotation by 27 /n, o4 is
a reflection on a diagonal plane, and S,, is an improper rotation (rotation followed
by a reflection in horizontal plane) by 27 /n and each preceding number shows the
class order (for example, class 8C5 has 8 elements which represent rotation by 27/3).
Adding all class orders one obtains the order of Ty point group

|G|=14+34+6+6+8=24.
The red and blue rectangles depict an imaginary ruler that slides horizontally and

vertically, respectively, while multiplying characters from the table for the summa-
tion. The red rectangle corresponds to Eq. (2.221), or in this case:

%[2-3-1%—2-(—1)-3+O-1-6+O-(—1)-6+(—1)-O-8]:O.
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The blue rectangle corresponds to Eq. (2.223), or in this case:

i[1.1+(_1).1+0.(—1)+(—1)-0+1XO]\/E\@:O.

Finally, the green rectangle corresponds to Eq. (2.214), or in this case: 12 + 1% +
22 + 324+ 3% = 24.

2.10.3 Double groups

The vector space V of the representation can be a space that spans over basis vectors
or functions. In 3-dimensional space, rotations of geometric vectors is represented
by 3 x 3 matrix group of unitary matrices SO(3). From the full rotation group one
can deduce that the character of a rotation around z-axes for angle « is:

_ sin[(l +1/2)a]
sin(a/2)

xi(a) (2.224)

where [ is the orbital angular momentum number connected to the orbital momen-
tum operator L and takes integer values. Basis functions of the full rotation group
are the spherical harmonics Y;(0, ¢), where m has integer value for projection of
L onto the z-axis and has values of m = -, -l +1,...,—1,0,1,...1 — 1,[. When
spin-orbit interaction is included, the total momentum becomes J = L + S, where
S is the spin angular momentum that projects on z-axis with half-integer values
ms = —1/2,+1,2, allowing only half-integer values of j = |l —s|, [l —s|+1,...,l+s
and it’s z-axis projection m; = —j, —j+1,...,7—1,j. Replacing !l — j in Eq. (2.224)
one obtains the formula for characters when j has half-integer value. The characters
of rotation by a + 27 are:

(a) = sin[(j +1/2)(a +2m)] _ sin[(j +1/2)a] cos[(j + 1/2)27]
! sin[(a + 27) /2] sin(a/2) cos(m) ’

(2.225)

which leads to: ‘
Yi(a+2m) = x;(a) (~1)¥. (2.226)

This implies that 27 rotations and any rotations followed by 27 rotations should
change sign if and only if j is half-integer. In order to include rotations for both
integer and half-integer values of j, instead of SO(3) one uses it’s double cover, the
SU(2) group. The smallest dimension of SO(3) representation is d = 1 and it always
returns identity after 27 rotation. Matrix representations are called single valued,
therefore the name single (valued) groups. For SU(2), the smallest dimension of
representation is d = 2, whose basis vectors are called spinors, and these matrices
change sign after 27 rotation. Matrix representations are called double valued,
therefore the name double (valued) groups.

The generators of SU(2) group are 2 x 2 complex matrices called the Pauli

matrices:
0 1 0 —2 1 0
Op = [1 0] . Oy = L 01 , 0, = [0 _1] , (2.227)
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and they are the basis for the simplest representation of half-integer spin represen-
tation i.e. the D/, representation.

To construct a double group G¢ from single group G, one has to include |G|
more elements, which are constructed as a coset of G: RG, where R represents 2w
rotations. Even though number of elements and rank of a double group is doubled
|G| = 2|G], the number of classes 7 and irreducible representations will not nec-
essary be also doubled. Rotations by 7 that have another perpendicular axes in
it’s class will share the class with rotations by 7 + 27, otherwise 7 + 27 rotations
will be in a separate class. Rotations for all other angles will have a separate class
when followed by a 27 rotation. All irreducible representations of G will also be ir-
reducible representations of G¢, and will have the same characters for o and o + 27
rotations. For the rest of irreducible representations, characters must change sign
after 27 rotation.

All rules and theorems for single groups also apply to double groups. Using
Eq. (2.214), one can deduce the dimensions of the remaining irreducible representa-
tions. Among them, 2-dimensional D, , representation must be one of them.

Double valued basis of spinors ¥ consists of two wave functions 4 and 1, for
+1/2 and —1/2 spins, respectively, and they can be also represented as:

U =1+, =) +1¥_128)
= {@DJ&/Z} n { 0 } _ |:¢+1/2:| (2.228)
0 w*1/2 ¢—1/2 )

The inclusion of double groups and spinors is essential for describing the spin-
orbit coupling between electronic angular momentum and spin. In solid-state the
inclusion of spin changes the degeneracy of states and can also introduce the spin
splitting effect in crystals. Connecting the states to their corresponding irreducible
representations I'; (non-degenerate to 1-dimensional representations and set of d-
degenerate states to a d-dimensional representation) one can obtain the irreducible
representations to which these states transform when spin is included by multiplying
those single representations with D, representation. The product I'; ® D, /» should
return F? representation that appears only for double groups. If the product returns
more than one representation, this corresponds to spin splitting of the states, each
corresponding to irreducible representations found in that product. Examples for
these products for Ty and Oy point groups can be found in B.1 and B.2 of the
Appendix, respectively.

Character tables for Ty and Oy double groups can be found in Appendix C.
Therein, the spinor D;/, representation is labeled as I's and Iy for Ty and Oy,
respectively.



Chapter 3

Construction of
symmetry-adapted Kane
Hamiltonians

This chapter is dedicated to construction of symmetry-adapted Hamiltonians relying
on Kane’s k - p theory presented in Sec. 2.6 and closely follows published work of
the author (Ref. [46]). However, present chapter is limited to only the parts that
concern bulk phase of the CdSe zincblende crystal along with cubic CsPbX3 (X=Cl,
Br, I). The procedure that is used to obtain band gaps for CsPbX3 (X=Cl, Br, I)
which follows Ref. [45] will be described later, in Chapter 4. The full discussion on
nanostructures is contained in Chapter 5: for CdSe they are described in Sec. 5.4
and segments of Ref. [46], while for CsPbX3 (X=Cl, Br, I) they can be found in
Sec. 5.5 and in Ref. [47].

3.1 Introduction

Kane model proved to be both practical and successful in treating the electronic
states in semiconductors [53, 55, 125, 51]. It is based on the representation of the
single-particle wavefunction in terms of Bloch functions of the bulk material at a
certain point in the Brillouin zone (typically the I' point) and slowly varying envelope
functions. The k - p Hamiltonian for a nanostructure is then an operator that acts
on the column of envelope functions corresponding to each of the bulk bands.
Despite the success in using the k-p method for description of bulk band structure
around a certain point in the Brillouin zone (usually the I' point) and for treating the
semiconductor nanostructures, there is still no systematic way to construct the k- p
Hamiltonian for a given material and obtain the parameters of the Hamiltonian. The
parameters of most conventional k-p Hamiltonians (such as the 8-band Hamiltonian
[125, 126, 127]) for a few most common classes of semiconductors can be found in the
literature [128, 129] and were obtained from the band gap and effective masses in the
valence and conduction band. Parameters of k - p Hamiltonians with larger number
of bands (such as, for example, the 30-band Hamiltonian [130, 131, 132, 133, 134])

93
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are typically obtained by fitting to the calculated band structure of the material.
However, given a relatively large number of fitting parameters, it is questionable if
the fit gives unique parameters. It is also not clear what part of the Brillouin zone
should be used in the fitting procedure, since it is not expected that the k-p method
describes the bulk band structure throughout the whole Brillouin zone.

Given the fact that new classes of semiconductor materials and nanostructures
based upon them emerge or find new applications quite often, it would be of signifi-
cant interest to develop the procedure for construction of desired k-p Hamiltonians.
Since all parameters of the k - p Hamiltonian are related to momentum matrix ele-
ments between single-particle wave functions of the bulk, it is in principle possible
to obtain them from electronic structure calculation of the bulk material. This is
indeed done when k - p is used as a method for interpolation of ab initio calculated
band structure to a more dense grid of k-points [135, 136, 137, 138]. However,
there is a certain shortcoming of this approach when it comes to the construction
of k - p Hamiltonians that should be used in future applications. Namely, due to
the symmetry of the crystalline material the energy levels in characteristic points
in the Brillouin zone are degenerate and for this reason the choice of Bloch wave
functions from the Hilbert space spanned by the degenerate states is not unique. As
a consequence, one may end up with different forms of the final k - p Hamiltonian
depending on the particular choice of Bloch functions from this space. The number
of Hamiltonian parameters in these forms might be significantly larger than the true
number of parameters imposed by the symmetry of the crystal (demonstrated in B.3
of the Appendix and section II-C of the Supplementary Information of Ref. [46]).

This chapter is organized as follows. Sec. 3.2 starts by describing the procedure
for construction of symmetry-adapted Hamiltonians based on Kane model found in
Sec. 2.6. In Sec. 3.3 this procedure is applied for Hamiltonians that are based on
zincblende CdSe and cubic CsPbXj3 (X=Cl, Br, I). Sec. 3.4 contains computational
details for zincblende CdSe in the case of DFT and GyW, calculations, in Sections
3.4.1 and 3.4.2, respectively. Computational details for cubic CsPbX3 (X=Cl, Br,
I) calculations are found in Chapter 4, which focuses on these materials, or more
precisely in Sec. 4.3. Finally, numerical results showing the obtained electronic
structures for zincblende CdSe and cubic CsPbX3 (X=Cl, Br, I) are presented in
Sec. 3.5 followed by conclusion in Sec. 3.6.

3.2 Construction of symmetry-adapted Hamilto-
nian

In Sec. 2.6, Kane model with Lowdin’s perturbation was used to construct a k- p
Hamiltonian, from which the so-called k - p parameters emerged py,, and P, ;;
which are to be obtained using Bloch functions ¥y, and energies Fj,, at point ko,
which is referred to as the unperturbed point in 1BZ. Bands which are considered
in the Hamiltonian directly, are called main bands, while the remaining bands enter
the Hamiltonian as a second-order perturbation P, ;; where they appear in the
denominator and are called remote bands. The k - p equation from Sec. 2.6 that is
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used to construct the Hamiltonian from ab initio methods in this chapter is:

> HywBW = " (HO 5 + HY) + HZ)) BY = Ey, By,

h2
H’r(ler)z = Ekom + 2m6 (k — k0)2’
w_ N
Hnm = _(k - kO) * Pnm,
@ — ; h(k — kO)iP h(k —ko); (3.1
nm -~ me nm,j me 9y

ij
Pnm = <\Ijk0n‘ Psoc ‘\Ijkom> = hkodnm + <ukon| Psoc ’uk0m> )

an,i‘: ) L] =%,Y 2z ,
’ 7“7%”:7”} (Ekon + Ekom)/2 - EkOT

where main bands are labeled with m, n indices, while remote bands are labeled with
r indices, and Hﬁ%, Hﬁ%, and H.2) are matrix elements of zeroth, first and second
-order terms in the Hamiltonian H, respectively. Since k- p theory is applicable
only in small region around ky the relativistic term for electron kinetic energy is
neglected since it is negligible in the 1BZ. For similar reason, SOC modification to
momentum operator pg,. can also be neglected pg,. =~ p, while SOC contributions
are contained to zero-th order in energies Fy,, and in eigenstates Wy,,.

In Sec. 2.4, it was shown that any k point in 1BZ has symmetry operations
which form a group G which is a sub group of the whole crystal symmetry Gr.
Unperturbed point kg is often chosen as a point with full crystal symmetry or some
other high symmetry point, and often the main bands in the Hamiltonian will be
degenerate. The allowed degeneracies depend on the dimensions of the irreducible
representations contained in the point group Gy, which correspond to these states.
When degenerate states are included the issue of uniqueness of the Hamiltonian
arises.

Let d be the degeneracy of the set of eigenstates |¢1), |¢p2),...,|¢q) at ko and
let H4 be Hilbert space spanned by these states. The states |¢p1), |d2), ..., |¢q) will
form an orthonormal basis of Hy but any other orthonormal basis may be chosen.
Different basis would give different momentum matrix elements p,,, which would
result in a different form in How and H\%. This arbitrary choice might not lead to a
minimal number of unique parameters in the Hamiltonian, which would be imposed
by the group Gy, .

Eigenstates Wy, obtained from DFT might not give the desired form of the
Hamiltonian H,,,, in a sense that this initial form will appear to have more param-
eters than the ones found in literature for the same structure. Indeed, this is often
the case however, the desired form of H,,, can be obtained by applying a unitary
transformation to those eigenstates.

If a set of eigenstates |p1),|p2), ..., |d4) was obtained from DFT, it cannot be
deduced from DFT alone to which irreducible representation this set will correspond
to. This set will form matrices I'(g) of some irreducible representation of the group
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Gy, which are given as:
Lrnn(9) = (dm| P(9) |9n) . (3.2)

where ¢ is an element of the group Gy, and P(g) is the operator that applies the
symmetry operation g on the given eigenstate. The matrices I'(g) are obtained by
direct calculation from Eq. (3.2). Once I'(g) matrices for all g are obtained, their
characters are compared with the known character tables of Gy, in order to identify
which irreducible representation they belong to. Conventional matrices I''(g) can be
found in group theory literature or databases of point groups. Since there are many
ways to represent I (¢), they might differ from the source. For the results found in
this chapter, the Bilbao crystallographic server was used. Matrices I (¢) and I'(g)
are connected by a unitary transformation U:

UT(g)U =T"(g), (3.3)

which is true for every g € Gy,. This same unitary transformation U from Eq. (3.3)
also transforms basis set |¢;) to a new basis [¢);), where i,7 =1,2,...,d:

d

[¥) = Ui |6i),
=1

d )

(] =Y (il Uy

i=1

(3.4)

In the new basis |¢;), operator P(g) from Eq. (3.2) will produce the conventional
I (g) matrices:

P(g)ij = (Wil P(g) |¢¥y)
=" (64| UL P(9) Uny |610)

= Emj UL (6k] P(9) |6m) Unj (3.5)
km

=T (g)ij‘

In the |¢;) basis, the block in H,,, that corresponds to these degenerate states
will have a more convenient, symmetry-adapted form in which relevant parameters
and their symmetry can easily be identified. If H,,, has several sets of degenerate
states a with degeneracy d,, a corresponding U® must be obtained for each of those
degenerate sets and transform their basis in order to obtain a full symmetry-adapted
Hamiltonian:

do
[v5)y = >_Usle5) (3.6)

Furthermore, in the new symmetry adapted basis Wﬁ, the Hamiltonian H can be
divided in blocks B(T", , Flﬁ) which consist of first and second-order terms that contain
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products from degenerate sets 1)) (d, degenerate) and |1)*) (dz degenerate) which
transform in accordance with the irreducible representations I", (d, dimensional)
and F/’B (dg dimensional), respectively.

As mentioned in Sec. 2.6 and explained in detail in Ref. [48, 51|, Luttinger used
the method of invariants, which is a systematic way to obtain the minimal number of
parameters just by symmetry properties for B(T",,, F/ﬁ) blocks. This method however,
is unable to produce the numerical value for such parameters. Using this procedure
to transform initial Hamiltonian from ab initio methods to symmetry adapted form
links the Luttinger method (from 1955.) to modern numerical ab initio calculations
and enables the reconstruction of Luttinger parameters for any symmetry and any
material.

Equivalently, one can transform the H,,, directly using a block diagonal matrix
that contains all unitary transforms for all states, degenerate and non-degenerate:

Hsym.ad. — UTHinitU, U = diag(Ul, U27 o Ua7 . _), (37)

where H™2d and H* are the symmetry-adapted and initial Hamiltonian. For non-
degenerate states, or states that do not need to be transformed that block would
just be an identity matrix U* = 1.

The procedure of obtaining a unitary transformation U which connects I''(g) and
I'(g) has been developed in Ref. [139] and will be outlined here. One firsts obtains
a set of coefficients ry, as:

1/2
- \/7 (Zraa T *)) , (3.8)
geG

where I'yq(g) and T, (g) are known matrix elements for the symmetry operation
(group element) g and its inverse g~', respectively, |G| is the order of the group
G, while np is the dimension of the representations I' and I'". This will produce
multiple 4, but only the pairs (a,b) for which r,, > 0 can be chosen. In Ref.[139],
it was proven that such a pair must exist. The matrix U is then obtained from:

Uij = Ti(g~HT, 3.9
J rab |G| Z b] ) ( )

To summarize, obtaining a symmetry-adapted Hamiltonian H,,, from any ab
initio method is done by the following steps:

o Perform ab initio calculation of the band structure for bulk.

e Chose the unperturbed point kg in the 1BZ that is most suited for the k - p
expansion and extract the band energies Fy,, and their eigenstates Wy, ob-
tained in the previous step.

e Select the states that enter the Hamiltonian H,,, and identify their correspond-
ing irreducible representations within the point group Gy, by calculating I'*(g)
from Eq. (3.2) and comparing their characters with the ones in the literature
or irreducible representation databases.
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e Once all I'*(g) for each degenerate set of states a are obtained, match them
with the corresponding I''(¢g) matrices found in literature or some irreducible
representation database.

e Calculate U® for each set of degenerate states |¢*) using I'*(g) with their
corresponding I"'(g) from Eq. (3.8) and Eq. (3.9).

e Apply U® to |¢p*) and obtain symmetry-adapted basis functions |¢)*) using
Eq. (3.6).

e Evaluate the momentum matrix elements in |1)®) basis to obtain the symmetry-
adapted Hamiltonian, or equivalently transform H™* with block diagonal U =
diag(Uy, Us, ..., U, ...) using Eq. (3.7).

It is obvious that this method is not limited to any particular crystal symmetry
or only high symmetry ko points. However, it is most advantageous for crystals
and kg points with the higher order. If one had to calculate several materials that
share the same symmetry, one would only need to keep track of minimal number of
required parameters and their numerical value while keeping the analytical form of
the Hamiltonian fixed. Since DFT and similar ab initio procedures can be compu-
tationally demanding, all these parameters can be obtained for one material, and
then stored in a database where they could be available for others to use for much
less computationally demanding k - p calculations. Moreover, these same parame-
ters can be used for k - p Hamiltonians that use Burt-Foreman envelope function
method for nanostructures, as seen in Sec. 5.2, where from a numerical point, the
computational resource requirements can be significantly reduced with a fully sym-
metric and a minimal set of parameters.

3.3 Analytical results: Blocks of the Hamiltonian

Blocks of symmetry-adapted Hamiltonian are considered for CdSe and CsPbXj
(X=Cl, Br, I). The former CdSe, is a zincblende crystal with Ty symmetry, while
the later CsPbXs, is a cubic perovskite with Oy, symmetry!. Both materials have a
direct gap, CdSe at the I' point and CsPbX3 at the R point, which will be considered
as their respectable unperturbed points kg. Hamiltonian of two sizes is considered:
a smaller, here referred as a standard 4x4 (8x8) Hamiltonian and a larger, here re-
ferred as an extended 13x13 (26x26) Hamiltonian for the case when SOC is omitted
(included).

When SOC is included, previously obtained states without SOC, that correspond
to irreducible representations of a single point group, will either split or become
double degenerate states, that correspond to irreducible representations of double
point groups. This splitting or turning into double degenerate states corresponds
to multiplying single irreducible representations with spinor representation of that
point group. Multiplication table of single irreducible representations with spinor

1Oy contains all symmetry operations of T, plus inversion.
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representation for Ty (Oy) can be found in Eq. (B.14) in B.1 [Eq. (B.27) in B.1] of
the Appendix. The case when degenerate bands are split into two sets of degenerate
bands due to inclusion of SOC is referred to as spin splitting of the bands.

Labels of bands are as follows: CBM and VBM are conduction band minima and
valence band maxima, and CBMz (VBMz) are bands that are z levels higher (lower)
than CBM (VBM). Bands that are included in the Hamiltonians are presented in
Figure 3.1, where splitting due to inclusion of SOC is illustrated. The Hamiltonian

CBM3 Ty CBM4 e

CBM2 CBM2
T I ~—~—__ CBM3
CBM2 _ Ty rs

r, —CBMI [+ —CBMI
CBMI _ T, 1 T _CBM2

CBMI
r, _CBM L_CBM _— s
I‘F -
CBM __ 1, 5 CBM
7
VBM _
r, _VBM ’ VEM _VBM__ p-
VBMI . Iy, ———
VBM2 1, VBMI

I's VBMI oo _VBMI __— Ts
VBM3 _ T, ~—__VBM2 -
7

. _VBM2 - _VBM2
! VBM4 Ty ' T _VBM3 -

Figure 3.1. Bands that are included in the extended Hamiltonian and their double
group partners for CdSe (Ty group, left) and CsPbX3 (Oy, group, right). Bands: Ty,
[/, and T, non-degenerate, I's, 'y, I'7, and F? are 2-fold degenerate, I'y and F?
are 3-fold degenerate, I's and th are 4-fold degenerate. Notation follows the one
found in Ref. [124].

w

is divided into blocks, where each block B(I';,T',) contains first and second-order
k - p parameters in symmetry adapted basis, connecting I', and 'y, (non) degenerate
states. If these blocks connect the same states they are absolutely diagonal. If they
connect two same irreducible representations from different states they are irrep
diagonal. The rest are off-diagonal blocks.

Figure 3.2 and Figure 3.3 illustrate blocks B(I',,['s) that are present in the
CdSe Hamiltonian when SOC is omitted and included. Absolutely diagonal and
irrep-diagonal states are represented with colored squares while off-diagonals are
represented with gray squares. In the case of the zincblende CdSe, the Ty point
group doen’t have inversion. So states do not have any parity, hence there are
irrep-diagonal blocks that connect valence and conduction states in the extended
Hamiltonian. When symmetry adaptation procedure is applied, each block is ob-
tained with the smallest number of parameters, and this number is determined by
the point group of the crystal. Analytical expressions for all the elements of all
blocks of the k - p Hamiltonian are given in Sec. B.1 of the Appendix as well as in
Supplementary Information of Ref. [46], in the case of Ty, and in Sec. B.2 of the
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Appendix for Oy point group. It can be checked that the same form of the blocks
of the Hamiltonian is obtained when Luttinger’s method of invariants is applied
[54, 51]. Also, the standard four-band Hamiltonian obtained there coincides with
the second-order four-band Kane Hamiltonian [51]. The standard eight-band Hamil-
tonian obtained in Ref. [46] coincides with Weiler eight-band Hamiltonian [126, 51],
after an appropriate unitary transformation is made. Numerical parameters for all
Hamiltonians as well as unitary transformation that leads to Weiler Hamiltonian
can be found in Supplementary Information of Ref. [46].

The advantage of symmetry-adapted form over the initial form of the k - p Hamil-
tonian is illustrated in the Appendix B.3. The number of parameters can be dras-
tically reduced after the unitary transform which brings initial Hamiltonian into
the symmetry-adapted form. Namely, 1 and 5 parameters in the symmetry-adapted
form for the first and the second-order terms, respectively, compared to 5 and 49 first
and second-order terms, respectively, in the initial form, just for the simplest 4x4
Hamiltonian. This shows clear advantage in terms of simplicity for any use of these
Hamiltonians like for e.g. in calculating electronic structure for nanostructures.

In the case of cubic perovskite CsPbX3, where Oy, group is just Ty with inversion
around the center, irreducible representations can have different parity (+ or —).
Since the p corresponds to irreducible representation I'j;, which has odd parity,
states connected with the same parity will only have second-order terms, while
states connected with opposite parity will have only first-order terms, according to
symmetry rules. All conduction states have + parity while all valence states have
— parity, so there will be no irrep-diagonal states that mix conduction and valence
electrons.

I9) [19) [T7) (%) [T5) [T%) [T8) ) [T9)|TF) [TF) [TF)ITEHIe)

ITs*)

(rg| <

(x| 2

(rye twdl| B
(T

(ry
(ry

(T3] 3|

) (Ty|
(Il (T

Figure 3.2. The matrix form of k - p Hamiltonian obtained when SOC is omitted
(left); included (right) for zincblende CdSe. Labels of the bands are based on their
corresponding irreducible representations with superscripts which denote bands that
form the gap -m, bands that correspond to higher conduction states -c¢, and lower
valence states -v. Each block of the matrix contains the terms that originate from
matrix elements between the states that transform according to irreducible repre-
sentation specified on the left and above the matrix. The central square marked
with thick black lines denotes the smaller standard Hamiltonian.
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Figure 3.3. The matrix form of k - p Hamiltonian obtained when SOC is omitted
(left); included (right) for cubic perovskite CsPbXs. Labels of the bands are based
on their corresponding irreducible representations. In this case conduction states
have + parity, while all valence states have — parity. Each block of the matrix
contains the terms that originate from matrix elements between the states that
transform according to irreducible representation specified on the left and above
the matrix. The central square marked with thick black lines denotes the smaller
standard Hamiltonian.

All B(T',, I'y) blocks for Ty single and double point group as well as for Oy, double
group can be found in B.1 and B.2 of the Appendix, respectively. Point group
character tables for both Ty and Oy, are in Appendix C.

3.4 Computation details

This section lists computational details for CdSe cubic crystal used for this chapter,
namely ones used in DFT and GoWj calculations. Relevant parameters and codes
used for DFT with semi-local functional as well as hybrid functional for CsPbXj3
(X=Cl,Br,I) can be found in Chapter 4 in Sections 4.3.1 and 4.3.2, respectively and
in Ref. [45].

Numerical parameters for symmetry-adapted k - p Hamiltonian blocks for zinc-
blende CdSe, obtained using DFT with semi-local functional PBEsol and using the
GoWo, can be found in Ref. [46]. Numerical parameters for symmetry-adapted k - p
Hamiltonian blocks for cubic CsPbXj3 (X=Cl, Br, I) k- p Hamiltonians, obtained
using DFT with semi-local functional PBEsol (for Cl, Br) and PBE (for I) can be
found in Ref. [140].

3.4.1 DFT

The band energies and wave functions were obtained from DFT where exchange-
correlation energy was modeled using the Perdew-Burke-Ernzerhof generalized gra-
dient approximation revised for solids (PBEsol) [76]. Calculations were performed
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using the Quantum Espresso code [96, 97]. Core electrons were modeled using fully
relativistic optimized norm-conserving Vanderbilt pseudopotentials [141, 142].

For CdSe, the 10 x 10 x 10 grid in reciprocal space of the Brillouin zone was
used, while the kinetic energy cutoff of the plane waves used to represent the wave
functions was 90 Ry. The lattice constant of a = 6.096 A, obtained by minimization
of the energy of the structure, was used in all subsequent calculations.

3.4.2 GyW,

The GoW, calculations for zincblende CdSe were performed using the Yambo code
[87, 88], with input Kohn-Sham wave functions obtained from previous DFT calcu-
lation on the 4 x4 x4 grid in reciprocal space. Plasmon-pole approximation was used
to account for the frequency dependence of the dielectric function. Kinetic energy
cutoff used for the calculation of dielectric function in GoWj calculation was 50 Ry.
The corresponding number of bands was 400 (800), while the number of bands used
in the evaluation of self-energy was 300 (600) in the case when spin-orbit interaction
is omitted (included). It is estimated that these values yield numerical accuracy of
20 meV or better for band energy corrections.

3.5 Numerical results

In Figure 3.4 the plot for the band structure of zinc-blende CdSe is shown. Re-
sults are obtained from a standard DFT calculation and from diagonalizing the
k - p Hamiltonian for a path in k-space. Two cases for Hamiltonian size are pre-
sented: standard 4x4 (8x8) and extended 13x13 (26x26) when the SOC is omitted
(included).

The expected result, that the extended Hamiltonian would produce a band struc-
ture that is quantitatively and qualitatively closer to the full DF'T than the standard
one is confirmed on the plot. The preferred strategy to adding states to standard
Hamiltonian is to add them symmetrically around the main states, until enough
states ensure that qualitative trend of the band structure is followed in the whole
1BZ and that adding more states doesn’t give significant improvement, since more
states would require more computational resources for nanostructures. Adding more
valence than conduction states or vice-versa to the standard Hamiltonian could lead
to closing of the gap at points away from kg which is the I' point in this case. In
this case this was more prone to happen if the number of conduction states added
was greater than the number of valence states added. If such spurious states were
to occur, this would prevent any further application of the k - p Hamiltonian to the
nanostructure. Opting for 13(26) states in the extended Hamiltonian was a com-
promise between (a) accurate description of the band structure in the largest area
of the 1BZ as possible, (b) to use a reasonable amount of bands to do so and (c) to
avoid appearance of any spurious states that would close the gap.

The accuracy of standard and extended Hamiltonians, against the DFT in terms
of band structure is presented in Figure 3.5. Results show the maximal absolute dif-
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Figure 3.4. Band structure of zincblende CdSe calculated using DFT and using
standard and extended k - p Hamiltonian when the effects of spin-orbit interaction
are: (a) omitted; (b) included.

ference between k - p and DFT band structure when moving away from the ky point
(T" in this case) within a sphere of radius k, in the 1BZ. The standard (extended)
Hamiltonian produce a band structure that differs no more than 4 eV (1.75 eV)
inside the sphere inscribed in the 1BZ, with a difference not greater than 45 meV
(35 meV) inside a sphere of radius k, = 0.2 in units of 27/a, where a is the lattice
constant. Figure 3.5 shows that in the reasonable vicinity of kg, in any direction,
the extended Hamiltonian produces a significantly better band structure to the one
obtained with the standard Hamiltonian, when compared to DFT. If only the low
field electrical properties or the optical properties at photon energies just above the
gap are needed, the standard Hamiltonian is usually sufficient. However, if optical
properties in a wider range of energies (which would be relevant in the case of solar
cells), or transport at larger electrical field (which would be relevant in field-effect
transistors) is required, the extended Hamiltonian provides a good description for
all relevant electronic states.

So far, the results considered only the Hamiltonians constructed from wave func-
tions and energies obtained from DFT using PBEsol functional. It is well known
that the DFT typically underestimates the band gap when compered to the exper-
imental result. In this case, the DFT gap using PBEsol functionals is 0.47 eV and
0.40 eV when SOC is omitted and included, respectively, which is not a good value
when compared to the experimental one of 1.71 eV [143]. Since the methodology of
k - p in general, is by no means limited to only DF'T wave functions and energies, it
would be useful to construct these same Hamiltonians with parameters that provide
a much closer gap to the experimental result. One way to do so, is to calculate
the band structure using many-body perturbation theory in the GW approximation
[80], mentioned in Sec. 2.7.5. Here, the GoW variant of GW approximation is used,
in which the self-energy is obtained from Green’s function Gy of an electron in DFT
Kohn-Sham potential, without further iterations. The GyWj calculation provides
band gaps of 1.77 eV and 1.60 eV, without and with SOC, respectively, which is in
a much better agreement with the experimental value.

w

The energies ESO ' obtained from GoW, method are used to obtain P,,, ;; param-
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Figure 3.5. Maximal absolute difference AFE between the band energy obtained
from DFT and k - p within the region of the Brillouin zone in the shape of a sphere
of radius k, centered at I' when the effects of spin-orbit interaction are: (a) omitted;
(b) included. The difference is shown for main bands where the results obtained
using standard k - p Hamiltonian are shown using empty symbols, while the results
obtained using the extended k - p Hamiltonian are shown using filled symbols. Insets
show a zoom of the same graph in the region around k, = 0.

eters for standard and extended Hamiltonians. The band structure obtained from
these parameters when SOC included is presented in Figure 3.6.

Besides the GoW, method, one could perform a DFT calculation using hybrid
functional like PBEQ (described in Sec. 2.7.3) which has proved to be much more
useful when obtaining electronic structure for the cubic phase of cesium-lead-halide
perovskites CsPbX3 (X=CI, Br, I). The computational resources required for hybrid
functional are similar to those of the GoW, method. However since the cubic phase
of perovskites has 5 atoms per unit cell, compared to 2 atoms which are present in
the zincblende CdSe case, it wasn’t computationally feasible to obtain energies for
higher states that are required for second-order parameters P, ;; to converge. In
this case, the correction to DFT obtained parameters is only to the zero-th order
i.e. energies Fjy, are replaced with the ones obtained from hybrid DFT calculation
while first and second-order parameters p,,,, and P,,, ;; remain the same as the ones
obtained from the standard DF'T calculation. Furthermore, because the cubic phase
for these perovskites is only observed at high temperatures, another correction has
to be included to the zero-th order parameters. At high temperatures where the
cubic phase is formed for CsPbXj3 perovskites, phonon-induced renormalization for
band energies is significant and it will be discussed in detail in Chapter 4. This
phonon-induced renormalization is introduced with the electron-phonon self-energy
Y(T) which has a strong temperature dependence. In Figures 3.7, 3.8 and 3.9 band
structure obtained from standard (8x8) and extended (26x26) Hamiltonians with
PBEO energies and ¥(7) is compared to the one obtained from standard DFT.
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Figure 3.6. Band structure of zincblende CdSe calculated using standard and
extended k - p Hamiltonian parametrized starting from band energies obtained in
GoWj calculation. DFT results are given for comparison.

3.6 Conclusion

In conclusion, this chapter presented a method that allows automatic construction
of k - p Hamiltonians in their symmetry-adapted form starting from output of ab
initio band structure calculation of bulk material. This method was then applied
to construct the k - p Hamiltonians for zincblende CdSe and cubic CsPbX3 (X=Cl,
Br, I) materials. While construction and parameterization of k - p Hamiltonians is
usually believed to be a rather difficult and time consuming task, it is the author’s
expectation that the method presented in this chapter will change the situation and
that it will be straightforward in the future to obtain k - p Hamiltonians for new
materials and apply them to study electronic properties of nanostructures based on
these materials without the need to perform any kind of fitting.
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Figure 3.7. Band structure of the cubic phase of CsPbClj calculated using standard
and extended k - p Hamiltonian parametrized using band energies obtained using
hybrid PBEO functional and self-energy correction ¥(7") at 7=320 K that stems
from the phonon-induced renormalization of band energies. DFT results obtained
with PBEsol functional are also given for comparison.
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Figure 3.8. Band structure of the cubic phase of CsPbBrj calculated using stan-
dard and extended k- p Hamiltonian parametrized using band energies obtained
using hybrid PBEO functional and self-energy correction ¥(7") at 7T=400 K that
stems from the phonon-induced renormalization of band energies. DFT results ob-
tained with PBEsol functional are also given for comparison.
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Figure 3.9. Band structure of the cubic phase of CsPblj calculated using standard
and extended k - p Hamiltonian parametrized using band energies obtained using
hybrid PBEO functional and self-energy correction (7)) at T=300 K that stems
from the phonon-induced renormalization of band energies. DFT results obtained
with PBE functional are also given for comparison.
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Chapter 4

Temperature dependence of band
gap in halide perovskites

Present chapter, follows the paper that describes electronic structure calculations of
the temperature dependence of the band gap and band energies for halide perovskite
materials CsPbX3 (X = Cl, Br or I) in cubic crystal structure[45]. These materials
were first considered in Chapter 3 in their bulk phase, while results considering
nanostructures based on them are reserved for Chapter 5 (more precisely Sec. 5.5).

4.1 Introduction

Halide-lead perovskite materials are relevant for applications in many electronic
devices, which by design should be able to perform at wide range of temperatures.
At low temperatures, an orthorhombic structure has been observed, followed by a
narrow range for tetragonal structure before the phase transition to cubic structure
which has been observed around and above room temperature i.e.: 320 K, 403 K
and 300 K, for CsPbCl3, CsPbBrs and CsPbls, respectively. When designing any
kind of electronic device, the first step would be to obtain an accurate electronic
structure at all possible temperatures for all materials that this device is based
on. However, there are several challenges that need to be addressed when dealing
with halide-lead perovskites that can be made of three main points. First, for
many other semiconductors, standard local or semi-local approximations to density
functional theory (DFT) underestimate the material band gap [41, 144, 145] and
more sophisticated approaches, such as the use of GW approximation [146, 147, 148]
or hybrid functionals [149, 150], are necessary. Second, in the case of case of halide-
lead perovskites, electronic structure calculations become more demanding, as one
has to take into account the effects of spin-orbit interaction due to presence of heavy
atoms such as lead [41, 144, 145]. Third, temperature effects on the band gap and the
overall electronic structure of perovskites are rather pronounced [38, 151, 152, 153,
154, 155, 156] and one cannot simply assign the electronic structure calculated for
fixed atoms in the crystal lattice as the electronic structure at higher temperatures.
First two points have been addressed previously in the literature, however the third

109
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point still requires some discussion and will be the main focus of this chapter.

The most successful theory for treating the temperature effects on the electronic
structure of semiconductors is the Allen-Heine-Cardona (AHC) theory [113, 114,
115], described in Sec. 2.9. Within this theory, one expands the Hamiltonian up to
second-order terms in atomic displacements from the equilibrium position and per-
turbatively evaluates the change in band energies. In conjunction with the methods
for electronic structure calculation for fixed atomic positions, this theory was used
to study the temperature dependence of the band gap and zero temperature band
gap renormalization in a variety of semiconductors [120, 157, 117, 158, 115, 159].
However, the theory can be straightforwardly applied to a particular material only
if its crystal structure at a given temperature is the same as at zero temperature.

As mentioned, halide-lead perovskite materials CsPbX3 (X = Cl, Br or I) exhibit
cubic structure at high temperatures only [160, 161, 33, 162, 163, 164]. As the
temperature is lowered they transform to a tetragonal structure and finally to an
orthorhombic structure [160, 161, 33, 162]. Therefore, the cubic structure is not a
stable structure at zero temperature. When one attempts to calculate the phonon
dispersion in the material by assuming a cubic structure at zero temperature, phonon
modes of imaginary frequencies are obtained [165, 162, 166, 167] and it is not clear
how to treat such phonons within AHC theory.

Previous works on the effects of temperature on halide perovskite semiconductors
have not addressed other bands than the conduction band minimum (CBM) and
the valence band maximum (VBM). While these two bands are most relevant for
the determination of the band gap of the material, there is a significant interest
to know the energies of the other bands. These are important, for example, to
understand the optical response of the material in the ultraviolet spectral range
relevant for ultraviolet detectors [10]. On the theoretical side, the knowledge of
band energies at characteristic points in the Brillouin zone is necessary to construct
multiband Hamiltonians [130, 132, 133, 46] that can further be used to predict the
electronic states in halide perovskite nanostructures. While the renormalization
of energies of the other bands can in principle be obtained in the same way as
for CBM and VBM within AHC theory, certain issues, related to the energy level
broadening parameter 9, arise. On the one hand, band renormalization for other
bands converges linearly with respect to 6 when § — 0 in contrast to Lorentzian
convergence of CBM and VBM [120], which makes it more challenging to obtain
the convergence of other bands. On the other hand, other bands typically exhibit
larger broadening of energy levels than the CBM and VBM. Consequently, it is
questionable if one should evaluate the § — 0 limit for other bands at all. Preferably,
the broadening of the energy levels should be evaluated simultaneously with the band
energy renormalization.

In this chapter, following calculations for lead halide perovskites are performed:
electronic structure calculations for cubic and orthorhombic phase, phononic struc-
ture for cubic phase using harmonic and anharmonic treatment, and temperature
dependent electron-phonon renormalization of the electronic structure. Electronic
structure calculations (without the effects of phonon-induced band renormalization)
are performed using a hybrid functional that satisfies the Koopmans condition.
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Phononic structure is obtained using density functional perturbation theory (DFPT)
and self-consistent phonon (SCPH) theory. Electron-phonon renormalization of elec-
tronic structure is performed using AHC theory that introduces temperature depen-
dence of the electronic structure. The challenge of treating phonons within AHC
theory is overcome by performing phonon band structure calculations at a finite
temperature within the framework of SCPH theory, where all phonon modes remain
stable. The challenge of the choice of energy level broadening is overcome by per-
forming the calculation in which energy levels and their broadening are determined
self-consistently. The obtained temperature dependence of the band gap for cubic
structure is compared to experimental results from the literature. Calculation of
orthorhombic structure at zero temperature is shown also. Finally the chapter ends
with a comment on overall temperature dependence of the band gap of CsPbXj
materials from zero to high temperatures.

This chapter is organized as follows. Sec. 4.2 starts with explaining the self-
consistent Migdal approximation and describes the self-consistent method, based
on AHC theory found in Sec. 2.9 that was used to obtain the main results in this
chapter. Sec. 4.3, contains computational details and results necessary for the next
section. Computational details and obtained results start with results from stan-
dard DFT with semi-local functionals in Sec. 4.3.1 followed by hybrid functional
calculations in 4.3.2. Next, DFPT compuational details and results are shown for
harmonic phonons in Sec. 4.3.3, followed by anharmonic calculations performed us-
ing self-consistent phonon calculations (SCPH) in Sec. 4.3.4. Sec. 4.4 contains the
main results that include temperature renormalization of electron bands using on-
the-mass-shell (OTMS) approach in Sec. 4.4.1 and self-consistent procedure (SCP)
based on Migdal approximation in Sec. 4.4.2. In Sec. 4.4.3 results from Sec. 4.4
are compared with experiments. Chapter ends with discussion and conclusions in
Sec. 4.5.

4.2 Self-consistent Migdal approximation

The non-adiabatic and dynamic Fan term from Eq. (2.199) from Sec. 2.9.2 that
described Allen-Heine-Cardona theory was:

Fan Fan
2 E ‘ Inm 11 X

7ql/

% Nqu (T) +1— fk+qm + nqu(T) + fk+qm
W— Ektqm — Wqv + 10 W — Extqm + Wqv + 10

-5 Z g, (k, q)|” (4.1)
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where giﬁﬁy(k, q) is the electron-phonon matrix element that contains probability of
transition between k+qm and kn electron states by scattering from qv-phonon with
frequency wqy, nqy (1) is the Bose-Einstein factor for qv phonons at temperature 7’
and fxiqm is the Fermi-Dirac occupation factor for k + qm state with ey qm as the
Kohn-Sham energy of that state and d is a positive real infinitesimal. The matrix
element g,»* (k,q) was given in Eq. (2.192) in Sec. 2.9, as well as in Eq. (A.40) in

A .4 of the Appendix, and can be expanded as:
o (k7 CI) = <k + qm| AQVUKS ’kn>uc

Ymn,v
fna u(Q) aUKS (42)
= ’ k +qm| =——— |kn)_,
2 Gt T R

where k = 1... N, and o = x,y, z are ion and directional indices, &4, (q) and wq,
are eigenvectors and energies for qr-phonons, respectively, and term in brackets is
the transition matrix element between electron states k + gm and kn induced by
phonon with vector q. Similarly, from Eq. (2.200) one obtains the Debye-Waller
term in the rigid-ion approximation:

S (T) = ——Zgiif%,, (k, q) [2nq,(T) + 1],
A mqu
ria _ gﬁa,V(_Q>£ﬁa’,V(q) én’a,u’<_Q)€n’a’,u(Q>
gnm V<k7 q) - Z |: 2M/{wqy/h + QMK/wq,,/ﬁ (43)
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Using on-the-mass-shell approximation (OTMS), the renormalized Kohn-Sham state
EQT™S(T) can be simply obtained as:

EO™S(T) = g1, + Re S5 (64, T) 4+ Re B2W(T), (4.4)

or by applying one of the solution methods described in Sec. 2.9.3.

As discussed in Chapter 2, Sec. 2.9.3, there are challenges in obtaining converged
result for band energy renormalization via the AHC theory for bands other than
VBM and CBM using Eqgs. (4.1), (4.3) and (4.4). The convergence with respect
to energy level broadening parameter 0 as § — 0 is a slow linear convergence[120]
and hence one needs to use rather small 4, which in turn requires large number of
g-points in the summation. The broadening of the energy levels obtained from the
imaginary part of the self-energy is on the order of 100 meV or more. It is therefore
questionable if the § — 0 limit is relevant at all. It is certainly more appropriate to
self-consistently determine the renormalization and broadening of the energy levels.
One way to achieve this will be explained in this section.

The terms (w — €k+qm + wqy + i0)~! represent the retarded Green’s function of

a bare electron Gk Lqm (W E Wey), While X2 (w, T) itself is the self-energy in the so-
called Migdal approximation. A more accurate approximation is the self-consistent
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Migdal approximation where the bare Green’s function G is replaced with the
dressed Green’s function G. With this, 21" (w, T') would take the form

Fan Fan
an N E ‘gnm v X

m,qu

X [(nqu(T) +1-— fk+qm>Gk+qm(w — W)+
(an(T> + fk+qm)Gk+qm(w + wa/)} .

(4.5)

One can in principle find the Green’s function, the self-energy, the spectral func-
tion and hence the energy level renormalization and broadening by self-consistently
solving Eq. (4.5) and the Dyson equation. However, this requires evaluation of all
these quantities at wave vectors throughout the whole Brillouin zone in each step of
the self-consistent procedure, which is a highly demanding computational task. A
significant simplification that decouples different kn states can be made as follows.

The Green’s function in Eq. (4.5) is given as

1

W = Ektqm — Sktqm (W)

Gryqm(w) = (4.6)

One can then make a replacement Yy qm(w) — Sk (w) = SE (w) +XPW in Eq. 4.6.
Such a replacement is justified by the fact that the dominant contribution to the
sum in Eq. (4.5) comes from the terms in the sum that have m = n and small value
of q. For such terms Yy qm(w) & Xk, (w). It is therefore appropriate to replace the
self-energy for all terms in the sum with self-energy of the dominant terms. The
expression for ¥E then reads

Fan Fan
§ }g nm 1/ X
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X |: an(T> +1-— fk+qm + (47)
W — Ektrqm — War — Lkn(W—Wqy)
ng(T) + ficram
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It is important to note that Eq. (4.7) does not contain the self-energies of the states
other than kn, which is a consequence of the approximation used for Xy g, (w). The
self-energy Y (w) can now be obtained using a self-consistent procedure (SCP) as
follows. One starts with some initial guess for Xy, (w) and evaluates Y{*"(w) using
Eq. (4.5) and the total self-energy as the sum of the Fan and the Debye-Waller term.
New value of X" (w) is then calculated again using Eq. (4.7) and the procedure is
repeated until the convergence of Y{*"(w) is reached. The spectral function is then
obtained as

1 1
Axn =—=1
kn () T mw — €xkn — Skn(W)

(4.8)

and the renormalized energy Fj,, is obtained as the energy wy,.x at which the spectral
function reaches a maximum. This procedure for evaluation of renormalized energies



114 CHAPTER 4. HALIDE PEROVSKITES: BAND GAP

is similar in spirit to the procedure suggested in Ref. [44] (Eq. 166 therein), where
approximations that also lead to decoupling of different kn states were used. The
difference between these procedures is that here the full frequency dependence of
self-energies is considered rather than the energy of the renormalized state and its
broadening only.

It is worth mentioning that, it is rather challenging to treat the electron-phonon
interaction in real materials beyond the approximations mentioned. These approx-
imations all contain the assumption that electron-phonon interaction is not too
strong. Full nonperturbative treatment of electron-phonon interaction has so far
only been performed for model Hamiltonians, such as the Holstein or Frohlich model.
In a recent study of the Holstein model [168] it was shown that for relatively weak
electron-phonon coupling the spectral functions in the Migdal and self-consistent
Migdal approximation are similar to the spectral functions obtained using more ad-
vanced approaches, such as the cumulant expansion method and the dynamical mean
field theory. Moreover, self-consistent Migdal approximation performs overall only
somewhat worse than the cumulant expansion method, which is not the case for the
Migdal approximation that gives inaccurate results starting from moderate values of
electron-phonon coupling. Based on the knowledge gained from the Holstein model,
one can infer about the accuracy of the OTMS and SCP results for real perovskite
materials. It is expected that the SCP results which are based on the self-consistent
Migdal approximation should in principle be more accurate than the OTMS results
which are based on the Migdal approximation. On the other hand, it will be shown
in Sec. 4.4 that OTMS and SCP results are not too different. This suggests that
the regime where electron-phonon coupling is considered to be relatively weak, it is
appropriate to apply either the Migdal or the self-consistent Migdal approximation.

In both the OTMS and SCP approach, as typically done in the literature [44],
only the diagonal (intraband) self-energies Yy, (w) were evaluated and not the off-
diagonal (interband) self-energies Yy, (w) (with n # m). In the case of OTMS
approach one is actually interested in diagonal self-energies only because they di-
rectly determine the band energy renormalization, see Eq. (4.4). On the other
hand, introduction of off-diagonal self-energies in the SCP approach would strongly
increase the computational burden of the whole procedure. On physical grounds, it
should be noted that band energy renormalization due to interband electron-phonon
scattering processes is already described by the diagonal self-energies [via the m # n
terms in the sum in Eq. (4.1)]. Hence, inclusion of non-diagonal self-energies would
represent only a higher order effect.

4.3 Computational details

4.3.1 DFT with semi-local functionals

Density functional theory calculations of the electronic structure of the CsPbXjs
materials were performed using the semi-local PBEsol [76] functional in case of

CsPbCl3 and CsPbBrs, while the PBE functional [73] was used in case of CsPbls.
Calculations were performed using the plane wave code Quantum Espresso [96, 97].
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Norm-conserving fully relativistic pseudopotentials [142, 141] were used to treat the
effect of core electrons. The effects of spin-orbit interaction were included. The wave
functions were represented on a 4 x 4 x 4 reciprocal space k—point grid with a kinetic
energy cutoff of 50 Ry for CsPbCl; and CsPbBr3 and a cutoff of 40 Ry for CsPbls.
Taking a note, a different functional was used for CsPblz because the gap obtained
using the PBEsol functional at the optimized lattice constant obtained from this
functional is nearly zero, which prevents the use of this functional in further DFPT
calculations.

The optimized lattice constants for the cubic structure obtained from the cal-
culations are respectively 10.6 ag, 11.1 ag and 12.1 aq (in units of first Bohr radius
ag) for CsPbCls, CsPbBrs and CsPblz. We note that the lattice constants obtained
for CsPbCl3 and CsPbBrj are in excellent agreement with the experimental lattice
constant at the lowest temperature where the material exhibits a cubic structure
(which are 10.59 ay at 320 K for CsPbCl; and 11.10 ag at 403 K for CsPbBrj3, see
Ref. [164]). This agreement is reasonable in case of CsPbl; (experimental lattice
constant is 11.67 ay at 300 K, see Ref. [169]) and would be better if the PBEsol
functional, which gives the lattice constant of 11.8 agy, were used. However, as noted
before, the use of PBEsol functional for CsPblj closes the gap of the material and
hence this functional was not used for CsPbl;. While the agreements obtained are
somewhat fortuitous because standard DFT calculations are performed at zero tem-
perature, the lattice constants obtained were used in further calculations because
they are in good agreement with experimental lattice constants. The direct band
gaps at the R-point obtained for CsPbClz, CsPbBr; and CsPbls are respectively
0.59 eV, 0.22 eV and 0.21 eV. These gaps are well below the experimental band
gaps, see Figure 4.1. This is expected because it is well known that semi-local
functionals underestimate the band gap [84].

Calculations for the orthorhombic structure of CsPbX3 material that is stable at
zero temperature were performed as following. The coordinates of the initial struc-
ture were taken from The Materials Project website [170] as structures numbered
675524, 567629, and 1120768 for CsPbClz, CsPbBrs and CsPbljs, respectively, and
were further relaxed (cif files for the initial and relaxed structures are included in
Supplementary Information of Ref. [45]). CsPbCls orthorhombic structure corre-
sponds to space group number 38 (Amm2) with 10 atoms per primitive cell, while
CsPbBr3 and CsPbls orthorhombic structures both correspond to space group num-
ber 62 (Pmna) with 20 atoms per primitive cell. The same density functionals, k-
point grid dimension, and the plane wave kinetic energy cutoff were used as in the
case of the cubic structure. PBEsol functional was used for optimization of atomic
coordinates and the dimensions of the unit cell for all three materials (since the gap
of orthorhombic CsPbls does not close when the PBEsol functional is used in the
calculation). The calculations were performed using the Quantum Espresso code
[96, 97] with variable cell relaxation option. The band gaps obtained for orthorhom-
bic CsPbClz, CsPbBr3 and CsPbls are respectively 1.1 eV, 0.83 eV and 0.62 eV.
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4.3.2 Hybrid functional calculations

To overcome the band gap problem of semi-local functionals, electronic structure
calculation was performed using a hybrid functional. In particular, PBEO func-
tional was used [78, 171] whose parameter « is chosen to satisfy the Koopmans
condition. We take the values of o for CsPbX3 materials that were calculated in
Ref. [79]. Hybrid functional calculations were also performed using the Quantum
Espresso code [96, 97, 172]. The calculation parameters common to standard semi-
local DFT calculation were set to the same values. In addition, for cubic structures
a 4 x 4 x 4 reciprocal g—points grid was used to sample the Fock operator and
the Gygi-Baldereschi method [173] was used to treat the singularity at ¢ — 0. For
orthorhombic structures that have a larger unit cell than cubic structures, 3 x 3 x 2
k- and g-points grid was used in the case of CsPbBrs and CsPbls, while for CsPbCl;
a4 x4 x4 k-and g-points grid was used.

In hybrid functional calculations, obtained values of the band gap of the cubic
phase are: 2.4eV, 1.5eV and 0.96 eV for CsPbCl3, CsPbBrs and CsPbls. These
values are closer to experimental values than the values obtained from semi-local
functionals. However, these values are still smaller than the experimental band
gaps, see Figure 4.1. Such a result indicates that temperature effects might play a
significant role and that it is important to investigate them.

In case of orthorhombic structure, band gaps of 3.0eV, 2.4eV and 1.5eV, respec-
tively for CsPbCl;z, CsPbBr3 and CsPbls, were obtained. These results are in good
agreement with experimental gaps of the low-temperature orthorhombic structures,
which are 3.056 eV for CsPbCl; (Ref. [174]), 2.25 eV for CsPbBr3 (Ref. [175]) and
1.72 eV for CsPbl; (Ref. [176]).
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Figure 4.1. Comparision of experimental and theoretical results for the electronic
gap for CsPbXj (X = Cl, Br or I) calculated without taking temperature effects into
account. The line x = y represents the experimental results for lowest temperature
of the cubic structure. The symbols denote calculated values for the cubic structure
using the PBE (PBEsol) functional for CsPblsy (CsPbCly and CsPbBrs) (inverted
triangles) and PBEO functional modified to satisfy the Koopmans condition (dia-
monds).
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4.3.3 DFPT

To take into account the effect of temperature on electronic band structure, it is nec-
essary to calculate the phonon frequencies and eigenvectors and the electron-phonon
coupling constants. For this reason, DFPT calculations of phonons in harmonic ap-
proximation were performed. The same density functional, kinetic energy cutoff and
the reciprocal space k—point grid were used as in DFT calculations. The calculations
were performed using the Abinit code [103, 177, 178, 104].

The phonon band structures obtained from calculations for cubic CsPbX3 ma-
terials are presented in Figure 4.2 (dashed line), where phonons with imaginary
frequencies are presented using negative values. Since cubic structure is not stable
at zero temperature, there is a significant number of phonon modes with imaginary
frequencies. It is therefore a challenge to include such modes in the calculation of
phonon-induced band renormalization.

4.3.4 SCPH

Standard DFPT calculations of phonon band structure assume a zero temperature
and the harmonic approximation. As discussed in Section. 2.8.3, this leads to phonon
modes with imaginary frequencies for the cubic structure. To overcome this issue,
one has to take into account the anharmonic effects and the effects of temperature.
This can be naturally accomplished using the self-consistent phonon method [179,
111].

The calculations based on the SCPH method were performed for cubic ABXjy
(X=Cl, Br, I) perovskites using the following protocol. The calculations were per-
formed using the ALAMODE code [180, 111}, while DFT calculations and ab initio
molecular dynamics simulations were performed using the Quantum Espresso code
[96, 97]. One first has to be obtain all relevant force constants. (i) Harmonic force
constants were obtained by performing the DFT calculation of 2 x 2 x 2 cubic su-
percell, where a shifted 4 x 4 x 4 k—point grid was employed. Other parameters of
the DFT calculation are the same as in Sec. 4.3.1. An atom is displaced by 0.01 A
in a certain direction and new atomic forces are calculated. The harmonic force
constants are then obtained from these forces using a least square fit implemented
in the ALAMODE code. (ii) To obtain anharmonic force constants, one first gener-
ates representative atomic structures which will be used for evaluation of forces and
subsequent force constant fitting. Ab initio molecular dynamics was perfomed for
NVT ensemble in 2000 steps at a temperature of 500 K with a timestep of 2 fs for
a 2 X 2 x 2 cubic supercell. To gain on computational speed in this calculation the
kinetic energy cut-off is reduced to 30 Ry and k—point grid consisting of I' point
only was used. This is justified in this place, since the goal is only to get config-
urations where atoms are displaced from their equilibrium positions, rather than
to extract physical quantities from the molecular dynamics simulation. Then, 30
snapshots were selected from the simulation which are equally spaced from timestep
500 to timestep 2000. (iii) For the snapshots obtained, each atom was additionally
displaced by up to 0.1 A in each direction. For these 30 snapshots, the atomic forces
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were accurately computed from DFT by using 50 Ry kinetic energy cutoff and a
shifted 4 x 4 x 4 k—point grid. (iv) With the forces obtained a fitting of the force
constants using the adaptive LASSO method is performed, following Refs. [181, 111].
In the fitting, there is a restriction that fourth order force constants are zero be-
yond third neighbor atoms, that the fifth and sixth order constants are nonzero
for nearest neighbors only and that higher order constants are equal to zero. (v)
The force constants obtained in the previous step are used as input for the SCPH
method calculation. In the SCPH method calculation, the off-diagonal elements of
the self-energy are neglected and 4 x 4 x 4 grid was used to represent the self-energy
in reciprocal space.

The phonon band structure obtained from the SCPH method is presented in
Figure 4.2. Phonon frequencies that are non-negative throughout the whole Brillouin
zone were obtained. Also, with an increase of temperature, a small but non negligible
shift in frequencies is present. These shifts are negative for the three highest bands
and positive for the rest. It will be shown, in Sec. 4.4.1, that these shifts are large
enough to have a significant contribution to the renormalization of electronic bands.
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Figure 4.2. Phonon dispersion (left column) and phonon density of states (in
arbitrary units) for CsPbXj3 (X = Cl, Br or I, in rows from top to bottom) obtained
using the SCPH method at 7' = 400 K (solid line) and 7' = 700 K (dot-dashed line),
as well as using DFPT with harmonic approximation (dashed line).

4.4 Results

The calculations, in the following sections, were performed using the author’s code
which takes DFPT results from the Abinit code. These results include variations of
the Kohn-Sham potential with respect to ionic displacements and the interatomic
force constants, that are then used to calculate first and second-order matrix ele-
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ments of electron—phonon interaction. In all band energy renormalization calcula-
tions bare band energies that appear in Eq. (4.1) and Eq. (4.3) were taken from
DFT calculations reported in Sec. 4.3.1.

4.4.1 Band energy renormalization with OTMS approach

This section applies the AHC procedure using the OTMS approach, briefly described
in Sec. 4.2 and in detail in Sec 2.9.2 and Sec. 2.9.3 on cubic CsPbXj3 perovskites. The
results can be also found in Ref. [45] were author’s own code was used which takes
DFPT results from the Abinit code to produce phonon-induced renormalization.

Convergence with respect to N,

In order to obtain reliable results, one has to use enough ¢-points in the summations
in Eq. (4.1) and Eq. (4.3) and check the sensitivity of the results to the value of
0 in Eq. (4.1). It has been shown in Ref. [120] that the band energy renormaliza-
tion for polar materials converges as 1/N, with the number of points N, and that
a Lorentzian type convergence for CBM and VBM energies of polar materials is
obtained while decreasing ¢.

In Ref. [38] phonon modes obtained within the harmonic approximation were
used, however, the phonon modes with imaginary frequencies were simply disre-
garded. In such an approach it remains unclear whether one should disregard only
the phonons at certain ¢-points where their frequency becomes imaginary or one
should disregard the whole phonon mode that produces an imaginary frequency in
at least one point in the Brillouin zone. To understand whether the approach where
imaginary phonon frequencies are discarded can provide reasonably good results,
the convergence tests with respect to N, and ¢ were performed in three cases: (i)
assuming phonon frequencies from DFPT and disregarding the contribution from
phonons with imaginary frequencies; (ii) assuming phonon frequencies from DFPT
and disregarding the contribution from the whole phonon bands that exhibit imag-
inary frequencies at any ¢-point; (iii) assuming phonon frequencies obtained from
the SCPH method. These three cases will be referred to as cases (i), (ii) and (iii) in
what follows.

Figure 4.3 shows the results for the band gap renormalization obtained using
the OTMS approach in each of these cases. It can be seen that, in case (i) the
behavior with respect to N, is not convergent and one obtains unphysically large
band gap renormalizations. In this case several phonon bands cross zero energy at
several different points in the Brillouin zone (see left column in Figure 4.2), which
leads to divergence of Fan matrix elements due to wg, term in the denominator, see
Eq. (4.2). The convergence is better in case (ii) when such phonon bands are simply
disregarded, however one obtains band gap renormalization which is underestimated
with respect to case (iii). In case (iii), the convergence with respect to § and N, is
obtained.



120 CHAPTER 4. HALIDE PEROVSKITES: BAND GAP

PHCUTO PHCUTG6 SCPH
[ [ 0.50 [ [ ] [ [ CsPbCly
4r ' 100 meV
0.8f 1 50 meV
ok 0.4F . 10 meV
| . 0.7k | | | = 1meV
i T T 1 0.5F T i CsPbBrj
= 100 meV
L 0.7 ‘% 1 —=— 50 meV
E ol | 0.4F 1 —— 10 meV
. . 0.6k . . | = 1meV
0.6F — M ' [ CsPbly
4r | 0.8 d 100 meV
—=— 50 meV
ol | 0.4F E —o— 10 meV
0.6f 1 —— 1meV

0.1 0.2 0.1 0.2

0.1 0.2
1/3/N,
Figure 4.3. Dependence of band gap renormalization obtained using the OTMS
approach on the number of ¢-points N, and on the small parameter § (whose value
is specified in the legend) for CsPbXj3 (X = Cl, Br or I, in rows from top to bottom)
materials at 7' = 400K. The column labeled as PHCUTO denotes the result obtained
assuming phonon frequencies from DFPT and disregarding the contribution from
phonons with imaginary frequencies [case (i) discussed in the text]|, while the col-
umn labeled as PHCUTG6 denotes the results obtained assuming phonon frequencies
from DFPT and disregarding the contribution from the whole bands that exhibit
imaginary frequencies at any g-point [case (ii) in the text]. The column labeled as
SCPH denotes the result obtained by taking phonon frequencies from the SCPH

method [case (iii) in the text].

Contributions of phonons to VBM and CBM

Figure 4.4 shows a decomposition of the CBM and VBM renormalization into con-
tributions from phonons of different energies fwp,. Most of the contributions come
from the region where the density of phonon states is highest and these contribu-
tions come mostly from lower bands. Lower energy phonons also tend to have larger
electron-phonon coupling matrix elements due to the wg, term in the denominator
in Eq. (4.2). This fact also contributes to prevalent contribution of lower energy
phonons to band energy renormalization. Since most of these lower energy phonons
turn into imaginary frequency phonons within DFPT calculation, the results ob-
tained in case (ii) are underestimated in comparison to the results in case (iii). The
contributions of the first-order Fan and second-order Debye-Waller terms in Eq. (4.4)
to band energy renormalization are now analyzed. In line with previous literature
results for other materials [113, 182], one can find that these two terms have opposite
signs and that both of these terms have significant absolute values, see Figure 4.5.
For these reasons, accurate calculation of each of these terms is necessary to obtain
reliable final result for band energy renormalization.
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Figure 4.4. Contributions from phonons of different frequencies to VBM (left
column) and CBM (middle column) renormalization at 7' = 400 K and temperature
dependent gap renormalization (right column) for CsPbX3 (X = Cl, Br or I, in
rows from top to bottom) obtained using the OTMS approach. The results in case
(ii) are shown as filled bins, while the results in case (iii) are shown as transparent
bins. The value of each bin b(w;) represents the contribution of all phonons with
frequencies from the range (w; — Aw/2, w; + Aw/2) to band energy renormalization,
so that AEy, = ), b(w;). Filled circles in the right column correspond to case (ii),
while empty deltoids correspond to case (iii).

Linearity of temperature dependence

There is also the linearity of the temperature dependence of the band gap renormal-
ization that should be discussed. One can notice from Eq. (4.4) [with self-energies
given by Egs. (4.1) and (4.3)] that the temperature dependence originates only from
the Bose term in these equations. When phonon energies are small the temper-
ature dependence of the Bose term is linear. As a consequence, the temperature
dependence of band energy renormalization is also linear in case (ii), as can be seen
in Figure 4.4 On the other hand, in case (iii) the phonon frequencies also depend
on temperature and the temperature dependence of the band gap is determined
by the ratio of the Bose term (which contains temperature dependent phonon fre-
quency) and the phonon frequency [which comes from the Fan matrix element, see
Egs. (4.2) and (4.1)]. The Bose term increases the gap with temperature as in case
(ii), however, most of the temperature dependent frequencies (especially the ones
where density of phonon states is largest) increase with temperature. They then
tend to decrease the renormalization, which leads to nonlinear dependence in case
(iii), as seen in Figure 4.4.

The temperature dependence of the band gap of the investigated materials using
the OTMS approach is among the results presented in Figure 4.9. For the reasons
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Figure 4.5. Contributions from Fan and Debye-Waller terms of phonons at different
frequencies to VBM (left column) and CBM (right column) renormalization at 7" =
400 K for CsPbX3 (X = Cl, Br or I, in rows from top to bottom) obtained using
the OTMS approach. The value of each bin b(w;) represents the contribution of all
phonons with frequencies from the range (w; — Aw/2,w; + Aw/2) to band energy
renormalization, so that AFEy, =Y. b(w;).

previously discussed, these results and all subsequent results were obtained by taking
the phonon frequencies obtained from the calculation based on the SCPH method.
In all calculations reported in this and the next section renormalized band energies
were obtained by adding the phonon-induced renormalization to the band energies
calculated using the hybrid functional as described in Sec. 4.3.2.

Bands other than VBM and CBM

The OTMS approach can be used in principle to determine the renormalization of
bands other than the CBM and the VBM. As discussed in the introduction and
Sec. 4.2 (and hinted at the end of Sec. 2.9.3), band renormalization for other bands
exhibits a slow linear convergence with respect to 6 when 4 — 0 in contrast to
Lorentzian convergence of CBM and VBM. As a consequence, one has to go to rather
small values of § to reach convergence. However, for small values of §, large values
of N, are needed, which introduces a large computational burden. This behavior is
illustrated in Figure S1, Figure S9 and Figure S14 in the Supplementary Information
of Ref. [45], for the cases of CsPbCl;, CsPbBrs, and CsPbls, respectively. For larger
values of 0 (100meV and 50meV in the figure) good convergence with respect to N,
is achieved but the result still depends on d and one therefore needs to go to smaller
d to achieve convergence with respect to 9. However, for smaller values of § (10 meV
and 1meV), convergence with respect to IV, could not be achieved with grids up to
20 x 20 x 20. As also discussed in the introduction and Sec. 4.2, it is questionable if
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the limit 6 — 0 of the energy level broadening parameter gives accurate results given
the fact that the energy levels of higher bands can exhibit significant broadening.
For all these reasons, it is more desirable to self-consistently determine the energy
level broadening. These results are the subject of Sec. 4.4.2.

4.4.2 Band energy renormalization using the SCP approach

Results for band energy renormalization obtained using the SCP approach are pre-
sented in this section. The frequency dependence of the self-energy and the spec-
tral function for several bands at the R point in the case of CsPbBr3 material at
T = 400 K is presented in Figure 4.6 (the same results for CsPbCl; and CsPbl;
are presented respectively in Figures S4 and S17 in Supplementary Information of
Ref. [45]). Naming of the bands in ascending order of energies at the R point is as
VBM4 (2x), VBM3 (4x), VBM2 (2x), VBM1 (4x), VBM (2x), CBM (2x), CBM1
(4x), CBM2 (2x), CBM3 (2x), CBM4 (4x), where the numbers in brackets denote
their degeneracy. The spectral functions of the CBM and VBM are relatively narrow
and symmetric, while the spectral functions of other bands (CBM1 and VBM1 in
Figure 4.6 and CBM2-4, VBM2-4 in Figures S10 and S12 in Supplementary Infor-
mation of Ref. [45] in case of CsPbBrs, see also Figures S2, S4 and S6 for CsPbCls,
as well as Figures S15, S17 and S19 for CsPbl; material) are wider and somewhat
asymmetric. Such a result confirms that it was necessary to go beyond the OTMS
approach in the 6 — 0 limit to obtain accurate results for bands other than CBM
and VBM. There is even a difference between the OTMS and SCP result for CBM
and VBM which leads to band gap difference between the two approaches on the
order of 100 meV at T'= 400 K (see Sec. 4.4.3 for more details).
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Figure 4.6. The frequency dependence of the self-energy and the spectral function
for bands VBM1, VBM, CBM and CBM1 at the R point in the case of CsPbBrs
material at T =400 K

Convergence with respect to N,

In Figure 4.7 one can observe that convergence with respect to IV, was achieved
with a 20 x 20 x 20 grid. Convergence is achieved both for real part of self-energy
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that corresponds to band energy renormalization and for imaginary part of the
self-energy that is related to energy level broadening. As expected, it is easier to
reach convergence for energy levels that exhibit larger broadening, that is, for states
other than CBM and VBM ( Figure 4.7 and Figures S11 and S13 in Supplementary
Information of Ref. [45], see also Figures S3, S5 and S7 for CsPbCl; material, as well
as Figures S16, S18 and S20 for CsPbl; material). CBM and VBM states exhibit
lowest broadening due to the fact that single phonon emission processes from these
states are not possible. Hence the total scattering rate from these states, which is
related to energy level broadening, is determined by phonon absorption processes
only. On the other hand, for bands higher than CBM (lower than VBM), there
is always a nearby other band below (above) it to which phonon emission is also
possible. Hence, these states exhibit higher electron-phonon scattering rates than
CBM and VBM, which leads to larger broadening of these states.
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Figure 4.7. The dependence of the real and imaginary part of self-energy at the
renormalized energy on the size of the ¢-points grid. The results are presented for

CsPbBrs material at T'= 400 K for bands VBM1, VBM, CBM and CBM1 at the R
point.

Temperature dependence at R-point

The final results for temperature dependence of band energies and the imaginary
part of self-energies (that are related to energy level broadening) at the R point for
the CsPbBr3 material are presented in Figure 4.8. The same results for CsPbCl3 and
CsPblj are presented in Figure S8 and Figure S21, respectively, in the Supplemen-
tary Information of Ref. [45]. The results indicate that the temperature dependence
of band energies is most pronounced for the CBM and the VBM and that it is
much weaker for the other bands. The energy level broadenings increase as the
temperature increases and this dependence is nearly linear for most bands.

The temperature dependence of the band gap calculated within the SCP ap-
proach is presented in Figure 4.9. The results suggest that the gap renormalization
and the band gap are somewhat smaller in the SCP approach than in the case of the
OTMS approach. The largest difference between the two approaches is at highest
temperatures. Such a difference originates from the fact that the spectral func-
tion within the SCP approach takes a relatively broad asymmetric shape at these
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Figure 4.8. Temperature dependence of the band energy and the imaginary part of
the self-energy for VBM and VBMz (CBM and CBMz) bands (where z = 1,2, 3,4)
calculated using the SCP approach. The results are shown for CsPbBrs at the R
point. Vertical and horizontal dotted lines represent the temperature of the phase
transition to cubic structure T, = 403 K and band energy from PBEO calculations,
respectively.

temperatures, while the OTMS approach inherently assumes a narrow symmetric
Lorentzian spectral function. The comparison of the temperature dependence of the
band gap within the SCP approach with experiments will be discussed in Sec. 4.4.3.

Temperature dependence at I', X, M points

To gain insight into the effect of temperature on band energies throughout the
Brillouin zone, SCP calculations of the spectral function and band energy renormal-
ization at points I', X and M in the Brillouin zone were also performed for the three
investigated materials. The results are presented in Figures S23 - S85 in Supple-
mentary Information of Ref. [45]. All energy levels at X and M points are twofold
degenerate, while the degeneracy of the bands at I' is as follows: VBM4 (4x), VBM3
(2x), VBM2 (4x), VBM1 (2x), VBM (4x), CBM (2x), CBM1 (4x), CBM2 (2x),
CBMS3 (2x), CBM4 (4x). One can see (Figures 529, S36, S43, S50, S57, S64, S71,
S78, and S85 in Supplementary Information of Ref. [45]) that in most cases the
real and the imaginary part of the self-energy are smooth and continuous when the
temperature changes. The exception are VBM2 for CsPbClz between T" = 50 K and
T = 100K, and VBM1 for CsPbBr3 and CsPblz between T' = 550 K and T" = 600 K,
all three at the X point (Figures S50, S57, and S64 in Supplementary Information
of Ref. [45], respectively). In these cases, the spectral function has two competing
maxima (see Figures S87 - S89 in Supplementary Information of Ref. [45]) that are
well inside the range of its half-width and the change of temperature changes the
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dominant maximum. It should be noted that for all of the examined points, the
changes of state energies are such that the band gap remains determined by the R
point VBM and CBM. However, the increase of the temperature can change the
ordering of the bands: at certain points in the Brillouin zone some neighbouring
bands below (above) VBM1 (CBM1) will swap places with respect to their order
obtained from the PBEO functional calculations. Nevertheless, for simplicity, the
bands are labeled based on their ordering obtained from zero temperature PBEO
functional calculations. When it comes to energy level broadening, it turns out that
it is lowest for the VBM and CBM bands (with imaginary part of the self-energy
well below 100 meV for these states and significantly above 100 meV for the other
states), as in the case of the R point. The CBM and VBM states at these points
are well separated in energy from the other bands (see the material band structures
in Fig. S86 in Supplementary Information of Ref. [45]) which restricts the phase
space for electron scattering. The exception to this behaviour is the VBM state at
the I' point which is rather broad. In this case, there are several bands that are
close in energy to the VBM state at I'. The hole can scatter to these bands which
contributes to the increase of energy level broadening.

4.4.3 Comparison of the temperature dependence of the
band gap with experiments

In this section, the results for the band gap and its temperature dependence are
compared with available experimental results from the literature.

In case of CsPbBrs band gap of 2.08eV and 2.20eV was obtained from SCP and
OTMS, respectively, at a temperature of 400 K. This result is close to the experi-
mental value of 2.36 eV from Ref. [183], obtained at 403 K. Presented calculation
gives the band gap of CsPbCl; of 3.01eV and 3.07eV from SCP and OTMS, respec-
tively, at a temperature of 320K. This result is in good agreement with experimental
value of 2.85 eV from Ref. [184]. For the CsPbl; material, band gap of 1.35 ¢V and
1.45eV was obtained from SCP and OTMS, respectively, at a temperature of 300K,
which is in reasonable agreement with experimental values of 1.67 ¢V (Ref. [185])

and 1.73 eV (Ref. [186]).

High temperatures with cubic structure

Next, one can focus on the slope of the temperature dependence of the band gap.
In the range of temperatures where the material is in the cubic form, the calculated
temperature dependence is nearly linear. Therefore, for the purpose of comparison
with experiment, it is sufficient to discuss its slope. In case of CsPbBrjs, the obtained

slope (%)ph is 0.50 mTev and 0.80 mTeV from SCP and OTMS, respectively, in the

temperature range from 400 K to 700 K. For CsPbCls, the calculation yields the

slope of 0.68 m}«z\/ and 0.96mTeV from SCP and OTMS, respectively, in the temperature

range from 320 K to 700 K. Finally, for CsPbl; a slope <%> of 0.41 2V and
ph

dT K
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0.77 mTeV was obtained from SCP and OTMS, respectively, in the temperature range
from 300 K to 700 K.

To compare the slope of the temperature dependence to experiment, one also has
to take into account the effect of thermal expansion, which is not included in the
calculation with a fixed lattice constant. The slope of the temperature dependence
of the band gap from the effect of thermal expansion is given as

dE dE d
o) (e (£ (4.9)
dT" ) 1 da dT

where % is the slope of the dependence of the band gap on the lattice constant

and g—:‘ﬁ is the slope of the temperature dependence of the lattice constant, which is
related to linear thermal expansion coefficient as

1 da
=—-—. 4.10
O ar ( )
Estimation of % was done by calculating the gap dependence of the lattice con-
stant using DFT with the same semi-local functional used in Sec. 4.3.1. Obtained
values are respectively: 2.1, 2.4 and 1.1 % for CsPbBr3, CsPbCl; and CsPbls. Liter-
ature values of linear thermal expansion coefficients are respectively 0.26- 1074 K1,

(0.22—0.30)-10~*K~! and (0.39—0.40)-10~*K~! for CsPbBr3z, CsPbCl; and CsPbl;

(Ref. [187]). From Egs. (4.9) and (4.10) one then obtains that <%>TE is respec-

tively equal to 0.32 mév, 0.35 mTeV and 0.29 mTeV for CsPbBrj3, CsPbCl; and CsPbls.
The results suggest that the contribution from thermal expansion is smaller than
the contribution from phonon-induced band gap renormalization for all the materials
studied.

The total slope of the temperature dependence of the band gap can be estimated

by adding contributions from phonon-induced band gap renormalization and from

thermal expansion
dT dT" ) g dr /),

Finally, the obtained slopes % are: 0.81 eV (1,12 mV) 11,02 2V (1.3]1 V) and

0.70 =Y (1.06 2¥) from SCP (OTMS) results, respectively for CsPbBrj, CsPbCls
and CsPbls.

Experimental data for the temperature dependence of the band gap of the cu-
bic structure and its slope are relatively scarce. Ref. [188] reports the slope of
(0.85 %+ 0.05) mf(v for CsPbls based on the measurements in the temperature range
from 570K to 620 K. This value is in the range between results shown from SCP and
OTMS for the same material. The slope of 0.341 mTeV was reported for CsPbBrj in
Ref. [155] in the temperature range from 380 K to 435 K where the material exhibits
a phase transition from tetragonal to cubic structure. This slope is significantly
smaller than the one estimated here. It is however questionable if the comparison
of these slopes is meaningful given the fact that experimental data cover only a

very small initial part of the temperature range where the material is cubic. For
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the CsPbCl3 material, author is not aware of any literature data with temperature
dependence of the band gap in the cubic phase. Overall, further experimental mea-
surements of the temperature dependence of the band gap in a broader temperature
range in the cubic phase are certainly desirable.
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Figure 4.9. Temperature dependence of the calculated band gap of CsPbX3 materi-
als (X = Cl, Br or I, from top to bottom). The calculated band gap of orthorhombic
structures at zero temperature is represented by hexagons, while the band gaps of
the cubic structure calculated using the SCP (OTMS) approach are represented by
full (dotted) lines and two color squares (circles). Experimental results are rep-
resented by single color squares with the values of 2.85 ¢V (Ref. [184]), 2.36 eV
(Ref. [183]), and 1.67 eV (Ref. [185]) respectively, at temperatures of 320 K, 403 K
and 300 K, respectively, for CsPbCl;, CsPbBr3 and CsPbls, respectively. Dashed
lines are used as a guide to the eye to connect the zero temperature result for the
band gap of orthorhombic structure with the result at the lowest temperature where
the material exhibits a cubic structure.

Low temperatures with orthorhombic structure

Finally, the temperature dependence of the band gap at lower temperatures when
the materials exhibit an orthorhombic or a tetragonal structure is addressed. Ex-
perimental results at these temperatures generally indicate that temperature depen-
dence of the band gap is rather weak. For example, it was reported in Ref. [176]
that the band gap of CsPbBrs (CsPbls) increases by about 60 meV (80 meV) from
0K to 300 K. In Ref. [184] a similar result was obtained for CsPbBrs, while in case



4.5. DISCUSSION AND CONCLUSIONS 129

of CsPbCl3 the changes of the band gap in this temperature range were smaller than
20meV. In Refs. [189, 190, 191}, a comparably weak temperature dependence of the
gap was observed for nanocrystals based on CsPbX3 materials in the same temper-
ature range. For all the three materials, the band gap at zero temperature is only
slightly (by less than 100 meV) lower or even slightly larger than at lowest tempera-
ture where the material exhibits a cubic structure, see the reference to the values of
experimental band gaps at the end of Sec. 4.3.2 for orthorhombic structure and the
beginning of this section for cubic structure. Presented calculations of the band gap
of orthorhombic structure at zero temperature and of the cubic structure are in line
with such behavior, see the dashed lines in Figure 4.9. Since the orthorhombic and
tetragonal structure have a larger unit cell than the cubic structure, temperature
dependent electronic structure calculations of these structures were not performed
due to larger computational cost and the fact that experimental results indicate a
rather weak temperature dependence in this range of temperatures.

4.5 Discussion and conclusions

Next, one can discuss previous computational works where the effects of temper-
ature on electronic structure of halide perovskites were investigated. In Ref. [151]
the effects of temperature were included by performing finite temperature ab initio
molecular dynamics with a sufficiently large supercell and by calculating the average
band gap change from many molecular dynamics snapshots. Excellent agreement
with experimental band gaps of cubic inorganic halide perovskites at the lowest
temperature where the material exhibits a cubic structure was obtained. On the
computational side, this approach is rather demanding as it would require a sepa-
rate molecular dynamics simulation at each temperature to obtain the temperature
dependence of the band gap. This approach inherently assumes classical phonons
which is likely a good approximation at room temperature because the dominant
phonon modes that determine the electronic structure renormalization have energies
which are significantly smaller than thermal energy kg1 at room temperature. In
Refs. [167, 192] the effects of temperature were also included by taking an average
over many different configurations with atoms displaced from their equilibrium po-
sitions. In Refs. [152, 153] the authors exploited the special displacements method
[193, 194] which enables the calculation of the band gap at a given temperature from
a single calculation of a large supercell with atoms displaced from their equilibrium
positions in accordance with a particular pattern. In Ref. [38], AHC theory, the
finite difference approach, as well as the approach with average over many different
atomic configurations sampled using a Monte Carlo approach were used to study
temperature dependence of the band gap of cubic methylammonium lead iodide per-
ovskite. However, AHC theory was applied by simply excluding imaginary phonon
modes, while from this section (that relies on Ref. [45]) one can find that such a
procedure does not give reliable results in case of inorganic halide perovskites that
are investigated.

Several advantages are mentioned here, as well as shortcomings, of the approach
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based on AHC theory over other approaches. To obtain temperature dependence of
the electronic structure, the most demanding steps of the procedure - DFPT calcu-
lations and extraction of force constants for the application of the SCPH method -
need to be performed only once, that is, they do not have to be repeated for each
temperature. On the other hand, in all approaches based on atomic displacements
(sampled either from molecular dynamics, Monte Carlo or using the special displace-
ments) the whole computational procedure has to be repeated at each temperature.
Within AHC approach it is straightforward to obtain the renormalization of states
other than CBM or VBM, while in the methods based on supercell calculations this
is either impossible or one has to exploit a certain type of unfolding procedure, such
as the one used in Ref. [193]. It should be mentioned that the approach based on
AHC theory certainly has its limitations. Being based on expansion up to second-
order terms with respect to atomic displacements, it is not expected to be highly
accurate in conditions when such an expansion is not sufficient. On the other hand,
the approaches based on atomic displacements usually do not have such a limitation.

In conclusion, this chapter shows ab initio calculations of temperature dependent
electronic structure of inorganic halide perovskite materials CsPbXj3. The challenge
that comes from the fact that cubic structure is not stable at zero temperature and
that one obtains phonon modes with imaginary frequencies in a standard DFPT
calculation was overcome by using the SCPH method that gives the phonon spec-
trum with real non-negative frequencies. The challenge of obtaining the energies of
bands other than the CBM and the VBM in the calculations based on AHC theory
was addressed by exploiting a self-consistent procedure for evaluation of relevant
self-energies and spectral functions. The obtained band gaps at the lowest tem-
perature where the material exhibits a cubic structure are in good agreement with
experiment. Also, one can see that there is good agreement of calculated and ex-
perimental temperature dependence of the band gap for the CsPbls material where
reliable experimental data are available in the literature. Results of this chapter also
suggest that the band gaps at the lowest temperature where the material exhibits a
cubic structure are similar to the band gaps at zero temperature where the material
exhibits an orthorhombic structure. Such a finding is consistent with experimen-
tal data that suggest a rather weak temperature dependence at lower temperatures
where the material exhibits an orthorhombic or a tetragonal structure. Finally, it
was shown that temperature dependence of band energies at the R point is most
pronounced for the CBM and the VBM, while it is less pronounced for higher and
lower bands.



Chapter 5

Nanostructures

Present chapter follows published results in Ref. [46] in the case of CdSe and expands
upon the results and methods published in Ref. [47] for halide perovskites CsPbX3
(X=Cl, Br, I). Although this chapter is dedicated to nanostructures, it relies on
bulk phase results obtained in both Chapter 3 and Chapter 4 as they are one of the
necessary steps in computing these results.

5.1 Introduction

Most electronic and optical devices consist of semiconductor materials, and over
the years, general improvements of these devices made them smaller in size and
more power efficient. The size of a bulk phase, can be as small as few micrometers,
however, as one enters the scale of a few dozen nanometers or less, the electronic
properties of the material start to change from the bulk counterpart. Materials at
these scales are called nanostructures or nanocrystals, and their properties become
very dependent on their size and shape. This dependence makes it possible to fine
tune electronic properties, like the band gap of a material, to desired values, allowing
one to replicate the electronic properties of a much more expensive or less durable
material using more cost effective and/or more durable materials. Working with
nanostructures whose electronic properties change with their size introduces new
challenges for investigating and modeling semiconductor materials.

This chapter is dedicated to discussing methods for obtaining the electronic
structure and using them on CdSe and CsPbXj3 (X=CIl, Br, I) halide perovskite
nanostructures, whose bulk phase properties were previously explored in Chapters
3 and 4, respectively. Modeling of bulk phase materials rested on the translational
invariance and periodic conditions of Bloch theorem, where the whole crystal struc-
ture can be reduced to one unit cell that is infinitely replicated without overlap in
all 3 directions in real space. Calculations limited to one unit unit cell were able
to produce electronic, phononic, and electron-phonon properties with much success
using methods explained in Chapter 2, in Sections 2.7, 2.8, and 2.9, respectively.

On the other hand, Chapter 3 dealt with symmetry adaptation of k - p Hamil-
tonian in Kane model, in order to reduce the computational burden of DFT and
explore the limits where k - p theory is a good approximation for electronic struc-
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ture compared to DFT. In a sense, the true usefulness of the method developed in
Chapter 3 will become evident in the present chapter. Namely, the translational
invariance and periodicity is violated for nanostructures, since the crystal is reduced
to a size where it can no longer be considered as infinite. The Bloch theorem doesn’t
hold anymore, so one has limited choice when it comes to modeling the electronic
structure. One choice is to use DFT by making the computational cell the size
of the actual nanostructure with added vacuum on its edges. This choice rapidly
increases the computational resources with increase in size and creates a problem
of implementing this vacuum space on computational level. Another choice is to
modify the Bloch theorem and still use the k - p method with Kohn-Sham states,
but for nanostructures. Using the k - p method, nanostructures can be modeled
using feasible resources that range from a simple desktop personal computer to the
ones required at DFT or DFPT level.

One such method that modifies the k - p model for nanostructures is the Burt-
Foreman envelope function method. This method effectively replaces the plane wave
e’®T with an envelope function in Bloch theorem, found in Chapter 2, Eq. (2.12),
while still keeping the one-electron formalism. This way, after some derivation and a
few approximations, the one-electron equation obtained for states in the nanostruc-
ture resembles the Kane model, however the solution requires solving for envelope
functions instead. These envelope functions can also be represented in plane wave
basis and the solution will consist of solving for amplitudes in that expansion. Square
moduli of envelope functions also follow the ones obtained from DFT wave functions
for the corresponding nanostructure [46]. Finally, this method can be easily imple-
mented using the same symmetry-adapted Hamiltonians used for bulk in Chapter 3,
making the calculations more transferable and easily implemented by simply using
minimal number of k - p parameters with symmetry-adapted form of Hamiltonian.

This chapter is organized as follows. First the Burt-Foreman method is presented
in Sec. 5.2. Sec. 5.3 derives the solution in plane wave basis for quantum dots,
wires and wells. This methodology is applied and tested in Sec. 5.4, where results
for CdSe quantum wells are compared with the same ones obtained from DFT.
This comparison with DFT is performed in order to benchmark the applicability of
k - p envelope function method on nanostructures. After this validation, in Sec. 5.5
the same methods are applied on lead-halide perovskites CsPbX; (X=Cl, Br, I),
where besides the dependence of size and shape of the nanostructures (dots, wires
and wells), these materials also show temperature dependence. Finally, Sec. 5.6
concludes the chapter with final discussion on the obtained results.

5.2 Burt-Foreman envelope function method

Nanostructures can be classified by the number of dimensions in which the bulk ma-
terial is confined. When confinement is in one-dimension only, these nanostructures
are referred to as quantum wells, in two-dimensions they are called quantum wires,
and when confined in all three-dimensions - quantum dots. In this chapter a few
assumptions will be made. First, the confinement is always made along a direction
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of unit cell vectors (direct and reciprocal). Second, the nanostructure consists of
an integer number of unit cells in the confinement direction (in order for chemi-
cal formula to remain the same as for bulk). Third, the effects of interaction with
surrounding material and the nanostrucure is neglected at their interface and the
material is not distorted in any way. At that interface it behaves as in the bulk.

In Chapter 2, Sec. 2.4, it was shown that in bulk, under the assumption that
the crystal is not bounded and spans to infinity in all directions, the translational
invariance introduces the electron crystal momentum k which was used as a con-
tinuous quantum number and the generator of translations using plane waves. The
electron was described as nearly free using the Bloch functions Wy, (r) = ., (r)e*T
which contain a plane wave T multiplied by a periodic Bloch factor uy,(r). Bloch
factors are invariant when translated by direct (reciprocal) lattice vectors R (G)
which translate any point from one unit cell (Brillouin zone) to their equivalent in
another unit cell (Brillouin zone), i.e.: U, (r + R) = tgn(r) (ukircn(r) = ukn(r)).

When dealing with nanostructures, the crystal is confined in one, two, or three
directions, and infinite crystal approximation is not valid anymore so the full trans-
lational invariance, that was present in bulk, is lost in directions where confinement
is present. Consequently, the electron crystal momentum k as defined in bulk (or
rather, the components of k that are limited to 1BZ), is not a good quantum num-
ber in nanostructures. The nearly free electron can not be modulated by Bloch
factors that are periodic inside one unit cell, but rather by some factors that are
periodic over the whole direction of confinement. However, since the confinement
itself contains unit cells which are described by Bloch functions, perhaps these Bloch
functions can become modulators for some function that would describe a nearly
free electron within the nanostructure. This function should be position dependent
and change as it moves along the space: it should vanish (or be negligible) outside of
the nanostructure and be slowly varying when compared to the bulk Bloch functions
inside the nanostructure, but still follow or envelope the trend of Bloch function!,
therefore it is often called an envelope function.

In this formulation, the confinement, as a result, generates a new unit cell, one
that (along the direction of the confinement) contains integer number of bulk unit
cells as well the surrounding space filled with non-interacting material or vacuum
that spans to infinity.

In bulk, Bloch wave functions are a product of plane waves which have the
periodicity of the unit cell and Bloch factors wuy, (r) which would change with r as it
moves along the atoms within the unit cell. This would suggest that plane waves are
smoother than the Bloch factors. In nanostructure, envelope functions would have
the periodicity of the new unit cell, that contains the nanostructure itself (made from
several unit cells) as well as the empty space. Therefore, it follows that envelope
functions are smoother than Bloch functions which would describe one bulk unit
cell and much smoother than Bloch factors. This is an important assumption that
will be relevant in the derivation of the envelope function equations. The larger the
number of unit cells that is contained in the nanostructure the smoother the envelope

! Another way of thinking is to imagine a periodic system of non-interacting nanostructures
what are separated by some infinitely space filled with non-interacting material or vacuum.
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function would be, and for very large nanostrutures all results should approach the
ones found in bulk.

Michael Burt [195, 196] proposed and later Bradley Foreman [197, 198] refined
the idea of ezxact envelope function theory, now known as Burt-Foreman envelope
function theory that, requires for envelope functions to be continuous and infinitely
differentiable. Even though k is not a good quantum number, bulk Bloch functions
at any k form a complete set, so a set can be chosen at any kg in 1BZ to form the
total wavefunction ¥(r) in a nanostructure:

Jnano — \I/<I') — Z wm(r)kpﬁgg(r) = Z @/}m(r)ukom(r)eikor’ (51)

where 1,,(r) are the envelope functions and summation is made over all possible
states of an electron m. It wouldn’t be wrong to write Wy, (r) in order to distinguish
at which k a set of Bloch functions was used, but because sets are never mixed the
indices referring to k are dropped for simplicity. The following is obtained when
momentum operator p = —ihV and its square p* = —h*V? act on ¥(r):

PU(r) = > [(PUm)ttm + U (PUm) + hKothtiy] €07,

m

PU(r) =D [(0"0m) + 2(pvm) (Bko + P)] ume™™ (5.2)

+ Z Y (p* + B2k2 + 2hkg - P)upe™™.

The one-electron Hamiltonian H = [p?/(2m.) + V] from Eq. (2.11) (Chapter 2,
Sec. 2.4), can also be adapted for nanostructures using ¥ from Eq. (5.1). The general
equation H'9W = EV in this case is:

> () 0 4] 0

2me

(5.3)
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Assuming that 1,,(r) is much smoother than u,,(r), allows for an approximation
that ¢, can be brought outside of the integral over dr when limits of that integral are
within the bulk unit cell? like they are in Eq. (2.17), i.e. (un| ¥ |tm) &2 ¥ (Un|tnm).
The Eq. (5.3) is first multiplied by e~*T then multiplied by (u,| from the right,
and after integration over one bulk unit cell the following is obtained:

2

2me 5
m

2This statement, of course, should not be true for nanostructures that contain one bulk unit
cell. The size limit of the nanostructure at which this is a good approximation is also not clear,
since it would depend on the size, type and number of atoms inside the unit cell, so comparison
with a more sophisticated method is always necessary in order to claim a valid result.



5.3. ENVELOPES IN PLANE WAVE BASIS 135

where pu, = hko + (U,| P |tm) and (u,| (p? + AkZ)/(2me) + Fko - p/me + V |U) =
E..0,m were used. After applying the Lowdin’s perturbation, the second-order k - p
equation for envelope functions is obtained:

2
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Eq. (5.5) is rather similar to Eq. (2.32), and would become identical if momentum
operator that acts on envelopes v, is replaced with electron momentum at some
k—koie. (p¥m)— (k—ko)tm, or equivalently envelopes are reduced to plane waves
with an amplitude of B with periodicity of a bulk unit cell v, — B eilk—ko)r,
If SOC would be included, the procedure would remain the same, except that ¥(r)
would be a two component spinor and bulk parameters p,,, would become p,,,, =

hkO + <un| Psoc |um>

5.3 Envelopes in plane wave basis

In this section, a solution for one-, two- and three- dimensional confinement will be
presented, which correspond to quantum wells, wires and dots, respectively. In order
to simplify the derivation, it will be assumed that the nanostructure is placed at the
centre of an imaginary box with infinitely thin walls which has a cuboid shape, and
that the dimensions of this box allow for some non-interacting material to fill the
voids of this box only along directions of confinement.

One way to solve Eq. (5.5) is to expand 1, as a set of plane waves and their cor-
responding amplitudes. In the plane wave basis, the problem effectively reduces to
an infinite array of nanostructures centered inside their respected imaginary boxes,
separated by a non-interacting material in the direction of the confinement. To
further simplify the solution, it is assumed that this non-interacting material has
identical properties as the original bulk material i.e. its k - p parameters p,,, and
Pom.ij are the same however, the energy levels EZ are shifted by some amount AF
in order to create a gap large enough to avoid any overlap with states of the exam-
ined nanostructure material EZ = E,, & AFE. This is justified when there are no
contacts between different materials and non-interacting material is just supposed to
imitate vacuum where all envelope functions (and by extension, full wave functions
of electrons that they modulate) vanish. Band energies can be expressed as position
dependent, using a step function y(r) which returns 0 and 1 when r is inside the
non-interacting material and the nanostructure, respectively:

Ep(r) = X(r) B + [1 — x(1)] EE. (5.6)
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Effectively, the nanostructure of volume Vj is now placed at the center of a box-
shaped unit cell that has a volume of Vg and there are infinite amount of identical
neighboring unit cells .This is reminiscent of a boxed particle problem in quantum
mechanics, or rather an infinite 3D well, where solutions are also expressed in the
plane wave basis and EZ is analogous to the infinite well potential. The envelope
function 1),,(r) can be written as a set of plane waves:

1 m) ikgr
Un(r) = —75 ) Wymel

1 m) i(kTr4+kiy+kZz
= (L, Ly 2 Wi (57)
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where L, o = x,y, z is the box unit cell length along direction «, while g, can have
positive and negative integer values: g, = 0,+1,+2,£3..., £N5, and Ny is the
necessary value for converging the numerical results along the direction a. This gives
a total number of plane waves Niow = [[,_, , .(2N5, +1), where Ny, is positive non-
zero integer for confined dimensions. Envelope function 1, (r) = ¥,,(r + Ry) will
now be periodic over a set of vectors R, = ) Rn€q, Ro = Lqay. Inserting Eq. (5.7)
into Eq. (5.5) and multiplying with \/B_I/Qe*“‘“r from the left, then integrating over
whole box unit cell space fVB dr the general form of envelope function k - p equation

in plane wave basis is obtained:
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The integral J°¢ (Kronecker delta d,,) from Eq. (5.9), can also be identified as a
Fourier transform of x(r) function from Eq. (5.6) (f = 1 function) integrated inside
the full volume of the box unit cell Vg.
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Quantum dot with cuboid shape

In the case of cuboid geometry, the integral can be separated as a product of three
independent integrals:

1 [t/ A
= o = — da e "2,
7 a;l;[;zja a:lnyz La /_la/2
v v (5.10)
751 = l_a5 1 — 0y (eHBKSIa/2 _ omidkE1a/2).

Lt iLa Ak,

Quantum dot with ellipsoid shape

In the case of ellipsoid geometry, the integral [7°¢ can be solved by first transforming
the ellipsoid into a sphere of unit radius by scaling the axes, and then by introducing
spherical coordinates. It is assumed that [,/2 is the length of the semi-axis of
the ellipsoid in direction o« = z,y, z, then new coordinates oy, = « X (2/l,) and
qe, = Akg x (lo/2) are introduced to transform the nanostructure to a spherical
shape, and a new set of spherical coordinates are obtained (x4, yr, 2,) — (4, 0¢, ¢1).
The J°7 integral in the case of ellipsoid geometry is:
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where q; = ) Akg eqla/2 and I(f3) is solved by integrating by parts.

Quantum wire with elliptical base

If the confinement is two-dimensional like in the case of quantum wires, one direction
can be chosen as non-confined one and let it be the z direction. In the non-confined
direction z, that component of the plane wave becomes independent of ¢ as the
non-interacting material vanishes in that direction thus the translational invariance
is restored k7 — (k — ko).. The integral J*? from Eq. (5.10) will have the non-
confined component equal to unity: J;¢ = 1. In the case of rectangle geometry,
confined components J are the same as for cuboid shape in Eq. (5.10). In the
case of elliptic geometry, the solution is similar as for the case of ellipsoid, assuming
that [,/2 are the semi-axes of the ellipse in the direction «. First the ellipse is
transformed to a circle by scaling the axes oy = oy X (2/la), ki = Akg, x (lo/2),
a = x,y, and then polar coordinates are introduced (zy,y:) — (p, ®). The s # ¢
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term of J%? is then:
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where k, = \/(k¥)? + (k/)?, Jo and J; are the spherical Bessel functions of the 0-th
and 1-st order, respectively, which obey the relations:
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Combining both the s = g and s # ¢ terms, the J°¢ for quantum wire with an
elliptic base is:
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For quantum wires, the envelope function k - p equation Eq. (5.8) will have the form:
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Quantum well

For quantum wells, the confinement is present in just one direction. There is only
one possible geometry, which is linear. Assuming that confinement direction is z,
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the J*¢ integral from Eq. (5.10) reduces to J* = J1. The envelope function k - p
equation Eq. (5.8) for quantum wells will be:
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Convergence tests: size of the box and the number of plane waves

Since the nanostructure is placed inside of a box unit cell with non-interacting
material, the volume of this box Vg should theoretically approach infinity. How-
ever, this would also require an infinite amount of plane waves N;f,’vt in the expan-
sion in Eq. (5.7) which would not be computationally feasible within a numerical
calculation. The nanostructure k - p Hamiltonian matrix scales with number of
bands Npangs and Ng‘?vt, so the square matrix that needs to be diagonalized will have
(Nior x Npana)? elements when using envelopes. Because this number can become
very large in some cases, diagonalizing such matrices becomes unfeasible for desktop
computers, it is important to study how much computational resources is needed to
ensure the convergence of the results. This topic is explored in author’s published
work in Ref. [47].

In Ref. [47], this convergence is explored for CsPbBrs quantum wells using 8x8
and 26x26 bulk Hamiltonians. There, convergence tests show that for quantum
well nanostrucure centered inside of a box with non-interacting material, size of
that box should be at least several bulk unit cells larger than the nanostructure
along the confinement direction. Then, the number of plane waves N, used should
be equal to the number of bulk unit cells that make up the box, along the direction
of confinement. For example, a quantum well of size [ = 6a, should be centered
inside of a box with linear dimension of L. = 3] = 18a = Nga, where a is the length
of a unit cell along the direction of the confinement, the number of sufficient plane
waves is N, = Ng = 18 in order to ensure convergence of the numeric results for
the band gap. This gives Nio' = 2 x Ny, + 1 = 37 total plane waves and a square
matrix with (37 X Npanq)? elements to be diagonalized.

Another result from Ref. [47], is that a divergence for band gaps was observed
for 26x26 Hamiltonian when N, > Np. This divergence wasn’t observed with 8x8
Hamiltonians that have much less parameters. Therefore in most cases, a fixed value
of N, = Ng should be kept. For large wells, where the band gap is asymptotically
approaching bulk values, convergence is much faster than for smaller or intermediate
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wells, therefore number of plane waves can be smaller than the number of unit cells
that make up the size of the box along the confinement direction N, < Ng. Al-
though this is not very much useful for quantum wells, since available computational
resources are almost always met for modern desktop computers, in the case of wires
and dots this information is important in order to avoid costly calculations for very
large nanostructures® that can easily exert computational resources with Ny, = Np
only to obtain the same result with V,, < Np.

5.4 Comparison of DFT and Burt-Foreman enve-
lope method

This section, combines the symmetry-adapted Hamiltonians from Chapter 3 with
k - p methodology of envelope functions from Sec. 5.2. In Chapter 3, and Ref. [45],
results from k - p using Kane method for band structure were compared to the ones
obtained with DFT in order to benchmark the k - p method and determine how
accurate it is w.r.t. the number of bands included in the Hamiltonian and distance
from the unperturbed point kg in the case of bulk zinc-blende CdSe. In this section,
a similar approach is taken in order to compare k - p results obtained using Burt-
Foreman method for quantum wells with DFT results. Even though DFT is a
powerful tool for computing electronic structure, it does have limitations regarding
the size of the unit cell which it computes. In the case of nanostructures, these unit
cells can become so large that the computation either becomes unfeasible due to
large memory requirements or feasible only for simplest crystals and low dimensions
of confinement. In the later case, the computational time is much longer than in
the case of bulk. For that reason, k - p is a good method that can drastically reduce
the computational resources and produce reliable results for the electronic structure.
However, reducing computational resources comes with the cost since perturbative
approach is unable to produce the results in same detail as a non-perturbative,
direct DFT calculation. As in the case for bulk, some fair comparison is needed
in order to understand the limitations of the k - p method for nanostructures. For
this comparison, quantum wells made from stacked zinc-blende CdSe layers were
calculated using DFT and k - p envelope method. All these finding were published
in Ref. [46].

Computational details for CdSe quantum wells

Within DFT, calculation of electronic states was performed by considering a slab
whose surfaces are perpendicular to the [001] direction. The slab was terminated
with Cd layer at both surfaces and pseudohydrogen atoms of charge 1.5 were added
in order to passivate the dangling bonds at surfaces. Pseudohydrogen atoms were
positioned at a distance of 1.58 A from the corresponding Cd atom. For slabs the
width of < 6a (> 6a), the vacuum region of the width equal to 3a (half of the

3That is, the ones whose gap is approaching bulk values asymptotically when their size is
increased.
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slab width) was added on both sides of the quantum well, to avoid the interaction
of the quantum well with its images caused by the periodic boundary conditions
in the calculation. The calculations were performed for quantum wells containing
from 1 to 18 CdSe unit cells. The size of the quantum well here is defined as the
distance between the two pseudohydrogen passivating layers. In order to lower the
computational cost and therefore extend the range of well widths, only the case
when SOC is omitted is considered.

Within k - p method, the AFE for the non-interacting material was set at AF =
5 eV, the length of the box was L, = 20 nm and N, = 50. These values were chosen
to be sufficiently large so that the further increase would not affect the results.

Band gap comparisons between DFT and k- p

Figure 5.1 shows the dependence of the band gap as a function of well width obtained
from DFT and k- p envelope method. As mentioned, SOC was omitted in DFT
calculations in order to reduce the computational resources, hence only k - p results
without SOC are presented for a fair comparison, both using the standard 4x4 and
extended 13x13 Hamiltonian. The agreement between DFT and k- p results as
well as between regular and extended Hamiltonian within k - p is excellent. For
quantum well widths of three lattice constants and larger the band gap differences
are smaller than 20 meV. The agreement is quite satisfactory even for rather thin
wells of 1 and 2 unit cells, where one might expect for k - p to not perform quite well.
This is even more impressive when taken into consideration that, the calculation of
the quantum well electronic structure in k- p can take only a few seconds on a
single-core desktop computer, regardless of the width of the well. However, DFT
calculations can take minutes or hours depending on the width of the well when
using a high performance computing cluster with several nodes containing multi-
core processors each. For example, the DFT results presented here were obtained
for approximately 3 min using 32 cores and 21 hours using 64 cores for narrowest
and widest well, respectively. When this computational requirement gets scaled
for nanostructures with more than one dimensional confinement such as wires and
dots, and for crystals with more atoms in the unit cell, the advantages of k- p
over DFT become even more pronounced. Since the periodicity is present only in
one direction for quantum wires, or there is none in the case of quantum dots, with
increase in supercell sizes, the number of atoms inside them can become so large that
these problems become computationally intractable for DFT. On the other hand,
k - p is almost routinely used to study quantum dots and wires, see for example
Refs. [199, 200, 201, 202, 203, 204].

Next, the origin of surprisingly good agreement between DFT and k - p for thin
wells is discussed. Within k - p the atomistic wavefunction (shown in Figure 5.2 in
full lines) is represented in terms of the product of slowly varying envelope functions
(shown in Figure 5.2 in dashed lines) and rapidly varying bulk Bloch functions, while
the only additional approximation in k-p with respect to the atomistic method (DFT
in our case) comes from truncation of the wavefunction expansion to a limited set of
bands. For this reason, the excellent agreement between k - p and DFT results for
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Figure 5.1. Dependence of zincblende CdSe quantum well band gap on well width.
The results obtained from DFT without the effects of spin-orbit coupling and from
standard 4 x 4 and extended 13 x 13 k-p models are presented. The inset shows the
zoom of the same dependence to the narrower range in the figure. The horizontal
dashed line denotes the bulk DFT band gap.
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wide wells is expected because basis functions used in k - p provide a good basis set
in this case. In the case of very thin wells, one could argue that the representation
of the wavefunction in terms of the product of envelope functions and bulk Bloch
functions for a few bands only cannot be a good representation because the system is
rather different from bulk and therefore the basis formed from bulk Bloch functions
cannot be a good basis. The results for CdSe wells confirm that such an argument
is certainly valid to some extent because the agreement between DFT and k - p
becomes somewhat worse for quite thin wells. Nevertheless, the agreement between
DFT and k- p is quite satisfactory even then. It should be noted as well that the use
of pseudohydrogen surface passivation also contributes in making the wave functions
of thin wells closer to wave functions of bulk material.
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Figure 5.2. The wavefunction moduli squared of quantum well states obtained from
DFT without the effects of spin-orbit coupling and the 4-band k-p model. The DFT
wave functions are presented by performing the in-plane average of wavefunction
moduli squared. The k - p wave functions are presented by a sum 3 |¥, (2)[°. The
wave functions that are presented in the figure correspond to the following states:
a) VBM-4, b) degenerate VBM-3 and VBM-2, ¢) degenerate VBM-1 and VBM, d)
CBM, e) CBM+1, f) CBM+2, where VBM (valence band maximum) denotes the
highest energy state in the valence band, while CBM (conduction band minimum)
denotes the lowest energy state in the conduction band.

Band gap obtained from k- p with GoW|, energies

Upon confirming the accuracy of the k - p method when compared to DFT with
PBEsol functional for CdSe quantum wells, one can continue by performing the same
calculations with SOC included and improved gap values using GoWj self-energy
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corrections to Ey,,. These energies were also used in obtaining the second-order
k - p parameters (all the parameters of these Hamiltonians are given in Sections I1I-
F and III-H of Supplementary Information in Ref. [46]). Furthermore, to obtain an
accurate quasi-particle band gap, a correction which takes into account the dielectric
mismatch between the quantum well and the vacuum, i.e. the image charge effect
is added to the band gap. This correction was added using the analytical formula
presented in Ref. [205], which was also recently applied in a DFT study of CdSe
nanoplatelets [206]. The results obtained are presented in Figure 5.3 along with
the results obtained from k - p Hamiltonians parametrized from DFT using PBEsol
functional, which are given for comparison. As expected, a significantly larger band
gaps using k - p Hamiltonians parametrized from GyWj calculation of bulk are
obtained. Noting that the focus here is on the single particle energies and that the
reported gaps are the quasiparticle band gaps. To obtain the optical gap, one would
additionally need to consider excitonic effects, which was also recently done for CdSe
nanoplatelets in Ref. [206].

| 13x13—e—  GyW, —B— |
350 o\ T - 26x26 —@—  GyW, —i—

E P [eV]
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Figure 5.3. Well width dependence of zincblende CdSe quantum well band gap
calculated using the k - p method. The parameters of the k - p Hamiltonian were
extracted from GoW, calculation of bulk band structure. The results obtained with
and without the effects of spin-orbit interaction are shown respectively in full and
empty squares. The results obtained from k - p Hamiltonians parametrized from
DFT are shown for comparison in full (the case with spin-orbit interaction) and
empty (the case without spin-orbit interaction) circles.
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5.5 Temperature dependent band gaps of perov-
skite nanostructures

Sec. 5.4 served as a check for the present methodology, where DF'T results were used
as a benchmark for k- p envelope function method, where band gaps and wave-
function square moduli were compared for CdSe quantum wells. Having performed
necessary checks, the same method can be applied for other materials, like the ones
in Ref. [207].

This section combines the symmetry-adapted Hamiltonians from Chapter 3 with
methodology of k - p that uses envelope functions from Sec. 5.2 with results obtained
for temperature dependent electronic structure from Chapter 4 in order to produce
the final result of this thesis i.e. the temperature dependent band gap of halide-lead
perovskite nanostructures. Results are presented for quantum dots and wires of
different shapes as well as for quantum wells.

Parameters for k - p Hamiltonian, p,,, and P, ;; are obtained from DFT wave
functions obtained using PBE (PBEsol) functional for cubic CsPbls (CsPbCl; and
CsPbBr3), while E,, parameters are obtained from PBEQ functionals with temper-
ature renormalization self-energies 3(T") obtained from self-consistent method, as
described in Chapter 4.

5.5.1 Quantum dot with cubic shape

For cubic halide-lead perovskites, cubic shape quantum dots are consist of cubic
unit cells with lattice constant @ =10.6, 11.1 and 12.1 for CsPbX3, X=Cl, Br, and I,
respectively. These unit cells are considered to be stacked together to form a cube
shaped nanostructure that is confined in all three directions.

Figure 5.4 (5.5 and 5.6) shows band energies obtained using 8x8 and 26x26
Hamiltonians for nanostructures at the temperature of phase transition to cubic
structure 7' = 320 K (7" = 400 K and 7" = 300 K). Comparing the 8x8 and 26x26
results, one can see that for very small dots (I = 2a and | = 6a) band energies are
very distinct between the two, while this difference becomes less pronounced with
intermediate dots (I = 6a and [ = 8a). This trend is continued with the increase
of size of the dot, until band energies start to band together and it becomes hard
to distinguish them individually, so one cannot make a fair comparison between the
8x8 and 26x26 results, like for the case of large dots (I = 10a and [ = 12a). Even
though gap values are very close between 8x8 and 26x26 results, the rest of the
bands show much discrepancy especially for small and intermediate dots. If one were
to investigate phenomena other than the band gap itself, like absorption, where one
must account on all possible transitions between all valence and conduction states,
the higher resolution of 26x26 over 8 x8 Hamiltonian would be very beneficial. In
the following discussion, results will be mostly focused on the band gap itself.

Figure 5.7 (5.8 and 5.9) shows band edges and gaps for CsPbCl; (CsPbBrs
and CsPbl3) depending on the nanostructure size, obtained at the temperature of
phase transition to cubic structure 7" = 320 K (7" = 400 K and 7' = 300 K) and
several temperatures above. As previously discussed, k - p results for very small
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nanostructures are not expected to be good, as discussed in Sec. 5.4 and Sec. 5.2, and
are deliberately left out of the plot. Similarly, Figure 5.10(5.11 and 5.12) shows band
edges and gaps for CsPbCl3(CsPbBr;g and CsPbls) depending on the temperature,
for a few selected sizes of the nanostructure: [ = 4a, 6a, 8a, 16a, where [ is the length
of one edge of the cube and a is the lattice constant. On both mentioned figures for
CsPbCl;(CsPbBrs and CsPbls), one can see that both 8x8 and 26 x 26 Hamiltonians
produce very similar results: almost identical for VBM, with discrepancy for CBM
(and therefore band gap) not greater than 0.4 meV, 0.2 meV and 0.05 meV in the
case of very small (4a <[ < 8a), intermediate (8a < [ < 12a) and large (12a <)
dots, while keeping consistent slopes with across all sizes and temperatures, with
26x26 Hamiltonians producing somewhat smaller values for the band gap in all
cases. The same conclusion can be made for spherical shape quantum dots found in
Appendix D.1.
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Figure 5.4. Comparison of band energies between 8x8 and 26x26 Hamiltonian
for CsPbCl3 cubic quantum dots of different sizes at 7' = 400 K, where [ is the
length of one edge of the cube, and H8(H26) are results obtained from 8x8(26x26)
Hamiltonian.
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Figure 5.5. Comparison of band energies between 8x8 and 26x26 Hamiltonian
for CsPbBr3 cubic quantum dots of different sizes at T' = 400 K, where [ is the
length of one edge of the cube, and H8(H26) are results obtained from 8x8(26x26)

Hamiltonian.
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Figure 5.6. Comparison of band energies between 8x8 and 26x26 Hamiltonian
for CsPbl; cubic quantum dots of different sizes at 7' = 300 K, where [ is the
length of one edge of the cube, and H8(H26) are results obtained from 8x8(26x26)
Hamiltonian.
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Figure 5.7. Energies of band edges and gap for CsPbCls cubic quantum dots of
different sizes at several selected temperatures, where [ is the length of one edge of the
cube, and VBM (CBM) are valence band maximum (conduction band minimum).
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Figure 5.8. Energies of band edges and gap for CsPbBrs cubic quantum dots of
different sizes at several selected temperatures, where [ is the length of one edge of the
cube, and VBM (CBM) are valence band maximum (conduction band minimum).
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Figure 5.9. Energies of band edges and gap for CsPbls cubic quantum dots of
different sizes at several selected temperatures, where [ is the length of one edge of the
cube, and VBM (CBM) are valence band maximum (conduction band minimum).
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Figure 5.10. Energies of band edges and gap for CsPbCl3 cubic quantum dots
at different temperatures for several selected sizes, where [ is the length of one
edge of the cube, and VBM (CBM) are valence band maximum (conduction band
minimum).
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Figure 5.11. Energies of band edges and gap for CsPbBrs cubic quantum dots
at different temperatures for several selected sizes, where [ is the length of one
edge of the cube, and VBM (CBM) are valence band maximum (conduction band

minimum).
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5.5.2 Quantum wire with square base

For cubic halide-lead perovskites, squared shape quantum wires consist of cubic
unit cells with lattice constant a =10.6, 11.1 and 12.1 for CsPbX3, X=Cl, Br, and
I, respectively. Unit cell of the nanostructure is formed by expanding the supercell
to include equal number of unit cells in z and y directions and form a cuboid
of m X a,m X a,a dimensions in x,y, z directions, respectively, where the base of
the cuboid is a square with length | = ma. This way, x and y are directions of
confinement and z is the direction that resembles bulk periodic conditions. The
same discussion for energies of the band gaps and edges as the one for quantum
dots from Sec. 5.5.1 can be made here, except that discrepancies between 8 x8 and
26 x26 Hamiltonians are less pronounced and curvature slopes are less steep when
decreasing the dimensions of the nanostructure. Both 8 x8 and 26 x26 Hamiltonians
produce very similar results: almost identical for VBM, with discrepancy for CBM
(and therefore band gap) not greater than 0.2 meV, 0.1 meV and 0.05 meV in the
case of very small (4a <[ < 8a), intermediate (8a < [ < 12a) and large (12a < )
dots, while keeping consistent slopes across all sizes and temperatures, with 26x26
Hamiltonians producing somewhat smaller values for the band gap in all cases.
The same conclusion can be made for quantum wires with circular base found in
Appendix D.2.
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Figure 5.13. Energies of band edges and gap for CsPbCl; squared quantum wires of
different sizes at several selected temperatures, where [ is the length of the edge of the
square base of the wire, and VBM (CBM) are valence band maximum (conduction
band minimum).
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Figure 5.14. Energies of band edges and gap for CsPbBrj3 squared quantum wires of
different sizes at several selected temperatures,where [ is the length of the edge of the
square base of the wire, and VBM (CBM) are valence band maximum (conduction
band minimum).
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Figure 5.15. Energies of band edges and gap for CsPbl; squared quantum wires of
different sizes at several selected temperatures, where [ is the length of the edge of the
square base of the wire, and VBM (CBM) are valence band maximum (conduction
band minimum).
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Figure 5.16. Energies of band edges and gap for CsPbCl3 squared quantum wires
at different temperatures for several selected sizes, where [ is the length of the
edge of the square base of the wire, and VBM (CBM) are valence band maximum

(conduction band minimum).
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Figure 5.17. Energies of band edges and gap for CsPbBr3 squared quantum wires
at different temperatures for several selected sizes,where [ is the length of the edge
of the square base of the wire, and VBM (CBM) are valence band maximum (con-

duction band minimum).
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Figure 5.18. Energies of band edges and gap for CsPblz squared quantum wire
at different temperatures for several selected sizes, where [ is the length of the
edge of the square base of the wire, and VBM (CBM) are valence band maximum
(conduction band minimum).

5.5.3 Quantum well

For cubic halide-lead perovskites, quantum wells consist of cubic unit cells with
lattice constant a =10.6, 11.1 and 12.1 for CsPbX3, X=Cl, Br, and I, respectively.
Unit cell of the nanostructure is formed by expanding the supercell to include m
number of unit cells in z direction and form a cuboid of a,a, m X a dimensions in
x,y, z directions, respectively. This way, z is the direction of confinement and z,y
plane resembles bulk periodic conditions. The same discussion for energies of the
band gaps and edges as the one for quantum dots from Sec. 5.5.1 and Sec. 5.5.2
can be made here, except that discrepancies between 8x8 and 26x26 Hamiltonians
are less pronounced and curvature slopes are even less steep when decreasing the
dimensions of the nanostructure. Both 8x8 and 26 x26 Hamiltonians produce very
similar results: almost identical for VBM, with discrepancy for CBM (and therefore
band gap) not greater than 0.1 meV, 0.05 meV and 0.001 meV in the case of very
small (4a < | < 8a), intermediate (8a < [ < 12a) and large (12a < [) dots,
while keeping consistent slopes with across all sizes and temperatures, with 26x26
Hamiltonians producing somewhat smaller values for the band gap in all cases.

5.6 Conclusion

In conclusion, this chapter started with the derivation of Burt-Foreman envelope
method and proceeded with solution by using plane wave basis. In the plane wave
basis, integrals J*¢(FE) have emerged that were dependent on the geometry of the
nanostructure. These integrals were analytically solved for cuboid and ellipsoid
quantum dots, quantum wires with ellipsoid and rectangle shape and for quantum
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Figure 5.19. Energies of band edges and gap for CsPbCl3 quantum wells of different
sizes at several selected temperatures, where [ is the size of the well, and VBM

(CBM) are valence band maximum (conduction band minimum).
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Figure 5.20. Energies of band edges and gap for CsPbBr3 quantum wells of differ-
ent sizes at several selected temperatures, where [ is the size of the well, and VBM

(CBM) are valence band maximum (conduction band minimum).
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Figure 5.21. Energies of band edges and gap for CsPbl; quantum wells of different
sizes at several selected temperatures, where [ is the size of the well, and VBM
(CBM) are valence band maximum (conduction band minimum).
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Figure 5.22. Energies of band edges and gap for CsPbCl3 quantum wells at differ-
ent temperatures for several selected sizes, where [ is the size of the well, and VBM
(CBM) are valence band maximum (conduction band minimum).
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Figure 5.24. Energies of band edges and gap for CsPbl3 quantum wells at different
temperatures for several selected sizes, where [ is the size of the well, and VBM
(CBM) are valence band maximum (conduction band minimum).



158 CHAPTER 5. NANOSTRUCTURES

wells. Continuing with zincblende CdSe materials, which were used to perform a
precision test between for envelope function method in plane wave basis by using
DFT calculations as a benchmark for quantum wells and obtaining excellent agree-
ment for band gaps and squared moduli of wave functions. This is an important
result, considering that DF'T calculations require far more computational resources
than k - p envelope method. For unit cells that contain more atoms and nanostruc-
tures that are confined in more than one dimension, DFT calculations easily exceed
available computational resources, while k - p envelope method can be applied in
most cases using desktop computers. Considering the computational resources, this
chapter also addresses the numerical convergence tests that have to be performed
when using plane wave basis and provides some insight on how to estimate re-
quired computational resources for k - p envelope method calculations. Band gaps
for zincblende CdSe quantum wells were then calculated using GoW, energies and
image charge effects were added to account for dielectric mismatch between the well
and the surrounding material. Combining methodology from Chapter 3 with enve-
lope functions in plane wave basis and electronic structure results from Chapter 4,
temperature dependent band gaps for lead-halide perovskite nanostructures were
obtained. These results include band gaps for quantum dots (cubic and spherical
shape), wires (with square and circular base) and wells. Hamiltonians that include
only bands near the gap (8) produce satisfactory results for band gaps at much less
computational cost when compared to the ones that take more bands around the gap
into account (26). Since the temperature band energy renormalization is taken from
bulk calculations, these corrections enter the k- p Hamiltonian at zero-th order.
Therefore, all slopes and trends considering temperature changes for band energies
are conserved when moving from bulk to nanostructure. Comparing the slopes of
energy levels that change with size of the nanostructure, quantum dots had the
steepest slopes, followed by quantum wires and then wells for the same material,
which is consistent with the literature [51]. Finally, the results for halide-perovskites
lack the correction for dielectric mismatch, as this would require a careful analytical
and numerical effort that is planned for future.



Chapter 6

Conclusion

Present chapter concludes the results of this thesis. The main goal of this work was
obtaining the electronic structure of perovskite nanostructures. What seemed as
a straightforward task at first, proved to be challenging as one step after another,
there were some challenges that required deeper understanding or some sort of mod-
ification of standard methods. At this point, a brief summary of the obtained results
in this thesis is shown, followed with suggestions for possible research in the future.

6.1 Summary

The goal of this thesis is to obtain the electronic structure of inorganic halide per-
ovskite nanocrystals. Halide perovskites have been praised as a low-cost, easily
produced materials in laboratory conditions that can range from bulk crystals to
nanocrystals with extremely modular shape and band gap. Their low-cost combined
with promising performance makes them an excellent candidate for semiconductor-
based devices like solar cells, LEDs, photodetectors, lasers and more. Even though
the stability and performance of these devices have seen rapid improvement, their
stability, efficiency and lifetime are the main reason they are sill not used for in-
dustrial and commercial purposes. In order to improve the device performance and
lifetime, obtaining a good picture for electronic properties of these materials is nec-
essary. This study focused on the electronic structure of inorganic variants with
formula CsPbX3 (X=Cl, Br, I) in their cubic phase. Even though DFT is routinely
used for electronic structure calculations for many bulk semiconductors, calculation
of nanostructures would require methods like k - p that can deal with these larger
systems while keeping the computational resources at DFT level. Since k- p is a
perturbative method, it relies on DFT results as a source of unperturbed param-
eters like Kohn-Sham states. Furthermore, in order for k- p to be successful for
nanocrystals, it has to provide accurate results for bulk phase, something which is
directly reliant on DFT results, meaning that DFT error in band gap for halide
perovskites should be addressed first. Finally, once proper band gaps are obtained,
one can proceed to apply k - p method on nanocrystals and obtain their electronic
structure.

First, in order to obtain k - p parameters, one must perform a DFT calculation
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that produces Kohn-Sham wave functions and energies. This way, an initial k - p
Hamiltonian was obtained that didn’t have identical analytical form as the ones
found in literature, for crystal structures that share O, symmetry, obtained using
theory of invariants that relies on crystal symmetry [48, 51]. Namely, the required
number of parameters determined by the symmetry of the crystal was at first glance
much smaller than the ones initially obtained directly from DFT. Although the ini-
tial calculation provides a good result with all symmetries, this is not so obvious
from its analytical form. For this reason, a method for obtaining analytical form
of k - p Hamiltonian identical to the ones found in literature, purely from ab initio
DFT calculations was developed. This method was named symmetry-adaptation,
and was published in Ref. [46] and presented in Chapter 3, where CdSe material
was considered, for which various analytical forms were widely used in literature, as
a check for the methodology. The key of symmetry-adaptation of one Hamiltonian
obtained numerically, into another Hamiltonian found in the literature, was to find a
unitary transform that will perform a rotation on Kohn-Sham states after which the
symmetry-adapted Hamiltonian will be produced. Besides this, Chapter 3 contains
a small benchmark for k - p Hamiltonian performance. This benchmark compared
the maximum deviation of k - p electronic structure from DFT result, when mov-
ing away from the unperturbed point in the 1BZ. This check confirmed that k - p
Hamiltonians with more bands should produce a better dispersion relation. Based
on this, band structures for CdSe and CsPbXj3 (X=Cl, Br, I) were produced using
more refined band energies obtained from GW and hybrid-DFT, respectively.

Next topic, was to address the issue of underestimated band gap for cubic halide
perovskites when using DFT with local and semi-local functionals, which was done
in Chapter 4 and published in Ref. [45]. Namely, for lead based halide perovskites,
main contributors to VBM and CBM are 6s and 6p Pb orbitals, respectively, which
makes inclusion of SOC a requirement. However, inclusion of SOC reduces the band
gap around 1eV compared to no-SOC calculation, which gives a reasonable estimate
of the band gap. Therefore, an error in local or semi-local treatment and the error
of omitting the SOC cancel each other to produce a decent band gap for halide
perovskites. However, SOC treatment results in underestimated band gap for local
and semi-local DFT. Furthermore, there is the issue of the cubic structure stability,
which is not at all stable at zero temperatures that ground state calculations pro-
vided by DFT assume. Temperatures at which halide perovskite transition to cubic
structure are rather high (for CsPbX3 they are 320 K, 403K and 300 K for X= CI,
Br, and I, respectively) and its effects cannot be neglected. Indeed, early DFPT
calculations that are based on the harmonic approximation indicated presence of
imaginary (silent or negative) phonon modes at R and M points in 1BZ, which
points to strong anharmonic effects. Therefore, a combination of more sophisticated
method than semi-local DFT is required for the electronic structure, and the inclu-
sion of temperature and anharmonic effects. For electronic strucure calculations a
hybrid-DFT using PBEO modified with Koopmans’ conditions for mixing param-
eter a has proven to provide good results for cubic halide perovkites. The most
dominant temperature effect is the electron-phonon interaction that contributes to
significant renormalization and broadening of the electron bands. One widely used
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method for electron band renormalization is the AHC theory that treats phonon
vibrations as a perturbation of the static lattice. Chapter 4 goes through necessary
steps, required to provide an accurate estimate for band gaps. They include: (1)
addressing the strong anharmonicity in lattice vibrations, (2) considering the non-
linearity of temperature effects on bands, and (3) resolving the connection between
band broadening and renormalization.

The strong anharmonicity (1) can be treated using using the SCPH method
that considers many-body effects as opposed to harmonic and independent phonon
treatment of DFPT. In Ref. [38], contribution of soft modes was simply disregarded,
a solution that was also considered here, but proved to greatly underestimate the
renormalization. Furthermore, Ref. [38], was rather ambiguous about whether whole
soft mode should be disregarded or just points where that mode becomes negative.
Performing a check it was shown that only the disregard of the whole soft mode
contributions will provide converged results. Using SCPH, anharmonic frequencies
are produced which correct the error of DFPT phonon structure by not just cor-
recting the silent modes, but providing more accurate results for higher modes as
well. Also, it was shown that the largest contribution to renormalization was indeed
from phonons in the range of intermediate frequencies, where the density of phonon
states is highest. In harmonic approximation, most of these states are lost to the
soft region, further proving that their neglect cannot be justified.

Next, the AHC theory was previously routinely used for structures that are
stable at zero temperature and have phonons that can be treated with harmonic
approximation. This results in equation that uses electron-phonon matrix elements
and phonon frequencies at their zero temperature values, and the only temperature
dependent term in the equation for band renormalization is the Bose-Einstein factor.
This would produce linear trend of band renormalization with temperature, making
renormalization at very high temperature unrealistic. However, the introduction
of temperature dependence in phononic frequencies reduces the growth of Bose-
Einstein factor, to produce a non-linear trend of temperature effects that point
towards saturation with extremely high temperatures.

Until this point, renormalization and broadening effects have been considered
separate within the AHC theory, as it has been done routinely in the literature.
Namely, the AHC theory can be derived using many-body perturbation theory, us-
ing bare electron and phonon Green functions. This way, renormalization has a
small parameter id (where 0 is purely real) in the denominator that prevents di-
vergence and provides smoothening. Previously in the literature, this parameter
was usually set to 0.1 eV for calculation of both renormalization and broadening
[117]. In Ref. [120], it was established that as 6 — 0, the renormalization should
converge as a Lorentzian or linearly with increasing q-grid density. However, due
to anharmonicity, the § broadening should not be arbitrary small, especially at
high temperatures and there should be an established connection between renor-
malization and broadening (3) of the bands. To resolve this issue, a self-consistent
procedure based on the self-consistent Migdal approximation was developed. In
AHC theory bare electron Green function was replaced with a dressed one, which
coupled the real and imaginary parts of electron-phonon self-energy that represent
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renormalization and broadening, respectively. This way, real and imaginary parts
must be solved self-consistently and the matter was further simplified by consider-
ing only intraband transitions to the first-order, while interband transitions were
considered to be of the higher order. The results show that VBM and CBM renor-
malization have a smaller, non-zero broadening, compared to the rest of the bands
that show greater broadening which results in band diffusion and overlap at high
temperatures. The renormalized band gaps show excellent agreement with exper-
imental data for temperatures where cubic structure is formed. However, due to
limited experimental data on band gap slopes that do not cover a wide range of
temperatures, meaningful for comparison, one cannot draw a full conclusion. The
obtained value of the band gap slope with temperature for CsPbls agrees with the
experiment (range from 570K to 620 K) while underestimating it for CsPbBrj (data
range from 380 K to 435 K, which covers around the point of transition to cubic
structure) and having no experimental data for CsPbCl; for comparison. When
going to even lower temperatures, PBEO calculations with Koopmans’ condition for
a parameter for orthorhombic structure of halide perovskites indicate a very weak
temperature dependence with the band gap, which is consistent with the literature.

Finally, once good band gaps of bulk perovskite structure are obtained, one can
proceed by using them to calculate the electronic structure of nanostructures which
is done in Chapter 5. For this, a modified k - p Kane method was used, which is
based on Burt-Foreman envelope method, where envelopes were expanded in plane
wave basis. Presented method considers that the surrounding material has the same
properties as the nanostructure, but with a wide enough band gap that prevents
mixing of states. This produces a certain integral that depends only on the shape
and size of the nanostrucure. In general, analytical formula for this integral is given
for quantum wells, wires with rectangular and elliptical cross sections, and dots of
cuboid and ellipsoid shape.

Before using envelope functions on nanostructures it is a good idea to benchmark
this method against a more reliable one. Since cubic perovskite materials would be
too computationally expensive to calculate using DFT, CdSe was again selected as
a test material in order to check the performance of the k- p envelope method.
Also, the symmetry-adaptation method developed in Chapter 3 has shown to be
very useful for envelopes, since it provides the minimum number of k - p parameters
one has to keep track of while constructing the Hamiltonians. Using k - p envelopes,
the computational cost is reduced for several orders of magnitude while showing
excellent agreement with DFT band gap results for quantum wells, in the case for
wide wells, and somewhat worse but satisfactory agreement for very thin wells. After
this check, SOC along with GW corrections were included to produce band gaps of
CdSe quantum wells, which was also published in Ref. [46].

Finally, with great confidence in the test proven k - p envelope method one can
proceed to calculate the electronic structure of halide perovskite nanostructures.
These results are shown for a range of temperatures where the cubic phase is present
as well as for various shapes and sizes of the nanostrucures. These include quantum
wells of various widths, wires with circular and square cross section with different
diameters and edge lengths, respectively, and quantum dots in the shape of a sphere
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and cube with different diameters and edge lengths. The results for quantum wells
were published in Ref. [47], while the rest of the results are first published in this
thesis.

6.2 Future plans

After finishing this work on the electronic structure of perovskite nanocrystals, there
are still some unanswered points that can be a topic of further research. What follows
are some ideas on what the further work can expand on based on the work already
done for this thesis.

In Chapter 3, the symmetry-adaptation procedure was done only for two point
groups T4 and Oy,. This can easily be extended to include matrix blocks B(T',,,T',)
for all point groups and their irreducible representations I', which correspond to
first and second-order k - p parameters formed by Kohn-Sham states that also form
a basis of those irreducible representations I',. Furthermore, an automated proce-
dure that uses theory of invariants directly to obtain these analytical forms can be
developed as well using some programming language. This two can be combined to
automate the gathering of numerical data, performing a unitary transformations to
symmetry-adapted basis and checking against the result that theory of invariants
would produce. This could be streamlined into some open source library that will be
available to anyone and create a database of k - p parameters for various materials.
Being an open source project, other groups may contribute to its development and
further application. This kind of tool could prove quite useful for any researcher
that needs a quick estimate for an electronic structure of some bulk or nanocrystal
without the need of extensive knowledge in physics or coding.

Chapter 4 produces simple Kohn-Sham band gaps, which although useful doesn’t
provide enough information about optical gap that absorption experiments measure.
Indeed, in order to extend these results to include absorption gaps and capture exci-
ton quasi particles, one would need to solve BSE equation, which is quite challenging
for materials with this many atoms. However, given that photovoltaic devices op-
erate in the high temperature regime, a simpler approach using the perturbation
theory and Fermi golden rule can be used to obtain absorption spectrum.

In pursuit of band renormalization, electron-phonon matrix elements were ob-
tained for dense k, q-grids in order to converge results. However, if one were to
investigate charge carrier transport properties a much finer k, g-grid is required. In-
deed, these calculations are computationally demanding but one option is to perform
an interpolation of electron-phonon matrix elements using Wannier basis, which was
recently done in Ref. [121]. One can also adapt the method from Ref. [122], which is
insensitive to band curvature and can be performed without extremely dense k, g-
grids! in order to obtain relaxation times and charge carrier mobility. Although these
two methods rely on the assumption that the electron-phonon interaction is weak,
they can be useful for halide perovskites where this is not the case, by developing

ISome studies for Si required up to 85 x 10% and 200 x 103 inequivalent k and g points,
respectively.
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certain modifications.

Chapter 5 provides only Kohn-Sham gaps for halide perovskites without the
dielectric mismatch correction between the nanostructure and the surrounding ma-
terial. This is the first issue that would have to be addressed. Ingredients would
require the dielectric constant for bulk halide perovskites, which can be either ob-
tained from literature or calculated using DFPT, and a good theoretical model that
can be used on provided nanocrystal geometries. In bulk the carrier separation en-
ergy is small at room temperature so charge separation is very likely due to just
lattice vibration. In nanostructures however, this is not always the case due to the
confinement effects.



Appendix A

Analytical Derivations

A.1 Time-independent perturbation theory

In this section, a quick overview of Reyleigh-Schrédinger perturbation theory is
presented. More details on this subject can be found in many standard Quantum
Mechanics textbooks like the ones found in Ref. [208, 209, 210].

Very few problems in quantum mechanics can be solved exactly and for this
reason many approximation strategies were developed from the very start. One such
is the time-independent or stationary or Reyleigh-Schrodinger perturbation theory.
It starts form Hamiltonian that can be solved exactly H® with eigenfunctions ol
that produce discrete energy levels E®. Perturbed problem can be written as

DS NH® §=1,2,3,... where \ is some arbitrary small parameter and
H®™ is the perturbed part of the total Hamiltonian H of the i-th order. Similarly,
the expectation value for some discrete level F, and its elgenfunctlon v, will be

equal to E, = =g 4 S ANE D and W, = v + S AT © , respectively. Writing

down:
<H<°> +) XH“’) (\1159 +) x\p;@) = (E}P +) AiEfj)>
i i i (A.1)

(e ).

and performing multiplication by grouping terms to their corresponding order for
A, for ¢ = 1 one obtains:

A(HOTD + FOVO) = N (EQw® + EHEO) (A.2)
Eq. (A.2) can be multiplied by U from the right and integrated to obtain EW:

EM =HY) = (U9 HD [w0) (A.3)
where < HO ‘\I/S)> =

B ()

1(11)> = 0 and the fact that H® is Hermitian <\If,(10)
\11?(11)> = () was used.
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Unperturbed functlons \IJ(O) can be used as a basis for expressmg perturbed
functions ¥§) = > Ci W and if inserted in Eq. (A.2), ClY) coefficients can be

obtained by multiplying from the right by “Ilr >, with r # n:

r#n, (A.4)

which leads to first-order perturbation in wavefunction \117(11):

)

D=3 "che =3 "y ﬁ' (A.5)

r#n

In order for perturbation approximation to be valid, coefficients Cr(fr) must satisfy
|C'7(fr)| << 1 for all i and nr.

For energy levels that are degenerate w1th0ut the perturbation, the same proce-
dure can be performed noting that the state o for I-fold degenerate level E, will
be represented as a sum of degenerate partners:

l
o0 =", (A.6)
d

and the first-order correction will be:

l
1 1 0
‘Ij(d) = Z Z Céd),rd/‘lly(«d)/ (A7)
d/

r

The energy correction in the first-order EY will be obtained by solving a system of
[ equations:

l
3, (E,gﬂ(sdd, _ <\IJ§3}
d/

From Eq. (A.5), one can conclude that C,,, = 0, which can also be shown using
the condition that (¥, |W,) = 1. Expansion of (¥, |¥,) gives:

(T, |0, <<x1/ \+Z)\Z<\D(Z ]) <|@;0>>+in\qf§j>>>
SR |
FA (U2 |0) + (00| 82)) (A.9)
QD 0 () (O19E) (00
A (PO + )+

=1+ OW\).

H

O)) =0, dd=123..1 (A3
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Since X\ # 0, all the terms in parenthesis must vanish. For the first-order terms:
C) 4+ oW =2ReC) =0, (A.10)

the condition is that the real part of C%) is zero. It is possible to rotate the perturbed
wavefunction W,,, by multiplying it with some phase e’ (where o will depend on ),
to make O\ coefficients purely real, therefore the imaginary part of ) will also
vanish.

For second-order terms in A, one can write a similar equation to Eq. (A.2):

A (HOTE + gFO® + gOTO) = 32 (EQw? + EDTY + EQw®) . (A11)

Using the same procedure of multiplying by U from the right and integrating, the
second-order correction of energy is obtained E( ),

g
=HO+) 5w (0) 508 (A.12)

r#n "

If there are no perturbations in the Hamiltonian to the second-order, then H® = 0.

One can continue and obtain corrections of E, to an arbitrary order. What is
important is to notice that that for i-th order of correction for energy levels, the
correction in eigenfunctions is needed to the order of (i — 1).

A.2 Effective-mass equation as a perturbation

Periodic system of non-interacting electrons is described by a simple Hamiltonian
H =p? /(2m.) + V which can be solved using Bloch functions ¥y, = ¥ Ty, where
Uy, are unit cell periodic Bloch factors, HVy, = Ey,Vk,, to obtain energies FEy,,
where kn is the state of electron (k is a vector in 1BZ and n is the energy level).
For Hy = e %" HeXT gne obtains:

Hyuyy, = Eyp Uy,

(p + fik)? (A.13)

Hk = -+ V(I‘)

2me

Suppose that for some kg that all uy,, and Ey,, can be obtained. For any other k,
Bloch factors can be expressed in the basis of uy,, as:

= Biuieym. (A.14)

In Eq. (A.13), Hy can be transformed as:

(hk — hiko)? + h(k —ko) - p

Hy = H
k ko F 2m. Me

(A.15)
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Using the static perturbation theory, where unperturbed Hamiltonian is H©® =
Hy, + (hk — hkg)?/(2m,.) and perturbation HV) = h(k —kg) - p/m., one obtains first
and second-order corrections for level E,,:

Me

B = HE) =

nn

2 HY
2

(2)
E — R
kn = Ekon . Eko'r'7 (A16)

Pnr = <\Ijkgn| p |\Ilk0r>

= hkoémﬂ + <Uk0n| P ’uk0T> :

The total energy in effective-mass approximation for FEy,, is:

Rk —k)? h 1Ak — Ko) - P2
Fy, = Exp + ———— k — k Pan A17
k kon 2m. me( 0) + Z m2(Exyn — Exgr) ( )

In the case that kgn state is [-fold degenerate, there will be [ states ’\Ifl(;)n>, 5 =

1,2,...,l with same energy Ey,,. Moving away from k( to point k, the degeneracy
is in general lifted, so El(jl) is obtained from a system of [ equations:

n 'S

SoHY + 1Y+ B Ci= EL)C,, sd=1,23,.0 (A18)
d

where:

h?(k — kq)?
H(col) = (Ekon + ( 0) ) Osd,

2me

h
Hy = —(k k) p”,

(A.19)

(s, )
(2) h? (k — ko) - pur Pm - (k — ko)
HY =3 =
sd g Ekon_Eko’r’ ’

|32,

A.3 Displacement of ions as a perturbation

r#n

s,d) __
p7("m ) - < kon

Using stationary perturbation theory, one can introduce the displacement of ions
as a perturbation on energy levels of an electron. In this case, the unperturbed
Hamiltonian is the Kohn-Sham Hamiltonian H® = HXS which is diagonalized by
Kohn-Sham wave functions \111(32(1') and energies El({?l) = €k, for an electron in state
kn. The perturbation for displacement of ion x in unit cell p along the direction «

in the i-th order is:

A F() - F (H Z ARna,paﬁa’p> F07 F= H7 \Ijkm (AQO)

i RQ,D
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where A is the strength of the perturbation, and AR, , is the displacement itself
in units of length. The expectation value of the energy level Fy,, perturbed by ionic
displacement will be:

B = (Upen| H [Ty = <x1f§33 + >N

HO +Y XHY

ot 3 x\p§3>

+A [<x1/§33 HO 1(33> + (w0 B0 o) + (wl)| 5O 9]

0 0 0
A2 [<x1/§ﬂj‘ i) ‘\Ifl({,f> T <\If§m

o)+ (vl )]

+ N+
(A.21)
Expanding the expectation value in orders of \:
0 1 1 2 1 3
B = B + 2B + 5AQEfm) + §A3El(m) T (A.22)

allows one to obtain the terms individually (to the second-order):
50 = (a0 50 o2,

B = (w0 10 [0, (A23)

<>>.

B2 = (w0 H® [wf)) + 2Re (wil)| HO

The first-order correction to the wave-function is written as:

i) (i 2 [110)
(1) . n/ /n/ n
=3 A . (A.24)

k/n'#kn

In the case where more than one ion is displaced, each A should match the displace-
ment AR, , of ion x in unit cell p along the direction a. This transforms A to Asa p
and H® to

aHKS HKS VKS
AHW =3 " Ry = Z Ampa = Z Ampa (A.25)

where Ao p = MR, . One can also define a Fourier transform for the first:

avKS )
Aka - ar
zp: PO Ry Z ‘

KS(p _
Z eflq (r— Tp))\na pw (A26)

ORq P
L ov KS
= "1 Near )
; Sl
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and the second derivative of VKS:

)\na )\,‘g/a/ / == wat+q)r
Z P P aRK/O[paRK,/al » Z €
pp/ 2. ’.

aq’

_ . N -
% Nuc2 2 e i(q+q’) roiq T, el T,
pp’

82VKS(I' — Tp — Tp/)
aRHOﬂ,paRHIO/,p/
_ Z ez’(q-‘rq/)f:\fm(q):\ﬁ/a/ (q/>
qq
aQUKS
X )
8R/€a (q)aR/{’a’ (q/)

(A.27)

X )‘m,p)‘m,p

where vKS

is used to emphasize that all partial derivatives are over 0/0R,.(q)
instead of 0/0R,q . Matrix elements that correspond to the perturbation designated

by Moo (q) are:

. a”UKS 1 e 8UKS
\If(g), iqr ‘\IJ(O)> _ / dru®, —i(k'~k—q)r_~"
< kin ‘ aRma(Q) kn Nucvuc sc rUk " ‘ aRH&(q) ukn
1 % (K —k—q)r 8UKS
= i /uc druy,,e (K'—k-q) —3Rm(q) Uper,
1 _
i(k'—k—q)-T)p
X N Z e a
b (A.28)
1 / dru OvKs
= ru U
‘/uc uc k+qn aRf{Oﬁ(q) kn
8UKS
= (Uktqn/| m |Uken) e
avKS

= (U | IR(d) [

where integral over the whole volume was reduced to sum of integrals over one
unit cell: fs Ldr — Zp fuc dr and r — r — T, for every r under the integral and
1/(Nue) 32, ek —k=a)Ty — §(k' —k — q). Eq. (A.28) can be interpreted also as a
probability of an electron to transition from k'n’ to k’n’ state, induced by phonon
at q, or, that electron loses hq portion of its crystal momentum when scattered
from a phonon at q. The sum over ka and q for elements diagonal in kn gives the
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first-order energy correction:

AEQ = 303 M) (9
ka q

giar_0V o)

ORwa(q) | X"
~ avKS
= Z Z )\/-ca(q> <uk+Fn’ W ‘ukn>uc 5q,F (A29)
ke q rald

5 avKS
- Z )\na(r) <uk+1_‘n‘ m |ukn>uc .

Eq. (A.29) shows that the correction of electronic level to the first-order may contain
only perturbation from I" phonons!. This result can also be derived using Hellman-
Feynman theorem:

Oxkn (0)
Tk _ T}
o ORyap ’;} < kn

Using Eq. (A.5), the corresponding first-order correction to the wave-function
can be expressed as:

avKS

ap \Ijkn> = ; (Uen| m |tugen) - (A.30)

ORyop

iqr_ovRS

m. (A.31)

~ . - ORka(q)
Asa(a) “1’1({,2((1)> = Mald) ) © _ 0
k'n'#kn Ekn - Ek’n’

Expansion of the left- and right- hand side (LHS and RHS), respectively gives:

5 M\ _ 3 ar| OV
LHS = A\nq ‘\p > — A (qreiar |
(q) kn (q)e aRI{a <q)
= )\na q e’(k-i‘CI)'r K >
(@ OR.0(q)
\1/(0) \I’(O) iqr_OvKS \I’(O) (A32)
RHS = Aolq) 3 A N @ | Vlen
= Aka\d 0 0
Kk Ey) — B,

[trcrqn) (tticraw | gata g [tien)
Sl 3 ctwee ) sl i )

0 0
n'#n El(cn) - El(ﬂzqn’

Finally, the correction of the lattice periodic function u;! for components ko is:

ou | Uit qns) (Ukcqn | S |ukn)

n qn an’'| R, (q) n

i) oo, = ‘—k >: . (A.33)
knire | ORa(q) % EY) — B

ICalculating first-order corrections may seem redundant because once the time-averages are

taken, averaged displacement in first-order vanishes anyway since (Ao (q)) = M{(ARk(q)) = 0 for
all q. Nevertheless this extra step was done for the reason of pedagogical consistency.
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i)

The second-order correction %/\QE&) has two terms. One is \? <\Ill(m

which transforms as:

S Sal@hwa(a) (4

ko k'a' qq’

a2vKS

aRna (Q) aRn’o/ (q,)

eilata’)r

W) -

821)KS

% Z Z Z /N\na(q):\n’a’(q’) <Ukn| 0Rm(q)8R,{/a/( /) |Ukn>uc 5q,—q’ = (A34)

ko k'’ qq’

82 KS

> Z Ara(=a)Awror (@) (thnl ==y Tten e

Ko Kol

and the other is 2)\2 Re <\Ifl({(2 HD ‘\Ifl({172> which transforms as:

KS
) iqr v (1) ¢ >
Matrix element q,<0> iqr_ovS |1 (o b ded using Eq. (A.31):
atrix elemen kn| €Y SRt 1 (d') ) can be expanded using Eq. (A.31):
' aUKS
0)| iqr 1
<‘1’1(<7~2 e ORon(Q) ‘I’LTZ(Q')> =
1 / OvKS uk+qn /| BR s ( | Ugen,)
dr g, e 0TS g =
n n' (0) (0)
Nucvuc sc aR n'#n Ekn - Ek+q’n’
(tic o oy
1 / ovKs , Uk+q/'n/ W Ukn
dI‘ ukn Z(q+q ).r(sq,—q/ Z ul*(_l,_q/n 5 5 =
Vie Jue ¥ ORal@)” - Byl = Bl
UKS
3 (| R gy [t arm) (acrarns| WWW
(0) (0)
n'#n Ekn - Ek+q’n’
Finally, the second-order correction %)\QESL) will be:
1 2 1 1 an
§>\2El(m) = GAEY SN EG
1 62,UKS
NEQY = Asa(=d) Asrar n n
5 kn. K% Z ( )<uk ’aR,@a(_q/)aRn’a’(q/) |Uk >
(A.37)

1 - ~
5)\2E£zn = 2Re Z Z )\/{a(_q/)An’a/(q/)v
kiK' q'n’'#n
’UKS UKS
(| 6Rfa(—q’) [therqrm) (Ui qro| aR(z/a/(Q’) [tren)

0 0
El(<n) - El((—i)-q’n’
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Until this point, the strength of the perturbation has been expressed with S\M(q)
in order to keep track of order of A in energy corrections. When A — 1 they become
AR,.,(q). Remembering that in the second quantization in real space these terms
are:

iq T
o 71/2 (& q pg){a,y<q) (A A‘i‘ )
Ao = N2 (@Moq /B2 Mo T v ) - (A.38)

qv

s0 ARy, (q) can be obtained with Fourier transform:

1 .
AR (q) = N E e’lq'T”ARm,p
uc p

_ n—1/2 fma,u(q) ~ ~t 1 —i(q—q')-T
= Nuc Z( )1/2 aquﬂ—aiq/y Ze q—qa)-1p

- 2Mwqu /R Nye
4 £ (@) (A.39)
o —1/2 Ko,V q ~ ~t
= Nuc Z (QMqu/V/h)1/2 (aq/y + Cliq/,,> 5q7q/
q'v

- -1/2 €na,u(q) <A ~T )
e XV: (2Mwqy /h)1/? Qg + G_gy | ;

where &,,,,(q) and wg, are polarization vectors and phonon frequencies of mode v
obtained from phonon structure and dqy(&iqy) are destruction (creation) operators
of phonon qv(—qv).

Electron-phonon matrix elements of the first-order ¢, ,(k, q) can be defined as
probability of scattering of electron from one state kn to another k'n’ by phonon
qv where k — k' = ¢, and expressed as a sum of perturbation for all ions x and

directions «:

aUKS

gnn’,u(ka q) = Z (2]\§KZ;V(?;L)1/2 <uk+qn| (9]%—@ |ukn’> ) (A40)
kM qu e

[a7e%

which is the same as Eq. (2.192) after expansion. For g, .. (k,q,q’) second-order
terms, one obtains:

L1 Eraw(9) Ewrar ()
nn’,vv’ k7 ) =5 7 7
Gonr o (K, 4, ) 9 /Z/ (2Mwq /)2 (2 M ywe, [ B2
KK o (A.41)
aQUKS
X {Uicraral ORya(Q)OR o () )

Expression in Eq. (A.41) is the same as Eq. (2.193) after expansion.

When Kohn-Sham Hamiltonian is expressed using second-quantization H(® =
HXS = > kn EknéJ{mékn, the perturbation of electronic states by ionic displacement,
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to the second-order, is expressed as:

H(l) = Nl;l/2 Z Z gmn,l/(k> q)éL+qmékn (qu + &Jr—ql/) ?

kmn qv

Z Z gmnuy k , 4,9 )Ck+q+qmckn (A42)

kmn qu,q’v’

X <€Lqu + (AlT_ql,> (dq’u’ + diq/y/> 5

which is the same as Eq. (2.191).

Since ions are moving in time, one should take time-averaged values of )\El(jn) and
)\QESB. Time-average of AR,.(q) is zero, since ion will spent the same time any
two opposite directions, therefore <)‘E1(<2> = 0. For <)\2El((37,)> one makes use of the
following contraction (found in Mahan 2000 [118]):

(@ g+ 10,) (@ gy + ) ) = O-qOras(ngs (T) + nqu(T) 1), (A43)

where ng, (T') is the Bose-Einstein distribution factor that introduces the tempera-
ture dependence 7T'. Using this contraction, the second-order corrections to Fj, in
Reyleigh-Schrodinger perturbation theory will be:

1 2N gmau )gnau( )
S \ZEDW(T q’
PUER I = BT 3 S
1 82 KS
) ) (A.44)
<uk ‘ aRHOL< )aRH/a/(q,) ‘U’k >
= Zgnn,w (k, ) 2 (T) + 1],
q/l//
and
1 2 Fan anv gnau )fnau( )
5/\ By, (T Z quy,/h MZM D2 (M,)12
ukn| 7 |Uk n’ > <Uk n’ | —’ukn>
x2Re Y o) ?0‘; (0)+q OR1o( (A.45)
n'#n Ekn - Ek+q’n’
_ZZ|grm’kq 2nqu(T)+1]u
q'v’ n'#n

where ng, (1) = n_q (1) and w_q, = wq, were used.

The first-order electron-phonon matrix elements ¢, . (k,q) are obtained as a
part of the DFPT routine. The second-order terms g, .. (k, q, —q) are more involved
and are not part of the DFPT routine. In order to compute ¢y, (k, q, —q), Allen
and Heine made use of the rigid-ion approximation [113, 114, 115], which allows one
to express second-order terms ¢y, .. (k, q, —q) using first-order terms g, (k, q).
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A.4 Collective displacement of ions

In the case of collective displacements of all ions by some AR along ~-direction,
AR, , are constant for all p unit cells. In the reciprocal space, this corresponds
to I' perturbation AR,,(q) = AR0y,0qr. Moving all ions in y-direction by AR
is equivalent to just moving the system of reference by —ARe,, therefore in this

case, by the principle of translation invariance, there is no perturbation so )\El({ln)
and )\QESL) from Eq. (A.29) and Eq. (A.37), respectively, should vanish.
™ _ 0.
From A\E,, = 0:

8UKS

1) _ _
)\Ekn = ARZ <U,k+r‘n| m |U,kn> = 0,
ks (A.46)
n n) = 0.
:ZW%RUW>
From %)\QE&) = ( one obtains:
1 1 92K
SNE) = (AR)? (ttien| [tien)
2" Z aRm J0R,or (T)
| 2 ) ] 2 ) (4.47)
(U Uk'n') \Ukn/ ,— Ukn
+2Re Y e e on ] —0
n'#n Ekn o Ekn’

where x and «’ can be decoupled in the sum, or equivalently, one can take a derivative
0/0R, 5 of Eq. (A.46) to obtain:

o5%v KS
2 [<u“”' R TR (T)

+2Rez

From Eq. (A.48) one can obtain the second-order derivatives of v¥® for perturbations
in I' using only first-order derivatives:

(A.48)

ukn| 8R ’uk—s-q 'n’ > <uk+qn’| mlﬂm)
5(T)

GRS

82UKS

2 el R D)0 R (T) o) =

K A.49
52l (| 22 e (4.49)

kn| 9
-9 Rez Z R El({o) ~ 50

K n'#n kn'

A.5 Rigid-ion approximation

In order to express electron-phonon matrix of second-order using first-order ele-
ments, Allen and Heine [113; 114, 115] used the rigid-ion approximation for the
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second-order derivatives. Rigid-ion potential is local and expressed as a sum of
individual ion-centered Coulomb potentials:

Vi) =Y Zw(Ru+ T, —1), (A.50)

K,p

where x and p are ion and unit cell indices, respectively. The second-order derivative
of V' will be:

2
a ‘/el—ion

=0, if ! d . A5l
8Rna’paR,{/a/’p/ Y 1 K # K an p # p ( )

For Hamiltonians that consist of rigid-ion potential only H™ = T+V™, the dynamical
matrix D2, (q)y will be:

zq'Tp 82 Vri eiq-Tp/

DKO( ri 5
Nuc Z MY ORopORary MY

= Z b pe-ia o OV

B 1/2 1/2 PO aRﬁa,paRn’a’,O (A52)
B 5;m’ aZvrl

B M,};/2Mi/2 aRna,OaRn’a’,O

= 0w Dy (I).

Inserting (A.52) into Eq. (A.44), one would obtain the rigid-ion approximation for
DR (T

Ly DW 2ng (T
5/\ Ekn r1a_N Z quy/ﬁ Z fnau fna l/( )

kK aa!

1
X = <Ukn| D,:”%/(Q)ri |Ukn>
2 (A.53)

Z Z fm 1/’ §H "ol V! (q/)

q'v kk'ad!

1
X 5 <ukn| 5HH/D:?;/ (F>ri |ukn> .

When V' is used for the second derivative instead of v5 in Eq. (A.49), one obtains:

K 1 K
S Gt D) i) s = 1 Ckal D) i) =

(1| 5525 ) (k| 2 ) (A.54)

Byl = By

)
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which can be used to transform Eq. (A.54) to

L 9 pw —1 2"011/
5)\ Ek rla_ uC Z qu,,/ﬁ Z Snal/ SNOL l/( )

kK aa!

1
X B <ukn| D:%'(F)‘SM’ |ukn>
—1
= 71 S — 1y,
N Z T 20, (T)) + 1]
v Z |:€HO£ R gna ! ( ) gﬁ’a,u’(_q )@a/a',w(q)

(A.55)

* 2M,

kK aal

(Uken] W|ukn’> (| 8R 1o ( |uk">
X 2Re ) 20 _ 0 |
kn kn/

n’#n
Using rigid-ion approximation, the total renormalization of energy level Fj, =
Efo + AFx, (T) due to ionic movement is:

AEkn( ) AQEFAN( )+1)\2EDW(T)
ZanV
2wqy/h

éﬁal/ )5/4?0[1/( )
{Z D2 (M)

e e %

v KS

9wKS 0
(uien| 77,y [ tcrarn) (Uicrqn| Whﬂm) (A.56)
x 2Re Z El((o) - E(O)

n'#n k+q'n’
o Z gﬁau fm v ( /) + gﬁ’a,u’(_q/)gﬁ’alw'(q/)
2M,.s

kK aa!

% 2 Re Z uk”| 8R F)
' n
Eq. (A.56) was originally derived by Allen, Heine and Cardona [113, 114, 115], and
is often referred as Allen-Heine-Cardona (AHC) equation. The sum in Eq. (A.56)
assumes that there are as many q’-vectors as unit cells V.. and that they are con-
mensurable. If one wishes to include non-conmensurable q’-grid, the sum can be
replaced with an integral, N.' Y-, — [dq"
Eq. (A.56) is also adiabatic, since the difference of energy levels between kn and
k + g'n’ doesn’t include phononic frequencies:

0 (0 (0)
El(<n) - E1(<+)q n/! + hwq Q7 Ekn) Ek+q n’

|wienr) (Uien | 8R—F)|ukn> }
0 0 :
5~ B

(A.57)

Furthermore, all energy levels are treated as sharp excitations without any smearing
caused by ionic movements, which is sometimes also referred as on-the-mass-shell
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(OTMS) approximation. This is a good approximation for low temperatures 7' — 0
and for materials with weak electron-phonon interaction. For all other cases, a

non-adiabatic formula is preferred.



Appendix B

Blocks found in Kane
Hamiltonians

Using either numerical calculation described in Chapter 3 or analytical approach
from theory of invariants found in Ref. [48, 51], one can obtain the following k - p
Hamiltonians. Irreducible representations follow the notation found in Ref. [124].

B.1 T, point group B(I';,I';) blocks

Analytical expressions for all possible blocks B(T',,,T',) of the k - p Hamiltonian in
the case of single Ty group are listed below:

B(Fl,Fl) - Clk'Q, (Bl)

B(T'y,Ts) = B(I'1,T5) = B(T'5,T4) =0, (B.2)

B(T1,Ts) = Cy [(k2 + wk? + wk?) (k2 +wk? +w?k2)], w=¢?3  (B.3)

B(I1,Ty) =Cs [k ko ky) +Cu [koky kyk. k.ky], (B.4)
B(FQ, Fg) == 05]{2, (B5)

B(3,Ts) = Cg [—(k2 + k2 + wk) (k2 + wkZ + wk2)] (B.6)
B(I2,T5) =C7 [k ko ky] + Cs [koky kyk. k.ki], (B.7)

k* 0
e {O kz} (B.8)
Lo 0 (k2 4 w?k2 + wk?) '
(k2 + wk? + w?k?2) 0 ’

179
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k, wk, wzk:y}

B(T5,I'4) = Cu [k Wk, whky

(B.9)
Lo Rk whyk. w?k,k,
Pk, Wkyk, whok, |
k, wk,, w2ky
B(l's, I's) = Cls [—kz —w?k, —wky]
(B.10)
Lo | ek whyks w?k,k,
Y kk, —wPkyk, —wh.ok,
0 ky, ks
B(F4,F4>:Cl5 ky 0 ]{fz
ke k. O
[0 ke kyk.
+Cie |k 0 Kiky
| kyk. kik, 0 (B.11)
[2k2 — k2 — k2 0 0 '
+ Cyy 0 2k2 — k2 — k2 0
I 0 0 2k2 — k2 — k2
(k2 0 0
+Cis |0 K2 0],
0 0 K2
0 k, —k
B(F4,F5):Clg —k'y 0 kz
k. —k. 0
0 koke  —kyk.
+Cy | —kky 0O Kok, (B.12)
| kyk.  —k.k, 0
(k2 — k2 0 0
+Cun| 0 E—-k 0 |,
0 0 K2— k2
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0 k, ke
B(F5, F5) = 022 l{?y 0 k’z
k., k, O
[0 kk, Kk
+ Cos | kb, 0 Kk
| kyk. koky (B.13)
[2k2 — k2 — k2 0 0 '
+ Coy 0 2k2 — ki — k2 0
I 0 0 2k2 — k2 — k2
(k2 0 0
+Cy% [0 K2 0],
0 0 K?

When spin-orbit interaction is included, the states transform according to the
representations of the double point group T}, which means that only the I'g, I'; and
['s states are relevant. The spinor representation corresponds to I'¢ and multiplying
all single irreducible representations gives the following products:

I'e ®T'g — T,
I ®Tg— Ty,

s ® Tg — T, (B.14)
Iy ®Tg— Iy + T,

s ®Tg — Tg+ L.

Since the matrices that are obtained have some parts that appear more than once,
the following shortened notation is introduced:

T =k + wk? + kaS, w=eB =T (B.15)

B z T — 1y

2 wlr — iwy

A(Zwray) _C [w%—i—z’wy — :| ’ (B17)

—iwT — w2y z
A(va7y) - |: iz wr + iw2y1 ) (B18)

- z wrir — iwy

H(Z,SC,ZA - _C [w% +2wy — :| - —A(z,x,y), (Blg)
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| —iw?r — wy z
Ql(z,x,y)——z |: iz w%%—z’wy} ’ (B 20)
| —wx — iw?y z ‘
5(z,2,y) = +i { iz iwx +w2y} '

Using the notation from equations (B.15) through (B.20) all the relevant blocks
B(T',,,T',) of the Hamiltonian in case of double point group Ty are listed below:

B(F(;,F(;) - kaQ, (B21)
B, T7) = C4k?, (B.22)
BT, T7) = CI8(ks, ky, ky) + CIS(koky, kyk., koky) (B.23)
G T¢re 0 0 7
B<F67F8)_E 0 _CT* —ir 0:|
B.24
OO [Alka b ky) Ak ko By)] (B-24)
+ C¢ [Alkyky, kyks, koky)  Alkoky, kyk., koky)]
cédlecr o 0o 7
B(I'7,Tg) = —1——2 [ 0 (T —iTr 0}
B.25
+ Og [_A(kzn kma ky) A(km kwa ky)} ’ ( )
+ Oy [~ Alkoky, kyks, koky)  Alkoky, kyk, k.k,)]
B(Ts,T'g) = Ck?
0O 0 0 =T
0 0 i 0
+Ch| g r o o
—ir 0 0 0
¢ [S(k., koo k) 0
s 0 Y(k, ky, kz) : (B.26)
d [ 0 Ql(kzukzaky)
+Ch (ks b, By) 0
0 [S(koky, kyke, ko) 0
+Chs 0 (ko ko, k)
+ Cd 0 Ql(kxkya kykza kzkw>
16| 2y (koky, kyk., koky) 0
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B.2 O, point group B(I';,I';) blocks

The spinor representation in Oy, corresponds to I'y and multiplying all single irre-
ducible representations gives the following products:

rfely —TIF,

Iy oly —TIF,

rfoly —»TIf, (B.27)
i@l - I +T5,

riFolf - It +T%.

One can introduce short notations:

Y=k +wkl+w’kl, w=e?3 (=" (B.28)

and
Y(z,x,y) = L j iy :c:zzy} = 20, + 10, + Yoy, (B.29)
to write all possible blocks B(I',,,[',,) of the k - p Hamiltonian for double Oy, group:
BTE TE) =k C, (B.30

B(TE,TT) =0, (
BIE s =k C, (
B(L7,T7) = S(ks, ko, ky) C, (B.33
B(L§, T7) = S(kaky, kyk., koks) C (
(

BTz, TF) =0 B.35
1 0 0 —
sz =kl 4 ¢ e
:O w? —iwC 0
thle o 00 J C, (B.36)
[0 —iw —w¥ 0
+hy liw 0 0 zoﬂ{} v

(B.37)
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0 -1 —i¢ 0

0 w? wC 0
tk L«f2 o WJ c, (B.38)

B(TE,TT) = k, [1 0 0 C]oz

0 —iw w?¢ 0
+hy [iw 0 0 inC} Cy

ikre 00 T} c
0 «T* r O
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BIE,Ts) =k C

o0 0 -r°
0 0 —ir* 0
tlor o o |O
T 0 0 0
10 0 0
0 -1 0 0
ik |0 o 1 o | Co
0 0 0 -1
01 0 0
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S P e
00 —i 0
0 —i 0 0
i 0 0 0 (B.41)
TRy 0 0 o1 | O
0 0 -1 0
0 0 0 1
0 0 —i ol
TRk g 1 0 o] G
i 0 0 0
[0 iw? 0]
00 0 o |
2 DO Ko
_0 w0 0 ]
0 0 w 0 ]
0 0 0 iw |
theko 2 0 0 o |
0 w0 0 |

B.3 Comparison of DFT-obtained and symmetry-
adapted 4 x 4 Hamiltonian

Two analytical forms of the 4 x 4 Hamiltonian, made from degenerate states cor-
responding to I'y and I'y irreps that lie below and above the gap respectively, in
the case of CdSe, are presented here. Both Hamiltonians give the same physics,
overall, and they are connected by an unitary transformation U, that is used to
transform initial DFT basis |¢;) to the symmetry-adapted basis |¢;). To give more
clarity and justify the whole procedure of transforming the initial DFT basis, we will
compare inital DFT-form H&. obtained from groups of degenerate states |¢;) and

symmetry-adapted form H ;Z;;;, that is made out of transformed groups of degenerate
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states [1);).

Initial DFT-form HI. of the 4 x 4 Hamiltonian is given as:

E, 0 0 0
. k2 0 F 0 0
init __ Iy

Horr =5-% 10 0 En, o0

0 0 0 En

0 YR P
hIPY* 0 0 0
mo [PD* 0 0 0
P 0o 0 0

where:

P = Co ke + Gk + Gk, i=1,2,3;
PY = Cp P kuky + CL P kyk. + CF Pk, i =1,2,3;
(2) _ ax(2),2 yy(2) 1.2 22(2) 1.2
+ C;‘E]y@)kmky + C’LyJZ(2)kykz + C’;‘r@)kzk.w, Z?j = 17 27 37
PQ = Ci k.

If we count the number of parameters Cj; M for 1st order and Ciy " for 2nd order
terms (m,n = z,y, z) in the last four expressions, we can tell that H3it. has a total
number of 3 X 34+ 3 x 346 X 6+ 1 = 55 parameters. Of course, this number can be
reduced but the procedure could be rather cumbersome especially if a great number
of materials with different symmetries is to be processed.
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Symmetry-adapted form HZ} of the 4 x 4 Hamiltonian is given as:

Er, 0 0 0 0 Csk. Csk, Csk,
om K 0O Er, 0 0 h |Cik. Cisk, Cisk,
Hadap:_+ + — "
2my 0 0 Ep4 0 mo 03]% Cl5ky 0 Cisk.
0 0 0 Ep Cik, Cisk, Cisk. 0
(0 0 0 0
h? 0k 0 0
+ —C
o Bloo0 K0
0 0 0 &2
[0 0 0 0
h? 0 2kZ -k -k 0 0
& o 0 ok2 — k2 — k2 0
x Yy z
0 00 2k2 — k2 — k2

Cukoky, Cikyk, Cikky — C1K?
W |Cikky, 0 Cighsk, Cighyks
mo |Cikyk. Cighiky 0 Cighak,

Cik.ky Chgkyk. Cighoky, 0

where C15 = 0 if the block is formed from two same I'y irreps as it is in the 4 x 4
case. This gives for H331, a total number of 1 + 5 = 6 parameters, for 1st and 2nd
order k - p terms. This way, if we were to process a large number of crystals, we
could group them according to their symmetry group, and compare the individual
parameters.

Unlike symmetry-adapted form HZ)7, initial DFT-form HNIL clearly demon-
strates much more parameters than symmetry of the crystal CdSe would suggest,
even for the simplest 4 x 4 case. We note also, that this procedure can be used to
generate standardized analytical forms of k - p Hamiltonians for crystals of any kind
of symmetry, at any point kg in Brillouin zone. Of course, benefits of this method
will be greater if the symmetry point group Gy, at kg is of the higher order.

Having a symmetry-adapted Hamiltonian form also gives great advantage when
it comes to calculation of nanostructures. Numerical codes for calculating nanos-
tructures using k - p Hamiltonians of a certain point group could be easily adapted
to another material of the same point group by just changing numerical values of the
parameters, that can be easily obtained using ab inito calculation for bulk material
and the procedure described in Sec. 3.2 and Ref. [46].
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Appendix C

Point group tables

irrep. basis function E | 3Cy | 6S4 | 604 | 8C3
[y (Ay) | 22 +y? + 22 1|1 1 1 1
[y (A) | zyz 1 1 -1 ] -1 1
L3 (B) | (2*—y%322—7r%) | 2| 2 0 0 | -1
Ly (Ty) | (2,2,9) 31 -1 | -1 1 0
s (Th) | (zy,yz, z2) 3] -1 1 1-110

Table C.1: Character table for the Ty point group [50, 211].

irrep. basis function E ggz 6.5, ggz 8C; | E | 65, | 8C4
T (A) |22+ g% + 22 1] 1 1 1 1 1] 1 1
Ty (As) | 2y2 1] 1 T 1 [ 1 1] 11
I3 (FE) | (22 =y 322—71%) | 2 2 0 0 -1 2 0 -1
Ly (T2) | (z,2,9) 3 -1 -1 1 0 | 3] -1 0
s (Th) | (zy,yz, zx) 3 -1 1 -1 0 |3 1 0
Us (E1) | 12,12, d1/2.41/2 2 0 V2 0 I -2 —v2]| -1
[; (Ey) | Ty x Ty 2 0 | —vV2| 0 1|2 V2 | -1
Iy (F) P3/2,-3/2, P3/2,-1/2 | 4 0 0 0 1l o 1
®3/2,41/2, P3/2,43/2

Table C.2: Character table for the double Ty point group [211].

Wave functions

®1/2,41/2 and @3/ 1172, P3/2,.+3/2 are the basis functions for the square of total angular
momentum J? and its z-component J.: Gim,(my=—J,—J+1,...,J—1,J), for
J =1/2 and J = 3/2, respectively.
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Appendix D

CsPbX3 nanostructure gaps for
different geometries

D.1 Quantum dot with spherical shape

| =2a | =4a [ =6a [ =8a [ = 10a | =12a
p— =
4 ] == 1
— — = =
3 1 — =
2 L
= \
= 1 H26
R - HS
0 L 4 4
— = =
_1 L —_— —_— —:F—-
— EE E=
_2 L — == — = e |
—— == %
e - ==
[1.12 nm] [2.24 nm] [3.37 nm] [4.49 nm] [5.61 nm| [6.73 nm)]

Figure D.1. Comparison of band energies between 8x8 and 26x26 Hamiltonian
for CsPbCl3 spherical quantum dots of different sizes at T' = 400 K, where [ is the
length of one edge of the cube, and H8(H26) are results obtained from 8x8(26x26)

Hamiltonian.
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_2 ==
= .
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[1.18 nm] [2.35 nm] [3.53 nm] [4.71 nm]

[5.88 nm]

[7.06 nm]

Figure D.2. Comparison of band energies between 8x8 and 26x26 Hamiltonian
for CsPbBrj spherical quantum dots of different sizes at T' = 400 K, where [ is the
length of one edge of the cube, and H8(H26) are results obtained from 8x8(26x26)

Hamiltonian.
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Figure D.3. Comparison of band energies between 8x8 and 26x26 Hamiltonian
for CsPbl; spherical quantum dots of different sizes at T = 300 K, where [ is the
length of one edge of the cube, and H8(H26) are results obtained from 8x8(26x26)

Hamiltonian.
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Elv]

BV

Figure D.4. Energies of band edges and gap for spherical CsPbCl3 quantum dots
of different sizes at several selected temperatures, where [ is the diameter of the
sphere, and VBM (CBM) are valence band maximum (conduction band minimum).

NG

G

Figure D.5. Energies of band edges and gap for spherical CsPbBr3 quantum dots
of different sizes at several selected temperatures, where [ is the diameter of the
sphere, and VBM (CBM) are valence band maximum (conduction band minimum).
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£y

EeV]

Figure D.6. Energies of band edges and gap for spherical CsPbls quantum dots of
different sizes at several selected temperatures, where [ is the diameter of the sphere,
and VBM (CBM) are valence band maximum (conduction band minimum).

%‘- 14.0 H26 1=4a=224nm e HS8
P O N W a H26 1=8 a = 4.49 nm ceme HY
Eq T T F . - a 13.6
s ; ........ B g g H2%6 1=12 a = 6.73 nm B
| T L L L 132 —+— H26 1=16a=897nm -+ HS
300 400 500 600 700

Figure D.7. Energies of band edges and gap for CsPbCl; spherical quantum dots
at different temperatures for several selected sizes, where [ is the length of one

edge of the cube, and VBM (CBM) are valence band maximum (conduction band
minimum).
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Figure D.8. Energies of band edges and gap for CsPbBrs spherical quantum dots
at different temperatures for several selected sizes, where [ is the length of one
edge of the cube, and VBM (CBM) are valence band maximum (conduction band

minimum).
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Figure D.9. Energies of band edges and gap for CsPbls spherical quantum dots
at different temperatures for several selected sizes, where [ is the length of one
edge of the cube, and VBM (CBM) are valence band maximum (conduction band

minimum).
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D.2 Quantum wire with circular base

Figure D.10. Energies of band edges and gap for CsPbCl; quantum wires of differ-
ent cross section sizes at several selected temperatures, where [ is the diameter of the
circular base of the wire, and VBM (CBM) are valence band maximum (conduction

band minimum).
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0 2 4 6 3 10 12 14 16-

Figure D.11. Energies of band edges and gap for CsPbBrj circular quantum wire
of different sizes at several selected temperatures, where [ is the diameter of the
circular base of the wire, and VBM (CBM) are valence band maximum (conduction
band minimum).

E [eV]

E [e:\/]

Figure D.12. Energies of band edges and gap for CsPblj circular quantum wire
of different sizes at several selected temperatures, where [ is the diameter of the
circular base of the wire, and VBM (CBM) are valence band maximum (conduction
band minimum).



200 APPENDIX D. NANOSTRUCTURE GAPS: DIFFERENT GEOMETRIES

300 100 500 600 00 300 100 500 600 700

H26 1=4a=2.24nm e
H26 1=8a=4.49 nm ~ome HY
H26 1=12 a=6.73 nm e

—#— H26 1=16 a =8.97 nm e

Figure D.13. Energies of band edges and gap for CsPbClj; circular quantum wire
at different temperatures for several selected sizes, where [ is the diameter of the
circular base of the wire, and VBM (CBM) are valence band maximum (conduction
band minimum).
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Figure D.14. Energies of band edges and gap for CsPbBrj circular quantum wire
at different temperatures for several selected sizes, where [ is the diameter of the
circular base of the wire, and VBM (CBM) are valence band maximum (conduction
band minimum).
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Figure D.15. Energies of band edges and gap for CsPbls circular quantum wire
at different temperatures for several selected sizes, where [ is the diameter of the
circular base of the wire, and VBM (CBM) are valence band maximum (conduction
band minimum).
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HN3JABA O AYTOPCTBY

W3jaBipyjeM na je TOKTOpPCKa IUCePTaInja, o HaCJIOBOM
EnekTpoHCcKa CBOjCTBa MEPOBCKUTHHX HAHOKPHCTAJIA
Koja je onOpamena Ha [IpupogHo-MaTemMaTHukoM (akynreTy YHuBep3uteray Humry:

®  pe3yNTaTr CONCTBEHOT UCTPAXUBAYKOT paja;

®* Ja OBy JWCEpTalMjy, HU y LEJIUMHH, HUTU y JENOBHMa, HUCAM MpHjaBJbHBAO/TIA HA JPYTHUM
(daxynTreTMa, HUTH YHUBEP3UTETHMA;

®* Ja HHMCaM NOBPEAHMO/Ja ayTOpCKa IpaBa, HUTU 3JI0yNOTpPeOno/Jia MHTENIEKTyallHy CBOJUHY
APYTHX JIHIA.

Jlo3BosbaBaM Jia ce o0jaBe MOjU JIMYHU MOJIAllH, KOJU CY Y BE3U ca ayTOPCTBOM U J100UjambeM
aKaJeMCKOT 3Bama JOKTOpa HayKa, Kao IITO Cy UME M Ipe3nuMe, TOWHA U MecTo polhema U aaTym
onOpaHne paja, ¥ To y Karaiory bubanoreke, Jlururannom penozutopujymy YHusep3utera y Hury,
Kao U y myOnukanujama Yausepsurera y Humry.

VY Humry,

[Tornuc ayTopa aucepranmje:

Munas M. Jouuh



N3JABA O UHICTOBETHOCTHU HITAMITAHOI' 1 EJIEKTPOHCKOI' OBJIMKA
JOKTOPCKE JUCEPTAIIMJE

HacnoB nucepranuje:

EJ'IeKTPOHCKa CBOjCTBa MNEPOBCKUTHUX HAHOKPHUCTAJIA

N3jaBibyjeM na je eIeKTPOHCKH OOJMK MOje JOKTOPCKE JUCEepTallyje, Kojy caM Mpeaao/a 3a
yHOIIekhe y JIMruragaHu peno3uTopujym YHuBep3utera y Humry, wcToBeTaH IITaMIIaHOM
00NHKYy.

Y Humy,

[Totmmc ayTopa muceprarnuje:

Munas M. Jouuh



N3JABA O KOPUIITREBY

Osnamhyjem VYHuBep3utercky Oubmuorexy ,Hukoma Tecma“ na y [ururtanuau
pernozuTopujymMm YHUBep3uTeTa y Huiy yHece Mojy TOKTOPCKY JHCepTalu]jy, O HaCIIOBOM:

EjekTpoHCKa CBOjCTBA MEPOBCKUTHHX HAHOKPHCTAJIA

Jlucepranujy ca CBUM INPHIIO3UMA NPEAA0/Ia caM y €JIEKTPOHCKOM OOJHKY, ITOTOAHOM 32
TpajHO apXUBUPAHE.

Mojy AOKTOpCKY AucepTaiyjy, yHeTy y Jurutannu peno3sutopujym YHuBep3utera y Huiry,
MOTY KOPHCTUTH CBH KOjH TIOLITYjy oapende caapkaHe y omabpaHoMm Tumy JmneHne Kpearusne
3ajennuue (Creative Commons), 3a KOjy caM ce OJuly4no/Ja.

1. Ayropctso (CC BY)

2. AytopctBo — HekomepuujaiaHo (CC BY-NC)

| 3. AyropcTBo — HekoMepuujaaHo — 0e3 npepaae (CC BY-NC-ND) |

4. AyTOopCTBO — HEKOMeEpITHjaTHo — nenuth o uctuM yciosuma (CC BY-NC-SA)

5. AytopctBo — 6e3 pepazne (CC BY-ND)

6. AytopcTtBo — aenutu nox uctuM yciosuma (CC BY-SA)

Y Humry,

[Tormmc ayTopa mucepranuje:

Muang M. Jouuh
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